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Abstract
Let p=1 and (w,) be a sequence with non-negative entries. If T =(t,,) >0,

denote by |ff ||p ,, the infimum of those U satisfying the following inequality:

- - p O - L
ZWH[Ztn’kakj W SU(ZWkakpjp,
k=1 y k=1

n=1
whenever (a,)e | (W) . The purpose of this paper is to give an upper bound for

the norm of operator T on weighted sequence spaces d(w,p) and l,(w) and also
e(w,o). We considered this problem for certain matrix operators such as Norlund,
Weighted mean, Ceasaro and Copson matrices. This problem is considered by
some authors like Bennett, Jamson and the first author on sequence spaces |, and

weighted sequence spaces for some kind of matrix operators. Also, this study is an

http://jsciences.ut.ac.ir

extension of paper by Chang-Pao Chen, Dah-Chin Luor and Zong-Yin Ou.
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Introduction
In this study we consider the norm of certain matrix
operators on weighted sequence spaces |, W), eW ,)
and Lorentz sequence spaces d (W ,p), p =1, which is
considered in [1] and [2] on |, spaces and in [5-8] and
[10]on I W) and d (W ,p) for some matrix operators

such as Cesaro, Copson, Hausdorff and Hilbert
operators.

Assume that |, is the normed linear space of all

sequences a = (a,) with finite norm ||a|

1,
oo P
bl =St )

Suppose thatw =W ) is a sequence with non-

b where

negative entries. For p =21, we define the weighted

sequence space | W) as follows:
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Ip(w)={(an):iwn|an|'° <w},

with norm, ||||pW , where

. 1/p
el =( Bl |

Also, if (W) is a decreasing non-negative sequence
such that lim, , w6 =0 and

W, =oo, then the Lorentz sequence space
n=l

dW,p) is defined as follows:

dw,p) ={(an):iwna;p <°°},

where (a;) is the decreasing rearrangement of (|an |).

In fact, d(w,p) is the space of null sequences a for

*

which a" is in | /(W) , with norm |al], we =2

pw
Let A, =a +--+a, and W, =w +--+w,, we

define the weighted sequence space e (W ,oo) as follows:

eW )= {(an) : Sll;lpVC_:< m},

k

with norm ||||W - which is defined as follows:

lal, _ =sup .
’ K W,

Our objective in section 1 is to give a generalization
of some results obtained by [1] and [2]. In section 2, we
try to solve the problem of finding the norm of certain
matrix operators on d W ,1) and e (W ,e)and we deduce
the existence of an upper bound for certain matrix
operators such as Cesaro and Copson operators.

The problem of finding the lower bound of matrix
operators on weighted sequence spaces is considered in

[9].

Results

1. Matrix Operators on d(w, p) and l,(w)
Now consider the operator T =(t; ;) defined by

oo

Ta=Db, where b, =2 t, .a

i=1 L7

. We write ||T ||p’W for

the norm of T as an operator from I W) into itself,
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and ||T ||p for the norm of T as an operator from I into

itself, and ||T || o) for the norm of T as an operator on

dw,p).
The following conditions is what we need to convert
statements for | (W) to ones for d W ,p). We assume

throughout that:

(1) Foralli,j, t;=0.
(2) Forall i,  lim;__t;; =0.
(3) Either t; ; decreases with j foreach i,
or t; decreases with i for each j, and

m . -
Cor.j :Zizlti»j decreases with | for each m .

Condition (1) implies that |Ta| <T |a| and hence the

non-negative sequences are sufficient to determine norm
of T .

Proposition 1.1. ([5], Lemma 2.1). Let p=1 and
T =(t; ;) be an operator with conditions (1), (2) and
(3). Then

"Ta"d Ww,p) < "Ta*

for all non-negative elements a in d(W,p). Hence

dw.p)’

decreasing, non-negative elements are sufficient to
determine norm of matrix operator T .

In the following, we state some lemmas which are
needed for main result. We set & =max(£,0) and

& =min(£,0) and also p* =%} ;.

