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Abstract

In This paper the notion of reciprocality in the Hilbert space is considered, and
using techniques in a Hilbert space we introduce a martingale representation for the
Gaussian mean zero reciprocal processes. It is shown that the representation is unique and

completely characterizes the Gaussian reciprocal processes.
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Introduction
Let {X, ;t€[a,bl]}

Gaussian process on a complete probability space

‘be a mean zero

(S,E,P). It is well known (see for example A.N.
Shiryayev, 1984) that for each t Xl can be
considered as an element of the Hilbert space

HZE‘E{X: L E [(Z ab]}

where "Sp” stands for the span closure under the

inner product given by

(X,, X,)=E(X,. X;)= J X, .X,dP.
S
Thus, the probabilistic independence of two

random variables 1S equivalent to their

orthogonality as elements of H.Because of this

property the counterpart of the conditional
expectation would be the orthogonal projections on
the subspaces of H. (J.Neveu, 1975). Hence the
definition of Markov, martingale and reciprocal
mean zero Gaussian processes, which are based on
the conditional expectation, can be stated as
orthogonal projections on the subspaces of H. In
Sectionl we give these definitions and provide some
of their elementary property.

In Section 2 we give the martingale
representation of reciprocal processes. In this
section we give a modified result of Dang-Ngoc and
Royer (1978)which provides a condition under
which a reciprocal process will be a Markov one.
The converse 1s alwys true, i,e. a Markov process is
always reciprocal.

The notion of reciprocal processes was
Introduced first by Jamison (1970). A reciprocal
process is a process that have Markov property on
finite intervals. The Markov property on sets (in

particular on finite intervals) i1s discussed by

V.Mandrekar (1976). Jamison classified the
covariance function of stationary mean zero
Gaussian reciprocal processes.

The technique of Hilbert space that we have
considered in this paperis an alternative approach

to the study of reciprocal procsses.

The representation that we give in this paper
will provide the use of stochastic calculus theory as
well as other properties of martingales in the oire?
of reciprocal processes.

1. Preliminaries and notations

Throughout this paper we consider only mean

zero real valued Gaussian processes on a complete
pobability space (S,F,P).
Let {Xt} be a process and consider the Hilbert
space generated by Z a, X, :nenN ,a, GR}
P o= \

with the inner product given by

(X, ,X,) =E X, .X,) = J X, . X, dP.

s
We denote this space byH = H (X) = Sp{X, }

For a real t we define the following subspaces of H:

H (X) = §E{XS : §<t} "Past"
]_]I+ (X) — S‘E{X-‘f A P t} "Future"
L (X)=Sp{X} "Present”
and for the reals u,v; u<v let:
Hu:,, (X ) =Sp{ : s<u  or s>}
+ Smve—
Hy , (X ) =Sp{X : s€ [u, v]}
Lu,v (X) — -S-ﬁ{Xu,XV }
If there 1s no ambiguity we will write
H ,H,L ,H,,, H, and L,, instead of

the above notations.

1.1. Definitions. The process {X } is a

(1) Markov process if for each t, the orthogonal
+

projection of A, on H, is exactly the same as
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+
the orthogonal projectionof H, on [,.. In

symbols:
E H, L.
PH S =P I ,(P stands for orthogonal projection).
4 {
.. . + - H?Y
For convinience we write(H,” | H,) for P,
!

and use similar notations in similar cases.

(i) Reciprocal process, if for each u<v we have:

(H uy | H ) =(Huy | Luy)
(111) Martingale, if for each t=s we have:
(XI I H_; ):Xs.
We have the following symmetry property for

these notions.

1.2. Theorem. If {X } is a

(1) Markov.process, then for each t;
(Ht— | Ht+):(Ht— | Lt)
(11) reciprocal process, then for each u<v;

(Hup | Huy )=(Huy | Luy)
(111) martingale, then for each t<s;
(X, | H{)=X; .
Proof. We give a proof for (ii). The other parts

follow by a similar technique.

Let t¢(u,y) and Y,=(X,|H,,) .Inorder

to show the equality in (i1) it suffices to show that

Y,€L., , or equivalently (Y, |Lu,,,):Y, To
show this, we observe that
(Y, | L,)= (X, | Hi,) | Ly, )

=(X, | Luy) (LuyCHuy)

=(X, IHJ;,,):Y, ({Xt} IS reciprocal),
which completes the proof.
ihe following theorem states that reciprocal

property 1s weaker than Markov property.

