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Abstract

In this paper, we study a special class of generalized Douglas-Weyl metrics
whose Douglas curvature is constant along any Finslerian geodesic. We prove that
for every Landsberg metric in this class of Finsler metrics, E =0 if and only if
H=0. Then we show that every Finsler metric of non-zero isotropic flag
curvature in this class of metrics is a Riemannian if and only if E = 0.
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Introduction

For a Finsler metric F =F(x,y) on a manifold
M, its geodesics curves are characterized by the
system of differential equations ¢’ +2G'(¢')=0,
where the local functions G' =G’ (x,y ) are called the

spray coefficients and given by following

S S Cal L B L
G =—g" i , yeT .M.
48 {8xk8yly ol [P0 S
. ;0 . 0
Thus F induced a spray G=y —=-2G' —
ox' oy’

which determines the geodesics [9,15].

Two Finsler metrics F and F on a manifold M
are called projectively related if any geodesic of the
first is also geodesic for the second and the other way
around. Hereby, there is a scalar function P = P(x,y)

defined on TM  such that
G =G'+Py’,

where G' and G' are the geodesic spray coefficients

of F and F, respectively and P is positively y-
homogeneous of degree one [6,8].
Let

; o’ ; 1 oG™
D} y= A kAl - Yo
' oy’ oy "oy n+loy”

It is easy to verify that,
D :=D; ,dx’ ®9, ®dx" ®dx' is a well-defined
tensor on slit tangent bundle TM ;. We call D the
Douglas tensor. The Douglas tensor D is a non-
Riemannian projective invariant, namely, if two Finsler
metrics F and F are projectively equivalent,
G' =G’ +Py', where P=P(x,y) is positively y-
homogeneous of degree one, then the Douglas tensor of
F is same as that of F [8] Finsler metrics with

vanishing Douglas tensor are called Douglas metrics.
The notion of Douglas curvature was proposed by
Bacs6-Matsumoto as a generalization of Berwald
curvature [3]. There is another projective invariant in

Finsler geometry, namely D’ an¥ " =Ty y', that is

hold for some tensor T where D; il denotes the

jki >
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horizontal covariant derivatives of D ]‘ « Whit respect to

the Berwald connection of Finsler metric F . This
equation implies that the rate of change of the Douglas
curvature along a geodesic is tangent to the geodesic
[6].

In this paper, we study on aclass of Finsler metrics
whose Douglas curvature satisfies
D' Y =0

: (1)

The geometric mining of this equation is that on
these new spaces, the Douglas tensor is constant along a
geodesics.

Other than Douglas curvature, there are several
important non-Riemannian quantities: the Cartan torsoin
C, the Berwald curvature B, the mean Berwald
curvature E, and the Landsberg curvature L, etc. [12-
15]. The study show that the above mentioned non-
Riemannian quantities are closely related to the Douglas
metrics, namely Bacs6-Matsumoto proved that every
Douglas metric with vanishing Landsberg curvature is a
Berwald metric [1,2]. Is there any other interesting non-
Riemannian quantity with such property? In [10], Shen
find a new non-Riemannian quantity for Finsler metrics
that is closely related to the E-curvature and call it £ —
curvature. Recall £ is obtained from the mean Berwald
curvature by the covariant horizontal differentiation
along geodesics.

In this paper, we prove that for every Landsberg
metric satisfies (1), E=0 if and only if H=0. More
precisely, we prove the following.

Theorem 1. Let (M,F) be a Finsler space satisfies
(1). Suppose that F is a Landsberg metric. Then E=0
ifand only if H=0.

For a non-zero vector y €T M ,, the Riemann
R, T M —>T. M is  defined by
oG’ 3
ox*

curvature

Ry(u)::R,k(y)uky, where R, (y)=2
G aG' G’
'yt ol '

is called the Riemann curvature [5].

0’G'
ox’/oy* Y
R:= {Ry }1 oM

Suppose P <T M (flag) is an arbitrary plane and

J J

The family

0

y € P (flag pole). The flag curvature K (P,y) is
defined by

g, (R, (u)yv)
g, .y)g,vy)-g,v,y)g,v,y)

K(P,y)=
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where v is an arbitrary vector in P such that
P =span{y,v}. A Finsler metric F 1is said to be of
isotopic flag curvature if K =K (x). In this paper, we
show that every metrics in this class of Finsler metrics
with non-zero isotropic flag curvature is a Riemannian
metric if and only if E=0.

Theorem 2. Let /' be a Finsler metric satisfies (1) of
non-zero isotropic flag curvature K = K(x). Then F is a
Riemannian metric if and only if E=0.