Lemma 1.1. ([2], Lemma 2.1). Assume that a,t are
non-negative sequences. Then for all n

n
ztkak
k=1

>

1 n
<imax———— ) a. n—k+0)t, —-t._)".
{lsksnn_k +1j:k J}sz( )(k k—l)
Lemma 1.2. ([2], Lemma 2.2). Let N >1 and a,t be

>a.  >...>0 and

non-negative sequences with a, =a,, =

a, =0 for n <N . Then forall n,

2 ta,
k=1
> lia» nt, + ! i (n—-k+), -t -
n4’ n—-N +1, .5, B
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Lemma 1.3. Suppose that u,, v, are non-negative

n

numbers such that 2::1u , 1s divergent and
lim,_,_v, =0.Then
m
2,
— -0 a8 m oo
P
n=1
Proof. If we take £>0, since lim, Vv, K6 =0, then

there exists an integer N >0 such that for all m > N

iunvn siunvn +e i u, <
n=l1 n=l1 n=N +1

Mz

m
UV, +EU,.
n=1

>
n

Since Zlu . 1s divergent, there exists an integer

N, >N such that forall m >N, we have

Therefore

m m
Muyv, <2edu,.
n=1 n=1

If € —» 0, we have the statement.

Proposition 1.2. ([5], Proposition 5.1). Let p >1 and
(W,) be a decreasing sequence with non-negative
entries and let the matrix T =(t,,) be with the
following entries:

n =k

n<k.

L for
tn k =3"
’ 0 for

Then [T ||qu <p.

Lemmald4.Letp>1 and (W,) be a decreasing
sequence with non-negative entries and also Z::IWT” be
divergent. Let N >1 and the matrix C, =(c,,) have
the following entries:

1

N ——— for nzk
Coxk =3N+N -1

0 for n<k
Then [C, I, =p".

N

Proof. C, is the Cesaro matrix and 0<c, <c,  for

161

all n,k >1.
Since W)
Proposition 1.2, we deduce that

is a decreasing sequence, applying

*

"CN "p,w S"Cl"p,w < p.
Fix m such that m >N , and let

a _{(n+m—l)%’ for 1<n<m

0 for n>m,

°° P — mo_w,
then 2n=1wnan _anln-v-m—l :

Also, for n<m

A, zjln(s+m—1)%ds - p*((n+m —1)%*—m%'),

where A, =a, +---+4a,.
So that

A PR -} m Y
" n+N -1 (n+m—1)%’ n+m-1

Since (1-s)? 21—ps for 0<s <1, we have

bp N (p*)p

m G
n = - l_p - b
n+m—1[ (n+m—1j/}

and hence

Since (W ,) is a decreasing sequence, W, =W, ,

and so
i W, 2iwn+m—l :i\/h:w‘
=n+m-1 #sn+m-1 S n
o W . . .
Therefore Zn:l —n— is  divergent, setting
X,=—2=, y,=—2'—+ and apply Lemma 1.3, we

(n+m-1),*
have the statement.
In the following, we recall Theorem 8 of [3] which is
needed for main result.

Theorem 1.1. ([3], Theorem 8). If p>1 and X is a

non-negative sequence, then
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Proof. (i) Let (a,) be any sequence. By Lemma 1.1,

Zm[ Zka <(v) Xt

we deduce that

Ztn.k ak

j—i+1

Lemma 1.5. If p>1 and X,w are non-negative kol
sequences and also W is decreasing, then . .
< (n—k +1 )
. 1 j p b & {ll?kazrin k +1J al} = Kk tn,k—l)
W . max X, | <(p W, X}
]2:1‘ Vi< j—i+lé k (p)kz:f KTk

n
<M; max a,
Isk=n | — k +1{=

, o Applying Lemma 1.5 and the maximal theorem of
iwj Fl-ax[ 1 ixk ] Hardy and Littlewood, we have
<i<j

j-i+1i5 P
. . - n
w, [Yt .4 | <M Yw, ma a
Z‘ n(g}, n.k kj TZ{ ”1ngn[n -k +1 1= ]]

Proof. Applying Theorem 1.1, we have

i=l

= j-i+15 -
- <(p'M;) Yw,al.
<(n* p k=l
—(p ) szXk
K This implies that
Wesett,,=0 for n>1 and .
! Tl < P"Ms
{Z(n —k +1)(t,, —to, 1)+}, (ii) We have m; =sup,,, f, , where
mT = ﬂN
supme{m 2 (n—k 1), ~ nkl)_}_ =in2Nf{ntn,N = +1k%(n K+D(E, ) L) }
N>l N N—=N +1 =

Let N >1,sothat 5, 20.Let (b,) be a decreasing

We say that T =(t,, ) is a lower triangular, if
sequence with non-negative entries and ||b ||pW =1. We

t,, =0 for n<k . We now introduce the first main

result. set a =---=a,_, =0 and
Theorem 1.2. Suppose p >1 and (W ) is a decreasing a W, 4 b
sequence with non-negative entries. Let T =(t,, ) be a N neN 1 "’

lower triangular matrix with non-negative entries.