1.3.Theorem. A Markov process is reciprocal.

Proof. Let {X{}ﬁ be a Markov proces and ! E(u,v) ,

we have:

H, u_,v =H u_
—H.,;

® (H,, © H,)
& (H.,, © H.).
Thus
(X, | Hyy)=(X, | H))+(X, | Hiy © Hu)
=(X, | L,)+(X, | H,, © H,).
Similarly

(X, | H.)=(X, | L)+(X, | H,, & H,).

Subtracting the two sides of the above equality

we get:

(X, 1 L)-(X, | L)=(X, | Huy ©H,)-(X, | Hyp © Hy)

(X, | L) is in the space L it is of the

form AXu , where A 1s a real which dependson t

Since

and u, similarly (X, | L,) is of the form BX; thus

A X,-BX,=(X, |H,,0H,")-(X, | H;, ©H),).

We project the two sides of the above equation on
H,” and get

A (X |Hy)-BX,=(X, | H,, ©H),);

the above equality 1s based on the facts that
XVEH,,Jrand that (Xt | Hu:v o Hf)is orthogonal

o Hy,' Again (X u | Hv+) is of the form Cvaor

some constant C. We have thus

(X, | H,,6H,)= X,

Similarly

(X, |Hiy©H, )= BX
Theretore

(X, | H,,)= AX,+BX,
which states that the projection of Xt on H ;,v

is in Ly ,

In Section 2 we refer to the following theorem.

(for some real A).

U

thus the proof is complete.

The proof is omitted.

1.4. Theorem (V. Mandrekar (1974)).
Let {Xt} be a Markov process, then there exists a
unique martingale M adopted to the filter

F,=

oiXs s <t} anda unique deterministic never
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vanishing function f such that for each t

)(tzf(t)Mt'

The follwing theorem is a result which provides
a condition that a reciprocal process will be a
Markov one.
1.5. Theorem. Let {X , :tE[a,b]} be a mean
zero Gaussian reciprocal process. If either Xa or XD is
constant then the process is a Markov one.
Proof. Assume that x is constant (since EXb=0 , WE
will have Xb-=-0). Let a<s<t<b, we have
(x, | H;)= (X, | H; & 3Spix,})
=(X, | H_,) (X, is reciprocal)
= (Xt | SE{XS ,Xb})
= (X, 15pix.})
—(X, | L)
i.c. {Xt} iIs a Markov process.
2. A representation of reciprocal processes
Let {X ; L€la , b] } be a mean zero Gaussian
reciprocal proess. Let
Z,= (Xt l-S?{Xa 3Xb}) =°C(I)XG+B(t)Xb , 1,=X,-4
It is clear that {Yt} is orthogonal to {Zt}. Now we
have the following theorem:
2.1.Theorem.The above introduced {Y}isa
Markov process.
Proof. First we observe that for each u<v
Hy (X, =Huo(V,+ Z) +Hity(V,)+ Hio (2, )
Now we show that {Yt} is a reciprocal process. Let
a<u<v<b and te(u,v), we have:
(v, 1 H,,(V))
= (Yt | H, ,(X )) ({Zt}and{Yt}are orthogonal},
=(X,-z, | H, (X))
=(x, | Hiy(X)) -2, (ZeH.y(X))
— (Xt lLu,V(X)) -4,
=AX, + BX, - Z,

()'(t IS reciprocal)

(for same reals A,B)

AY

il

Now substituting for Xu

Z. we get:
AX, + BX, = A(Yu + Zu) + B(Yv+ Z,)
—_— AYu + BYV +AZu + BZV

= AY, + BY, + (A%, + BX, | P ,X,})

= AYu t BYp t ((X, | Lu,v (X)) I :S-‘F{Xa,Xb})
- Y+ BY+ (X, 1 By (0) | S, X

— AY, + BYV+(X, | g{xa’xb})