There are many connections in Finsler geometry
[11]. In this paper we set the Berwald connection on
Finsler manifolds. The h- and v- covariant derivatives of
a Finsler tensor field are denoted by “ | ” and “, ”
respectively.

Preliminaries

Let M be a n-dimensional C” manifold. Dnote by
T M the tangent space at x e M by TM = U T M

xeM

the tangent bundle of M, and by TM ; =TM \{0} the
slit tangent bundle on M. A Finsler metric on M is a
function F :TM —>[0,oo) which has the following
properties:

(i) F is C” on TM,; (i) F is positively 1-
homogeneous on the fibers of tangent bundle TM, (iii)
for each y €T M , the following quadratic form g,

on I' M is positive-definite,

e
2 0sot

gy(M,V)I U:O,u,veTXM.

[Fz (y +su +tv )J

Let x eM and F, =F |T w - To measure the non-
Euclidean feature of F, define C, :T M ®T M
T M —Rby

1d

Cy (u RUNY )::EE

|:g.v +w (u 24 )]L:o uywel M.

is called the Cartan

The family C:= {Cy }y .
torsion. It is well known that C =0 ifand only if F is
Riemannian.

For y el M,, define L, :T.M ®T M ®T M

where L,

is called the

0

—->R by L, (u,v,w)::Ll.jk (y )uivjwk,

=C, Y *. The family L = {Ly }y o
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Landsberg curvature. A Finsler metric F' is called a
Landsberg metric if L=0 [4].
Given a Finsler manifold (M ,F), then a global

vector field G is induced by F on TM ,, which in a

0°

standard coordinate (xi, y’) for TM, is given by

G:yii.—ZG’(x,y)i, where G' are local
ox' oy’
function on TM given by
R L t
G =—g" - , yeT.M
4 {axkay’y ol [T

G is called the associated spray to (M ,F). The

projection of an integral curve of G is called a geodesic
in M. In local coordinates, a curve ¢ (¢) is a geodesic if

and only if its coordinates (ci (t)) satisfy
¢ +2G' (¢)=0.

For a non-zero vector y €T M ,, we can define
B, :T.M ®T M T .M —»T,M and E :T.M
T M —-R by
B, (uv,w)=B, (y)u'vw' ﬁi’ ; and

i X
E (uy)=E, (y)u’v" where
, oG’ 1
=ity En =Bl
i i i 0
u=u'"—9/| ,v=v'—| and w =w’'——| . The
ox' ox' " ox' "

B and E are called the Berwald curvature and mean
Berwald curvature respectively. A Finsler metric is
called a Berwald metric and weakly Berwald metric if
B=0 and E =0, respectively [11].

The quantity H, =H dx' ®dx’ is defined as the
covariant derivative of E along geodesics [7]. More
precisely H,; = EI.J.‘my"’

For a flag P =span{y,u}cT .M flagpole y , the
flag curvature K =K (P,y ) is defined by

K(P,y)=

181

We say that a Finsler metric F' is of scalar curvature
if for any y €T M, the flag curvature K =K (x,y)
is a scaler function on the slit tangent bundle TM , .

By means of E-curvature,
E,:T.M ®T .M ®T .M —R by

we can define

Izry (u,v W ):= 11:].“ (y )uiv w . )

where E_'[jk =E,,. We call it E -curvature. From a

Bianchi identity, we have

e

=R!

J kl,m

-B!

J km‘l

B!

J ml‘k

where R, is the Riemannian curvature of Berwald

[11].  This that
=2R" Then E, totally

Jj klm* ijk

implies
is not

connection
E ik -E Jki

symmetric in all three of its indices.

Results and Discusion

Sakaguchi Theorem

In this section, we are going to prove the well-known
theorem of Sakaguchi. Our method is different from the
Sakaguchi.

Theorem 3. Every Finsler metric of scalar flag
curvature is a generalized Douglas-Weyl metric.

Proof. Let F be a Finsler metric of scalar flag
curvature K. The following holds

i o1 i
B Jjml |k yk :2Klemy _EK.]'.m F*h !

_%KJ {FF,8', +FF,0' =2g,v'y (2

—%Km (FF,8 +FF&, ~2g,y")

_%K_j (FF,&, +FF,8 ~2g,v"}
It follows from (2) that
Hj,:—ngl{y,K,-+yjK-l+K-f'-’F2}' 3)
We obtain
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i m ;2
Djkumy :2chkly _E{K.jgkl

+K, g, +K, g‘,-/}yi

X ,~ 4)
_E{K.j.l Vi +K.j.k v, +K,, yj}y

2 m_ i
_EE jkamY Y

Thus, we can conclude that every Finsler metric of
scalar flag curvature a generalized Douglas-Weyl
metric. ]

Proof of Theorem 1
To prove the Theorem 1, we need the following.