@) ||T ||p,W < p’'M; . Moreover, if M, <eo, then T for all n>1. We have ||a||p,W =||b ||p’W =1, and Lemma
is bounded on I (W) . 1.2 follows that
(i) If )~ %= is divergent and ) s . ) .
decreasing, then ||T ||p,W >p'm; . |[I' "Ew an:}Wn [k =1Ztn.kak j
Therefore if W,) is a decreasing sequence with B ) »
non-negative entries and (;-) is decreasing and also 283w, (%Zaj j
z: - =c°, then " )

- p
p'me <[T,, <p'M;. =A ZW“NI(n +N - 2 o IJ

162
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1 0 W
2 b,
n+N —14% WJ.+N -1

j=l

= ﬂrx? ZW n+N -1
n=l

2L [C b,

Applying  Proposition
"T ||p,w 2 p*ﬂN 5 and so

"T "p,w 2 p*mT

This establishes the proof of the theorem.
In the following, we give some corollaries of
Theorem 1.2. We assume W ,) is a decreasing

1.1, we conclude that

sequence with non-negative entries and (;--) is
n+l

Wn

decreasing and also 2 = oo

n=l N

Corollary 1.1. Suppose p>1and T =(t,, ) is a lower
triangular matrix with 0<t  _ <t  for I<k <n.
Then

p*(supinf nt, js"’l’ [, < p*(sup{itn . }]
N> NN ' pw n> |k '

Moreover, if the right hand side of the above
inequality is finite, then T is bounded on I, (W ).

Proof. We have M, ZSUPnzlz

supy , inf, .y

t and m; =

n
k=1n.k

nt,, . This completes the proof of the

statement.

Corollary 1.2. Assume that p>1 and T =(t,,) isa

lower triangular matrix with 0<t ,_ <t  for
I<k <n andalso (nt,, ) is an increasing sequence for

each k . Then
Il =" ssupnt,, .
nx1

In particular, ||CN||p,W =p", where C, is the

generalized Cesaro matrix defined in Lemma 1.4.

We apply the above corollary to the following two
special cases.

Let (t,) be a non-negative sequence with t,>0, and
T,=t +---+t,. The Norlund matrix N, =(,,)is

defined as follows:

163

tn—k+1

for 1<k <n

tn,k = n

0 for k >n

Corollary 1.3. Suppose p>1 and N, =(t, ) is the
Norlund matrix and (t,) is a sequence decreasing with
t, > a and a>0. Then

"Nt"pw = p*

Let (t,) be a non-negative sequence with t,>0. The
Weighted mean matrix M, =(t,,) is defined as

follows:

—

t, =T

k. for 1<k €n

for k >n

Corollary 1.4. Assume that p>1 and M, =(,,) is
the Weighted mean matrix and also (t,) is an

increasing sequence with t, — o and & <o . Then

M., ="

Corollary 1.5. Suppose p>1and T =(t,, ) is a lower
triangular matrix with t ,_ >t , >0 for 1<k <n.
Then

o (i Bt Jeir,, <o (sl )
) nx

Moreover, if the right hand side of the above
inequality is finite, then T is bounded on | (W) .

Proof. We have M =sup, nt,, and m; =

inf

nx1

Zz:ltn.k . This establishes the proof.
We apply the above corollary to the following two
special cases.

Corollary 1.6. Assume that p>1 and N, =(,,) is

the Norlund matrix and (t,) is an increasing sequence.
Then

* * ntn
o <IN, <7 [p{T—}]
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Corollary 1.7. Suppose p >1 and M, =(t, ) is the
Weighted mean matrix and also (t,) is a decreasing
sequence with t, — « and o > 0. Then

. At
o<l <o )

Example 1.1. Let w = —

(log(n +l))y

where 0<y <1, w,

Wn

w
and (5 -~

Therefore, if (t,)
t, >« and o >0, then

"Nt"p,w = p* :

) be decreasing and also Y~

n=l N

=o0,

is a decreasing sequence with

Also, if (t,) is an increasing sequence with t, — o
and o < o, then

"Mt"pw = p* ‘

2. Matrix Operator on d(w, 1) and e(w,)

In this part of study, we consider the problem of
finding the norm of matrix operator C,, and C, on
dWw,l) and eW ,e), where d (W,l) and eW ,e) are
defined as before.

If acdW,1), we denote norm of a with ||a||qu and
if aeeW o), we denote norm of a with ||a|[N - We
write |rl' ||LW for the norm of T as an operator from
d W ,1) into itself, and ||T |le for the norm of T as an

operator from e (W ,o) into itself.

