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Abstract

The concept of algebraic hyperstructures introduced by Marty as a
generalization of ordinary algebraic structures. In an ordinary algebraic structure,
the composition of two elements is an element, while in an algebraic
hyperstructure, the composition of two elements is a set. The concept of I'-
semihyperrings is a generalization of semirings, a generalization of semihyper-
rings and a generalization of I'-semirings. In this paper, we introduce an
equivalence relation y* on a I'-semihyperrings R and we show that it is strongly
regular. Furthermore, R/y*, the set of all equivalence classes of this relation is a
F/ﬁ*-semiring. The relation y* is called the fundamental relation and the I'-
semiring R/y* is called the fundamental semiring. Fundamental relations are the
main tools in the study of I'-semihyperrings. We present some results about
fundamental relations and fundamental semirings. Finally, we show that there is a
covariant functor between the category of I'-semihyperrings and the category of
semirings.
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Introduction

Algebraic  hyperstructures represent a natural
extension of classical algebraic structures. In 1934, at
the 8th Congress of Scandinavian Mathematicians,
Marty [14] has introduced, for the first time, the notion
of hypergroup, using it in different contexts: algebraic
functions, rational fractions and non-commutative
groups. In a classical algebraic structure, the
composition of two elements is an element, while in an
algebraic hyperstructure, the composition of two
elements is a set. One of the first books, dedicated
especially to hypergroups, is "Prolegomena of
Hypergroup Theory", written by P. Corsini in 1993 [4].
Another book on "Hyperstructures and Their

Representations", by T. Vougiouklis, was published one
year later [18]. On the other hand, algebraic
hyperstructure theory has a multiplicity of applications
to other disciplines: geometry, graphs and hypergraphs,
binary relations, lattices, groups, fuzzy sets and rough
sets, automata, cryptography, codes, median algebras,
relation algebras, C-algebras, artificial intelligence,
probabilities and so on. A recent book on these topics is
"Applications of Hyperstructure Theory", by P. Corsini
and V. Leoreanu, published by Kluwer Academic
Publishers in 2003 [5]. Another book [7] is devoted
especially to the study of hyperring theory. Several
kinds of hyperrings are introduced and analyzed. The
volume ends with an outline of applications in
chemistry and physics, analyzing several special kinds
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of hyperstructures: e-hyperstructures and transposition
hypergroups. Finally, we mention here another
important book for the applications in Geometry and for
the clearness of the exposition, written by W. Prenowitz
and J. Jantosciak [17].

Let H be anon-empty setand o: H xH — P*(H)

be a hyperoperation, where P"(H ) is the family of all
non-empty subsets of A . The couple (H ,o) is called a

hypergroupoid. For any two non-empty subsets 4 and

B of H ander,wedeﬁnerB:U acbh,

acd beB
Ao{x}=Aox and {x}od =x o4. A hypergroupoid
(H ,o) is called a semihypergroup if for all a,b,c in
H wehave, (aob)oc =aco(boc).

In addition, if for every a € H, acH =H =H ca,
then (H ,o) is called a hypergroup. A non-empty subset
K

semihypergroup if it is a semihypergroup. In other
words, a non-empty subset K of a semihypergroup
(H ,o) is a sub-semihypergroup if K K < K. We say

of a semihypergroup (H,o) is called a sub-

that a hypergroup (H ,o) is canonical if

(1) it is commutative,
(ii) it has a scalar identity (also called scalar unit),
which means that

deeH, Vx eH, xce=eox =x,

(iii) every element has a unique inverse, which
means that for all x €H, there exists a unique

x 'eH, suchthat e ex 'ox Nx ox ',

(iv) it is reversible, which means that if x €y oz,

then there exist the inverses y ' of y and x ' of z,

suchthat z €y 'ox and y ex oz.

A Krasner hyperring is an algebraic structure
(R,+,.) which satisfies the following axioms:

(i) (R,+) is a canonical hypergroup,

(i1) (R,.) is a semigroup having zero as a bilaterally
absorbing element, i.e., x c0 =00x =0.

(ii1) The multiplication is distributive with respect to
the hyperoperation +.