= AY, + BY, + Z,.
Thus
(Y, | Hiy(Y)) =AY, + BY, +Z,- Z,
— w + BY,.
Hence

(Y, | 5 {t, %)) =((, | Hip) | Sp %, Y}
— (AYu"'BYv rS-ﬁ{Yu aYv})
=AY, + BY,.
ie.( v, | Hiy () =(Y, | 5p {tu , 1))
which completes the proof of reciprocality of {Yt}.
In order to show that {Yt} is a Markov process,
by Theorem 1.5 it suffices to show that the "remote

past” of the process is trivial. In other words, it

suffices to show that

n Sp {v, :1¢ wy)} =0

To show this we observe that
DAL W) =T (X k) o T (L€ w)
=5 {X, : 1§ (u,v)} .5 K, ; X}

Therefore

N Sp{Y,4¢uy)} = {ugﬁ {X2¢(uv)} oSpiX. .Xb}}
_S‘ﬁ- {Xa ) Xb} 'SP_{XG :Xb)

which completes the proof.
Now we have the follwing main result which
provides a representation for the mean zero

Gaussian reciprocal processes.

and XV in terms of Y and
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2.2.Theorem (main result). we conclude that:
Lé’[{:Xr , L€ |a ,b]} be a mean zero Gaussian (Xt | H,, (X) B 3‘}; X, Xb}]
process. {Xl} is reciprocal if and only if it has the — AX +BX, - (AXu +BX, IFE {Xa Xb}J

followmg representation which implies that
X, =Y +2Z (X, | H,, (X)) = AX,+BX,.
where {Yt} Is a Markov process, {Zl} is orthogonal to By (i1) of Theorem 1.2. we conclude that (Y t) 1S
{Yl} and lies in the "remote past" of {X t}. reciprocal.
Moreover this representation is unique, in the sense Uniqueness: Since 3'1_9. {Y, . Yb} = (0)
that if and Y is orthogonal 10Sp {Z, Z,} we gel
X, = Yt\ + Zt‘ , —SE{Xa aXb}: 3‘; {Za , Zb} = _S-ﬁ{za\ ’Zb\}'
wherel Yt\} and { Z,\} have the same property as So
{Yt} and {Zt} respectively, then [XI lﬁﬁ X, , Xb}] = [Y, + Z, | -SI)-{X& ’Xb}] =7
Y‘\ =Y, and Z‘\ = Z (Xl |§ﬁ W, ’Xb}] = (YI‘ ' Zl\l -SE{Xﬂ ’Xb}) = Z:\
Proof. 1f {X } is reciprocal then by Theorem 2.1 Therefore Z,:Z,\ and Y,:Y,\ and this
Xt has the required form. proves the uniqueness of the represention.
Conversely letXt =Y, + Z: : {YI} and {Z[} Combining Theorems 2.2 and 1.4 we have the
satisfy the condition mentioned in the theorem. Let following theorem.

t € (u,v), wu<v then 2.3. Theorem. {X }is areciprocal process if and

(X ) | H u';,, (X ) ) only if it has the following representation:
= [l,I + (Xf I -S-ﬁ {Xa ’Xb}) I Hu-’v (X)) Xt =f(t) M‘ + Zt

=(v, | H,, (X)) +(x, | Spix, ,Xx,}) where

_ (y‘ | Hiy (V) ©H, (Z)] ; [ X | U, Xb}] f(.) is a deterministic function.
_—.(Y, | H, (V) ) . (Xt | .3'; X, . Xb}) {M} is a {X} adapted martingale
the last equality is due to the orthogonality of {Zt} Ls orthogonal to {Ml} and lies in the remote past

{Yl} and {Zt}. By Markov property-of {Yt} we of {Xt}.

have: Moreover this representation is unique.
(x, | H.y (X)) .

=(v, | Sp{y ,Y}) +((X, | 3 {X, ’Xb}) References:

=AY, + BY, + ((Xt | 'S‘I_) X, ’Xb}) Dang-Ngoc and Royer, (1978). Markov property
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(X, | H ,;v (X )] Jamison, B. (1970). Reciprocal processes: The

= [X‘ | (Hu:v (X)) Q-SF X, ’Xb} ® @-{Xa 'Xb} stationary Gaussian case; Ann. Math. Statist, 41,

:(XI | Hu-,v (X) e-gi{xa aXb}) +(Xt | -S-P-{Xa ,Xb}] 1624-1630.
Comparing the two values of (X: | H,, (X)) Mandrekar, V. (1968). On Multivariate
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