Suppose T
eW,o). Then T', the transpose matrix of T , is a

is a bounded matrix operator on

bounded matrix operator on d (W ,1) and

L L

Let N =1 and C,, be defined as in Lemma 1.4, and
also letC,, be the matrix transpose of C, . The matrix

Cy =(a,,) is defined as follows:

_
k+N -1
0 for

for n<k

an,k =
n >k

If N=1, C, and C; are Cesaro and Copson

Lashkaripour and Foroutannia

164

J.Sci. . R. Iran

matrices, respectively. C, and C, are generalized

Cesaro and Copson matrices.

The problem of finding the norm of matrix operators
on d(W,l) and e(W ,o0) is considered in [8]. Also in the
following, we consider such problems for some matrices
on weighted sequence spaces d (W ,1) and e(W ,co).

Theorem 2.1. Suppose T =(t,,) is a matrix operator
satisfying conditions (1), (2) and (3). If

n
sup—+— < oo,
w

n n

where S =s,+---+s,, S, :z::]Wktk‘n , and
W, =w,+---+w_, then T is a bounded operator from
d W ,1) into itself, and also

S
[Tl = sups=

n

Proof. Applying Proposition 1.1, it is sufficient to
consider decreasing, non-negative sequences. Let a be

in dW,1) such that a >a,>--->0 and M =sup, 3.
Then

[Tl

I
s

E
L

Wn [itn,kan j
k=1

S, a

n=n

Il
s

B
R

Il
s

Sn (an _an+1)

)
i

IN

M iwn (a, —a,,,)
n=1
Also, we have

"a"l,w = Z{Wﬂ (an _an+1 ) :
Therefore

e, <M el .

and hence |rl' ||1’W <M.

Further, we take a, =---=a, =1 and a, =0 for all
k >n+1, then

[l =W

[ral,, =s.
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Thus

T, =M

This completes the proof of the theorem.
In the following statements, we consider the norm of
Cesaro and Copson matrices. It is enough to consider

the sequence (;—"n) instead of (Vf/—"n), because of the well-

known facts listed in the following lemma.

Lemma 2.1. (i) If ms;—"nSM for all n, then

m <> >y <M forall n.

Wn

Sh
then W M

(iii ) If

N — oo,

2 5M as N oo, as
n

Proof. It is elementary.

Lemma2.2.Let O<a<l.

> J X
OIFN 21 and X, =3t then —t
is increasing and tends to .

(iDHIFX =Y 7 » then X is decreasing.

Proof. It is elementary.

Theorem 2.2. If w, = , where 0<a <1, then

1
(n+N -1)"
C, is a bounded operator on d W ,1) and also C is a

bounded operator on e(W ,e). Moreover,

— 1
ol =il NS
:"C;"N’w:f(l-lra'), where &

is Riemann’s Zeta function.

In particular, ||C . ||]’W

Proof. Applying Theorem 2.1, we have

ICu . =

Since

(n+N -1)" z

wn 7 (k +N —1)”“

165

- 1

l+a
k=n+N -1 k

=(n+N -1)"

E

Sn

shows that

Lemma 2.2(ii) is decreasing.

Therefore applying Lemma 2.1 (ii ), we deduce that VSV—

is decreasing and also

Proposition 2.1. If
ry (W)=su W, <
N o (n+N —T)w ’

then C;, maps d (W ,1) into itself. Also, we have

[eal,. < o).

Proof. Since for all n
W
s =——<r, (W)w_,
n n+N =1 N ( ) n
Theorem 2.1 and Lemma 2.1(i) follow that
”CL ||1w <r, W), and this completes the proof.

Proposition 2.2. If

1S W,
Sup— Y ————— < oo,
nJf’wnzk +N -1

k=1

then C, is a bounded operator on e(W ,e°) and

[Cull...

n Wk
=sup—— e —
nfwnzkm

k=1

Proof. Applying Theorem 2.1, we have

foi ], =sum-

n

Since s, =-——, and "Ct " =|Cy |, ., we have the
statement.
Theorem 2.3. Suppose that w = o Nl—l)” , Where

O<a<l1. Then C; maps d(W,1) into itself and also
we have

Cull=lei, =~
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I-a

In particular, C, |, _ = "Clt "LW =L

Proof. We have
S w

n n

w
w, (n+N-Iw, (n+N-1)""

n

Our W isthe X, of Lemma 2.2 (i), which tells us

w PR .
that ——"-r is increasing and tends to . Lemma

2.1(ii) and (iii) follow the statement (Of course, this

also shows that r, W) =-.).

-
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