In [2, 12], Davvaz et. al. studied the notion of a I'—
semihypergroup as a generalization of a semihyper-
group. Many classical notions of semigroups and
semihypergroups have been extended to I' —semihyper-
groups and a lot of results on I' —semihypergroups are
obtained.

The fundamental relation B° was introduced on

hypergroups by Koskas [13] for the first time and
studied by many authors, for example see [4, 8, 9, 10
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and 20]. The fundamental relation A is defined on

hypergroups as the smallest equivalence relation so that
the quotient would be a group.

Let H be a hypergroup and U be the set of all
finite products of elements of H and define the relation
£ on H as follows:

x By ifand only if {x,y}gu for some u €U.

Freni proved in [9] that for hypergroups we have
B =p.

Vougiouklis in [18] defined the fundamental relation
y on hyperring R as the smallest equivalence relation
on R such that the quotient R /" is a fundamental
ring. Let (R,+,.) be a hyperring. Vougiouklis defined
the relation as follows:

ayb if and only if {a,b} cu,

where u is a finite sum of finite products elements of R (
u may be a sum of only one element), and proved that

y" is the transitive closure of y.

The fundamental equivalence relation extended to
some classes of hyperrings by Spartalis and Vougiouklis
[16]. In [10], Freni introduced a new strongly regular
equivalence and a new characterization of the derived
hypergroup of a hypergroup is determined.

By using a certain type of equivalence relations, we
can connect I —semihyperrings to I" — semirings. These
equivalence relations are called strong regular relations.
More exactly, starting with a I'—semihyperring and
using a strong regular relation, we can construct a I' —
semiring structure on the quotient set. Let R bea I' -
semihyperring and o be an equivalence relation on R.

If R, and R, are non-empty subsets of R, then

R,,;R2 means that for every x R, there exists

v €R, such that x py and for every y'eR, there

exists x '€ R, such that x'py’. R pR, means that for
every x €R, and y €R,, we have x py. A relation
p on R is called right (resp. left) strongly regular if

and only if xpy implies that (x +a);(y +a) and
(xaa);(yaa) for every ael’ and aeR (resp.

(aax )?(a ay) and (a+x );(a +y)), and R is called

strongly regular if it is both left and right strongly
regular.

By using a certain type of equivalence relations, we
can connect I'-semihyperrings to I'-semirings. These
equivalence relations are called strong regular relations.
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More exactly, starting with a ['-semihyperring and using
a strong regular relation, we can construct a [ —
semiring structure on the quotient set. Let R bea I' -
semihyperring and p be an equivalence relation on R.

If R, and R, are non-empty subsets of R, then

Rl/_)RZ means that for every x eR, there exists
v €R, such that x py and for every y'eR, there

exists x'€ R, such that x'py’. R, pR, means that for

every x €R, and y €R,, we have x py. A relation

29

p on R is called right (resp. left) strongly regular if
and only if x py implies that (x +a);(y +a) and
(x aa)/=)(y aa) for every ¢l and aeR (resp.

(aax )?(a ay) and (a+x );(a +y)),and R is called

strongly regular if it is both left and right strongly
regular.
In this study, we introduce a relation y on a given

I' — semihyperring R. and we show that the transitive
closure of this relation is strongly regular, and the
quotient R /y* isa I'/ B — semiring.

Let A and B be two non-empty subsets of I'—
semihyperring R. We define

(i)A+B={teR|x ca+b acd,beB},
(fi)ATB ={t eR |[tcaabacA,beB,ael},

a.ab.

-1 17T

(iii) AT B={tcR |ty

a, €A,b, €eB,a, eI'neN}.

Results

Definition 2.1. Let (R,+) and (I',+) be semihyper-
groups. Then R is said to be a I'—semihyperring if
there exists a mapping R xI'xR — P*(R) (image to be

denoted by aab for a,b € R and @ €T ) such that the
following conditions are satisfied for all a,b,c €R :

(i) aa (b +c)=aab +aac,

(i1) (a+b)ac =aac +bac,

(iil) a(a+ f)c =aac+apPc,

(iv) aa(®pfc)=(aab)pfc.