Lemma 2. Let (M ,F) be a Finsler manifold. Then the
following holds

i m 2 i i
B; ki|mY :_{ij51+Hk15j

-i—H,jé‘jC +ij’1y" —E_‘jkly[}.
Proof. By definition, we have

D!, =B!

Jjki jkl

2 i i i i
E{Ejk 8, +E, 8, +E 5, +E , ,y'}. (6)

Thus

m

i m __ i
Dj kl‘my _Bj kl‘my

_2 m i m Qi m Qi
_n+1{Ejk‘my S\ +E,y" 8, +E,,y 5k} )

1Y

On the other hand, the following Ricci identity for
E, hold

E;k,/\k _Eif\k,l :EpiBika +Eipr K- 3

It follows from (5) that

Ejk,l\mym :Ejk\m,ly " :[Ejk\mym 1[ _Eij ©)
This yields that
E/k,/\mym :Ejk,l\mym :ij,z _E_jkl' (10)

By (7) and (10), we get (5). ]

Lemma 2. Let (M,F) be a Finsler manifold. Then the
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following hold
R; kl‘m +R; lm‘k +R: mk ‘1 = B]l kuRulm
(11
+le'1uRumk +Bj"muRuk1
B;kz\m _B; ml |k :R; ml k (12)
B]l kl,m :B/l km 1 (13)

Proof. The curvature form of Berwald connection is

i ik i
Q) =do, —o; o,

1 i k ! h k n+l (14)
:ER’“w ANO =B 0 Ao"T.

For the Berwald connection, we have the following
structure equation

dgij _gijf _gikQ];' =-2L,

ik

o +2C, 0" (15)

Differentiating (15) yields the following Ricci
identity

g, -g, Q) =21, 0" ne
=2Ly 0" A" =2C, & Aa™ (16)

n+k n+l y
—2C, 0" no" =20, Qly".

Differentiating of (14) yields

dQY) -0 AQ +0] AQ, =0. (17)
i i
Deﬁne Bjkl‘m and Bjkl Jm by
i i m i m i m i i
dBjkl -B,,0" - Bjm/ o -B @ T Bjkl @,
(18)
_ i m i n+m
_Bjkl‘ma) +Bjkl,ma)
. i i
Similary, we define R, ~and R}, by
i i m i m i m i i
dek/ -R,, 0" - Bjm/ @ —R am @t Rjkl @,
(19)
_ i m i n+m
- Rjkl ‘m "+ Rjkl,m @

From (16), (17), (18) and (19), we get the proof. O

Proof of Theorem 1: From (16), it follows that
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1 1
Cifl\k _Lz;/k.l = Egpj B*y, +ngp Bpjkl (20)
Contracting (20) with y/ and using y’ ; :51'] and
Y., =0 yields
] m i

ij/ :_Egim y" B Kl * (2D
By assumption, we have
B; kl‘my "=

5 (22)

E{Hﬂ{ 8 +H 8 +H 5, +H v =E v},

Multiplying (22) with y, and using (21), we get

E :{ijyz +H,y, +Hljyk}F72 +H, . (23)
By (23), we get the proof. o

Proof of Theorem 2: Let R, :=y’R;, . Then we

have

;o1 R, R
T3 eyl aviayt |

24

Here, we assume that a Finsler metric F is of scalar
curvature K =K (x,y ). In local coordinates,

R, =K F*h). (25)
Plugging (25) into (24) gives
R}, :%th"k —K'T"*thi,
+K {FF,h', —FF.h',}
+%K_k {2FFJ.5"[—gj,y"—FF,5"j} (26)
+K {g/,é'ik — gy S
+%K1 {ZFF].S",( -84 y' —FF,{S"].}
Differentiating (26) with respect to y™ gives a

183

formula for R’

7 um cxpressed in terms of K and its

derivatives. Contracting (12) with y * , we obtain
i k i l 2qi
B Jjml |k y :2KC/lmy _EK.j.m F h 1

1 1

K PO =K, N

d.m

_%K./ {FF]'5[m +FFm5[j _2gjmy[} (27)
1 i i i

K, AFF,S, +FFS, ~2g,y')

1 i i i
_EK_j {FF15n1+FF»151_2g1my }
Since K =K (x), then by (27) we get

B; milk yk = ZKlemyi (28)
Since F be a weakly Douglas Finsler metric, then
we have

B; kl\mym =
2 ) . _ N )
n+1{ij 0, +H,,0,+H 6, +H , ,y' —E ;,y' }

From the assumptions, one can obtains

" =0.

i
Bj kl‘my

By (28), we can conclude that C;, =0 and then F'is

Riemannian. O
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