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Abstract

The problem of downward continuation of the gravity field from the Earth’s surface to the
reference ellipsoid arises from the fact that the solution to the boundary value problem for
geoid determination without applying Stokes formula is sought in terms of the disturbing
potential §W"(X) on the ellipsoid but the disturbing gravity observations 6I(X)are only
available on the Earth’s surface. Downward continuation is achieved via Abel-Poisson
integral and its derivatives. Using discrete observations, the Abel-Poisson integral has to
be transformed into a summation form:

b=Ax, beR", xeR" (D)
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Where the matrix A is the design matrix and b stands for the disturbing
gravity observations vector. The downward continuation problem is an inverse
problem. Inverse problems are ill-posed, like any ill-posed problem it must be
regularized. The objective of this paper is the comparison between direct and
iterative methods for solving downward continuation of the gravity field from the Earth’s
surface to the reference ellipsoid for geoid determination without applying Stokes
formula.

Direct regularization methods are methods where the solution is directly derived. In
this contribution truncated method, standard Tikhonov method and generalized Tikhonov

method using discretized norms at Sobolov subspaces W, (a,b), W, (a, b) and Sobolov

semi norms HLI”2 and HLI”2 are implemented. Based on SVD, in truncated methods, the

solution can be obtained as:

5,

X} = Z<—b> )

-1 Oi

Where u; and v, are the right and the left singular vectors, respectively. r, is rank of

T,
b
matrix A that is a L2 norm approximation for matrix A . In the case of TGSVD the
solution is obtained as

n

xRee = Zp: @xi + Z (ui,b>xi 3)

i=p-1, +1 i=p+1
In standard Tikhonov method, the minimizing function can be written as:
2 2
FTikhonoV (X’)\') = "AX - b”z + )\'”XHZ (4)

In this method, filter coefficients and solution become:

)
o u'b
Xy fi—v;

i=1 S

In standard Tikhonov method, the matrix L wasI_ . In generalized Tikhonov method,

we select the matrix L as follows
al’

L=| | (6)
o, L

0
o,L

Where the {Li},i =1,2,...,s is obtained from discretization of derivative operators up to

order s and coefficients {a;}, i=1,...,s are weight coefficients.

In contrast to direct methods, in iterative methods, normal equations are solved via
construction of a sequence of the solutions that converge to the pseudo-inverse solution of
the equations. In this contribution classical iterative method, Landweber-Fridman method,
Tikhonov iterative method, Algebraic Reconstruction Technique (ART), conjugate
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gradient method and LSQR method are implemented.
Classical iterative methods are based on construction of sequences of solutions

{X(l),xu).,..‘,x(k),‘..}. For the matrix equation Ax = b, The following relationship holds

between solution x* and solution x**:

< = (I - Q’IATA) x4+ ATp @)

In Landweber-Fridman method the matrix Q" is equal to diagonal matrix I . Ergo, in
this method, iterative relation between the solutions is defined as:

xEH = (I- wATA)X(k) +wA™ (8)

In Tikhonov iterative method, iterative relation between the solutions is defined as:
—1
x“+”::(ATA—+XQ (A™b + xx™) )

The idea of Algebraic Reconstruction Technique iteration to solve the matrix equation
Ax = b is to partition the system row wise, either into single rows or into blocks of rows.
Each of these rows defines a hyper plane of dimensionn—1. The idea of the
ART iteration is to project the current approximate solution successively onto each one
these hyper planes. It turns out that such a procedure converges to the solution of the
system.

A best known method for solving large scale equations system is conjugate gradient.
Conjugate gradient is a type of Krylov subspace method. Conjugate gradient method is
suitable for positive definite operators.

In LSQR method, solution vector is defined as follows:

X o) = BV Byelt! (10)

LSQR} —
Where right vectors V, can be found in Hansen (1998) and B, is a bidiagonal matrix

with o; and 3, on the main diagonals and efk”) = (1,0,...,0)T .

For comparison of different regularization methods and the selection of the best
method based on Abel-Poisson integral and Iran topography conditions, first, we solve the
problem by doing a simulated problem. To compare different regularization methods, we
used relative errors defined as:

exact Teg

X — X

Relative Error =

: 11

exact
X

2

reg

Where x*** comes directly from simulation and x™* comes from solving the problem via
aforementioned methods. Based on our results, ART method is the best suited method for
downward continuation problem at geoid computations without appling Stokes formula.
Finally, ART method was applied for real gravity modulus for geoid computations in
geographical region of Iran.

Key words: Geoid computation, Downward continuation problem, Abel-Poisson integral,
Regularization methods
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""Exact Solution"'

30°

25°

50 E 55 E 60 m?/s?

-

ART oss 3l oalizal b a0 (5o ha (555 (bl 030r Jonily Sl i £ Jse

B e ey Ll 13 el Sldalie 4 o Jlosl 5 bl lasia Y J g

Slre S il pom Sl oS poories ols g g

0.0980 0.6098 0.0037 -0.4884 Sl gla

s SacaS Aoty 5 dols O s slast) ol (g3lans laesls ol Caas 4 JUisl aliees 53 (5l sll la sy last anslin ¥ J gl

(el m? 57
o pom Sl b ge poos Rt

TSVD 10.5385 0.0072 -20.2382 0.7035
TGSVD(L) 17.2047 0.0075 -19.7380 0.8451
TGSVD(L") 79.7941 0.0075 -61.1341 5.1202
S-Tikh 10.3802 0.0083 -19.9721 0.6815
G-Tikh(L') 12.4487 0.0726 -18.2493 0.7118
G-Tikh(L") 27.6701 0.0075 -33.3710 1.4960
G-Tikh(W)) 10.2977 0.0046 -19.628 0.6610
G-Tikh(W,) 10.1302 0.0033 -19.2861 0.6479

Land- Frid 10.68 0.01 -20.24 0.70

Land- Frid (Cheb. Acc.) 11.71 0.006 -19.38 0.84

Tter- Tikh 10.65 0.01 -20.30 0.75

Iter- Tikh (Cheb. Acc.) 10.71 -0.003 -20.38 0.84

ART 8.1255 4.62¢-4 -16.35 0.49

CGLS 11.52 0.01 -21.04 0.74

LSQR 11.52 0.01 -21.04 0.74
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