In the above definition if (R,+) and (I',+) are
canonical hypergroups, then R is called a I'—
hyperring. For example, let (R,+,») be a Krasner
hyperring and I'" be an ideal of R. Then R isa I'-
hyperring with respect the following hyperoperation:
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xay =xsasy,

where x,y €R and a €I
Suppose that B” is the fundamental relation on I’

and U, is the set of all finite sums of elements of R .
We define the relation y as follows:

ayb < {a,b} cu,

where u €U =U, URTZ R U(U, +RTZ R).

We denote the transitive closure of y by p°. The
equivalence relation p* is called fundamental
equivalence relation on R. We denoted the equivalence
class of the element a by y"(a). Hence, y"(a)=y"(b)

X,X,,..X,,, With

such that {x,,x,,}

if and only if there exist

X, =da,..x,,, =b and u,,..,u,

cu, forie{l,2,..,n}.

Let (R,I')) and (R,,I';) be I''— and I,-
semihyperrings, respectively and f :I'; = I', be a map.
Then y :R, > R, is called a (I';,I",) — homomorphism
or shortly homomorphism, if for every x,y € R and
ael,

Hyx+y)=y@Oltex+ylcyx)+y(y),
) yxay)=w@®)|texaycyx)f (@y(),
(i) f (x +y)=f x)+f ().

In the above definition if w(x +y)=w(x)+w(y)

and y(xay)=wx)f (@)w(y), then w is called a
set  kery = {(a,b) e
R, xR, |y(a)=w(b)} is called the kernel of y . The
homomorphism (y,f ) is an epimorphism if v and f

strong  homomorphism. The

are onto and is an isomorphism if w and f are

isomorphisms.

Proposition 2.4. The relation y* is a strongly regular.

Proof. Suppose that ay’d and x is an arbitrary

element of R. It follows that there exist x,=
a,x,,...x, =b such that for all i €{0,1,..,.n -1} we

have x,yx,,,. Let s, ea+x and 5, €b+x. We check

i+l

that s,7"s,. From x,yx it follows that there is

i+1
u, €U, such that {x,,x,, }cu, andso cu, +x and

i+1

X,,+x cu, +x, which means that (x, +x )7(x +x).

i+1
Hence for all i €{0,1,...,n -1} and for all #, ex, +x

we have ¢ ,yt,,,. If we consider 7, =s,, and ¢, =s,,

i+l
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then we obtain s,7"s,. In the same way, we can prove

*

(aax )};(b ax) where ael’. Then y° is strongly

regular on the right and similarly, it is strongly regular
on the left. U

Theorem 2.5. Let R be a I'—semihyperring. Then the
relation p* is the smallest equivalence relation on R

such that the quotient R /y* is a I'/ #* — semiring with

the following operations:
Y (@)®y (b)=y(c), forsome c € y"(a)+y"(b),

Y (@Op (noy ®)=yd),
for some d € y* (@) (y)y" (b).

Proof. The proof is straightforward. N
In Theorem 2.5, if R is a I'—hyperring, then R /"

is a '/ B" —ring such that y"(0) is a zero element of
(R/y",®) and for every y"(a), y"(-a) is an inverse
element of " (a).

Let G be the free commutative semigroup generated
by R/y"xT'/p". We define a relation & on G as
follows:

m@*(xi .5 (@, ))j@(ﬁ(y* SN ))J,
if and only if |
@ 7 x)OS (@)0r @
—@®" )OS ()0 @
for all y"(a)eR /y". This relation is a congruence on

G. We

n

LB @) by O[T07«) B @)

denote  congruence class containing

i

Hence G /6 forms a semiring with the following
multiplication:

H(f[(f(x,),ﬁ*(a[ ))je{f[(y*(y,,m*(y, )j

=9(H(y*(x,-)ozf*(a[)of(y,),myj))j.

Obviously, 8(y"(0), 8" («)) is a zero element of G

and H(Hy*(—xi), S (a,)) is an inverse element of

i=1
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o7 )5 (@),

The above semiring is called fundamental semiring
of I'—semihyperring R. If R is a I'—hyperring, then
G is a ring and is called fundamental ring of T —
hyperring R . We denote the fundamental semiring by
F(R). The category GT'H of all I" —semihyperring in

which the objects are I' -semihyperrings, for I'— and
I' —semihyperrings R, and R,, respectively,
Mor(R,,R,) is the set of all strong epimorphism from
R, to R,. For (R,.,I'), (R,,I',), (R;.,I';) and (¢,.f})
€ Mor(R,R,), (¢,.f,)eMor(R,,R;), (9,./,)(p.f)
€ Mor(R,,R,) denotes the usual composition of maps
and is a homomorphism. For every (R,I') the map
{z,Ir):R >R is a strong epimorphism and it
satisfies (/,,1;)o(d.f)=(¢,f) for every (¢.f)e
Mor(R',R) and (4,f)o(I,,1.)=(4f) for every
(p,.f)e Mor(R,R"). The usual composition of maps

satisfies  the
homomorphism.
The category SR of all semirings in which the

objects are semirings, for semiring R, and R,,
Mor(R,,R,) 1is the set of all homomorphism and

associative law and is true for

I, :R = R is the usual identity map and it is semiring
homomorphism satisfying ¢ol, =¢ for every ¢pe
Mor(R,R") and I, cp=¢, for p € Mor(R',R), the
the of

composition  is usual

homomorphisms.

composition

Theorem 2.6. Let R, and R, be I'— and I,—

semihyperrings, respectively and (4, ):(R,,I'))
— (R,,I",) be a strong epimorphism. Then there is a
homomorphism y:F(R,)—> F(R,). Moreover, if

(¢,f ) is an isomorphism, then i is an isomorphism.
Proof. We define

t//(91 (T o)A@ ))))

0, ([T 00 ). B ()

first, we prove that  is a well-defined. If

O[T, @B =0T, 0 ) @))),

then
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L1 (x)OB ()0 (a)
—@" 71 ()0 (@07 @)

for every 7, (@)eR,/y;.
We define

(@.f): (R 1y, T 1) = (R, 1y, T, 1 )
(7 ), B () = (5 (), 5 (f ().

Let (57 (x), 8 (@) = (75(» ), (7)) - Then there are
VisVare ,a and

Uyttt €Uy URTE R)UWU, +RTER)),

with y,=x, y,,,=» such that {y,,y,, }cu, for
i €{l,2,...,m}, which that  {p(»,),
o(y,,,)} € @u,). Since ¢ is a homomorphism,

implies

9W,) €U, UR,TER)UU, +R,TER,)

Hence, 7,(p(x))=7,(p(y)). In the same way,
B, (f (@)= B, (f (7). Thus (,f) is well-defined. We

have (¢,f ) is a homomorphism. Because

(DS ) @@y (b)) = (¢S ) (c)) for some
c ey (a)+y b),

we know that y (c)=y(d) for some dea+b.
Hence,

(@7 @@y (b)=7;(d)
=7, (@)®7, ()
=(@.f )71 @)®(.f ) (B)).
In the same way,
@7 @O B (@) 0y (b))
= (@ )7 @) O (8. )(B (@) O (8.5 )7, B)).
Since (¢, ) is a homomorphism, we have
(@)@, 7, (x,)O B (7,) O (@)
= (/@7 ()0 B (@,) O (@)

Hence,

261

D72 0(x,)) OB (7)) O 7, (¢())
=700, OB(f ()07, (4a)).

Since ¢ is onto,

2 (ﬁ(yz‘ (P DB G, )))j

=0, [ﬁ(y; (0 )L (@, )))j.

j=1

Therefore, w is well-defined. We prove that w is a
homomorphism.
Since, for d,, ex,a.y,, 7, ))=rd, ;) we

have

t//(ﬂ (H(% € .): B, ))J]
= w{é’l [H(ﬁ d.,).B(, ))Jj

-9, [H(y;‘((p(d,,,- DA, )))j

know that

We #d; ;) edlx, oy ;) =
¢(x ) (@) ;) 7,8 NS (@)r (8 ;) -

Hence
w(a [H(y )80, ))j
o0 (H(y WA G, ))D
- t//(ﬁl mﬁ(yr(xi),ﬁm NI B ))}J
-0, mﬁ%(mx, ),
B NG00 ) B 7, »)j

=w(9] (f[(ynx,-)),ﬂ:(y,- ))D

@w[@ (ﬁ(mm,ﬂ;(m ))D.
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w[a (ﬁ(ﬁ VAT ))}91 (f[(y{‘ 0BG, ))D

i=1

v{ﬁl (H(m* (x)OB (a)Oy (v ,).5 (7 ))D

—W[@l (H(%* (ci,j ),ﬂl* (7j ))jJ

6, {H(ﬁ (od; NS (f (7 )))]

i,

=0, [103 (0 DOB,(f ()
o7; (9 B (7,))

—w[a [ﬁ(y{‘ @) (@, ))j]

w(a (ﬁ(y{‘ 0BG, )>D,

where ¢, ; €77 (x B (@)r (v;)-

Hence w is a homomorphism. Let (4,f) is an
isomorphism. We prove that  is an isomorphism. It is
enough to we prove that y is one-to-one. Suppose that

w[el [f[(y;‘(m,ﬂf(ai ))H

- w{a (Hw 0BG, ))J].

Firstly, we prove that (4,f) is one-to-one. Suppose
that

(2. ) (), B (@) = (@) ) (D), B (7))

Then, y;(p(x)=7,(p(y)) and  B(f (@)=
B, (f (»)). Hence there exist ¥,,V,,0),
€R, and

u, €U, URTE R, UU, +R,TER,),

for i €{l,2,...,m} such that y, =¢(x), y,,, =¢(1)
and

for ie{l,2,..,m}.

{y[vy[ﬂ}gu[
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Since, ¢ and f is one-to-one and onto, there are

x, €R, and
v, €U, URTE R,UWU, +RTE R),

such that ¢(x,)=y, for ie{l,2,..,m+1} and
for i e{l,2,..,m}. It conclude that

Similarly, that

{x,.x pev,

HE) =7 0.

B (@)= B (y). Therefore (¢,f ) is an isomorphism.
By * we have

one can S€e

7, (d(x ) OB (f (2,)) O 7, ()
=@, 7,8 NO B (7)) 07 ($a)).

Hence,

(BSN@ 77 (x,)O B (@) O (@)
= (@S N@1 7 (v OB (1) O (@),

which implies that,

@7 (x,)OL () Oy (a)

=&, (,)0B ()0 (.

Therefore,

6, (H(yl*(xi ), B (e, ))] =6 (H(}/l*(yj )’ﬂ;(}/}f ))]
i=1 i=1

This implies that ¥ is one-to-one. O

Theorem 2.7. Let GI'H be the category of I-
semihyperrings and SR be the category of semirings.
Then there is a covariant functor between GI'H and
SR.

Proof. Suppose that R, and R, be I''— and I', -
semihyperrings, respectively. We define, 7' (R) = F/(R)
which is a fundamental semiring and 7T (¢, )=v,
(p.f ) e Mor(R,R,) defined

homomorphism in Theorem 2.6. We prove that
T :GI'H — SR is a covariant functor. Let (g.f/)):

(R, T)—>(R,.T,) and (¢,/,):(R,.T)=>(Ry.T5)  be
strong epimorphisms. Let T (¢,,f,) =, and T (¢,.f,)

where and y is

=y,. We have
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T((Wla Del(e,, 2))[61(]i[(yr(xi)7ﬁl*(ai))]J

= 63 (ﬁ(y;(wz °¢1(xi ))aﬁ;(fz ofl (ai ))J
Moreover,

Yy oy, (01 (11[(71* (). («, ))j]
—%[@@ﬁwx%uaxﬁvx%»ﬂj

=@(fkﬂwu%@nxxvxﬂm»ﬁ}

Thus, T ((@,./5) o (@./1) =T (@,.f5) T (¢,.f))-

Let (I,,I;):(R,T)>(R,I) be the

homomorphism. Then

T(I,.1.):F(R)—> F(R),

identity

is an identity homomorphism. Therefore, 7' is a
covariant functor. O

Proposition 2.8. Let R, and R, be I''/— and I, -
semihyperrings, respectively, (4./):(R,,I'))—=>(R,.I’,)
be a strong epimorphism, 7, , :(R,,I'))—>F(R,) and 7, , :
(R,,T';) > F(R,) be maps, where defined by 7, ,(x)
=6, (). 5 () .o (X)=6,(7,(x). 3, (@)
Then there is a homomorphism y:F(R,)— F(R,)

and

such that the following diagram is commutative.

(Rl’rl) % (Rzarz)
\2 \2
F(R) ——> F(R)

Proof. Suppose that y is the homomorphism defined in
Theorem 2.6. We prove that

Volla =Ty (@S )
Let x be an element of R . Then
(weom )x)=w(,(x))
=y (6, (x)), 5 ()
=6,(7,(p(x)), B (f (2))),

263

and
Mg a) © (B ) ) = 0, (35 ($(x)), B, (f ().

Therefore, — yonm, =1,,, °(p.f) and  this

completes the proof. O
Suppose that R is a semiring. A relation p on R

is called compatible if (a;,b,)ep and (a,,b,)ep
imply (aa,,bb,)ep and (a +a,,b,+b,)ep for
every a,,b,,a,,b, €R.

A compatible equivalence relation is called
congruence. If p is a congruence on semiring R , then

we can define a binary operations on the quotient
R/p={p(x)|x €R} in anatural way as follows:

= p(al +a2)s
= plaa,).

p(a)® p(a,)
p(a) O p(a,)

for every a,,a, €R.

One can see that the above operations are well-
defined and R/p is a semiring. Let R and R’ be

semirings and @:R — R’ be a homomorphism. Then
the relation kerp=1{(a,b)eR xR |p(a)=@®)} is
congruence on R and there is a monomorphism
w:R /kerp — R' suchthat Imy =Img.

Let R be a I -semihyperring and p be an

equivalence relation on R / y* . We define
= (o1 @) @),

o([1).' 0 )-8 @))):

O(TT7 (7 () ()
(@7 @)Hof @)or e,
@ 0)OB )0y K)
€ p, forevery y'(y)eR /)/*}.
Proposition 2.9. Let R, and R, be I',— and I, -

semihyperrings and F(R,), F(R,) be corresponding

semirings, respectively. Suppose that there exists a
strong epimorphism (¢,f ) of the I', -semihyperring R,
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(p.f):

to the I',—semihyperring R, and

(R, /7.1, B°) = (R, /7., /). Then,

(ker((p.f)) ’

Proof. Let us define a mapping v : F(R,) > F(R,) by
w[a [f[(yr ) fila, ))B
=0, (1_1[(72 (p(x)). A (f (« ))),

for every O([07(x).Ai@))eF(R). By

Theorem 2.6, (¢,f) and w are homomorphisms.
Hence,

kery = {(91 (H,l](%* x). B («; )))’
91 (H;1=1(7/l* (64 j ); ﬂ]* (7/ )))) :
‘//(91 (T8 @ ))))

~v(a([T.viv)A G, ))))}'

This that kery = (ker(o,f))". This

completes the proof. O
Let R, and R, be I',— and I', — semihyperrings.

implies

Then R, xR, isa (I'|,I',) — semihyperring with respect
the following hyperoperations:

(a,,0))®(a,,b,)=1(z,,2,)|z,€a,+a,,z,€b, +b,},
(a,b) ®(a,,)®(a,,b,)

={(z,,z,)|z, eaqa,,z, eba,b,}.

Proposition 2.10. Let R, and R, be I',/— and I', -
semihyperrings, respectively. Then

F(R,xR,)=F(R,)xF(R,).

Proof. Let y*, y; and y, be fundamental relations on

R, xR,, R, and R,, respectively. It is easy to see that

R xR, R, R,

Yoo
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Let G be a free commutative semigroup on

R, R r, r .
(—Ex—2)x(—=-x—2). We define relation & on G as

" 1 2
follows:

[ﬁ«y{‘ ()70 B @) B 1),

ﬁ«y;‘ D AGDB @B, )))J c0,
if and iny if
B (). 130 O @),
BGN® G (). 75(0)
- g{al(y;‘ CR AN LIV ACH)
BN ()70
For every (7 (x),7. (0 ) € Xox X2 we define

w:F(R,xR,)— F(R)xF(R,)

9(]_1[((7{“ ). NB (@), B (B, ))J»—>

(61 (ﬁ(y* RV 3T ))}92 (ﬂ(y; 0B B ))JJ.

Obviously, this function is well-defined. We prove
that v is a homomorphism. We have

w[e(ﬁ((ﬁ(xi)%‘(y,-)),(ﬁ(‘(a,- WAV ))]
e[ﬁw;‘(x BRI RVACAW AT »j]
=w[9(ﬂ«7*<x,.)oma,- DICPACHRACN
OB B0V ()-8 (@), B (B))))

= ‘//(H[H(J/f (€))7, )N(B (@), B5 (B, ))D-
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- w[e[ﬁm(x,- ),(7§(y,~)),(ﬂf(a,~),ﬂ*(ﬂi)D
w[e(ﬁw;‘(x DB @) BB, ))]

where, ¢, € 71*(xi )ﬁl*(ai )7/1*(x;) and di,j € ]/;(yi)
B (B.) v (v;). Hence y is a homomorphism. One

can see that w is one-to-one and onto and this

completes the proof. O
Theorem 2.11. Let R, R, and R, be I'/—, IT', — and
I', —hyperrings, respectively and (¢,.f,):(R,.I))

- R,,T,), (./,):R,,T,)—>(R,.I';) be strong
epimorphisms. Then there is a ring R and
v,:R >F(R,), w,:R—>F(R,) such that the

following diagrams is commutative. Moreover, if R’ is
asemiring and v, :R' > F(R)), v, :R' > F(R,) are

homomorphisms such that following diagrams
commutative, then there exists a unique homomorphism

2:R'—>R suchthat y,oy =y, and y,0 y =y,
R —“F(R,) R' —“ 5F(R,)

\2 \2 N2 {
F(Rl)L)F(RQ F(Rl)L)F(Rs)

Proof. Suppose that F(R,), F(R,) and F(R,) are
fundamental rings of (R,,I')), (R,,I",) and (R,.[;),
respectively. Let v, :F(R,) > F(R;) and y,:F(R,)
— F(R,) be homomorphisms defined in Theorem 2.6.
Take

R={(0/(T 07605 @),
0.([T.05 0 ). BB D)) e FR)< F(R,))
w0105 @)
v (e ([T0:0 0. 86))))

and we define y,:R - F(R,) and w,:R > F(R))
by

265

AL ) AN AT
o150 ). 5:5)))
=6,([T.05 ). @),
ACT) | BCACRNACNE
0,120 ). 5:5))
=0,([T. 00 )-8 @))-
The maps w, and v, are homomorphisms and
WioW, =W, op;.

Let R’ be a
v, :R'">F(R,) and w,:R'>F(R))

semiring with homomorphism
such that

wv,ow, =w,op. Define y:R'—>R by y(x)=

(w,(x)w, (x)) xeR. Since, for every x eR,

v, o, (x)=w,op (x), x is well-defined. Obviously,
x is a homomorphism. Let y':R’'—>R be a homo-

morphism such that w,oy’ =, and y,oy =y, .
Then

!//40;('(x):y/4(a,b):b,

where y'(x)=(a,b). Hence y, (x)=b. In the same
way, w,(x)=a. Therefore, y = y'. This completes the

proof. O
In this paper, we consider I' —semihyperrings which
is a new kind of hyperalgebra and is a generalization of
semihyperrings, hyperrings and rings. Some related
properties of I —semihyperrings are described. In
particular, we introduce strongly regular relation,
fundamental relation and fundamental semiring. The
main tools in the theory of hyperstructures are the
fundamental relations. By using these concepts, we
obtain a covariant functor between the category of I'—
semihyperrings and the category of semirings.
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