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Abstract
Gamma-ray and X-ray are powerful tools for analysis of internal
material micro-structure. The technique is based on studying the
leakage spectrum. Two basic phenomena are involved in this work,
namely photo-electric effect and Compton scattering. We derived the
fundamental equations to calculate four components contributed in
building up the leakage spectrum, which are Compton-Compton,
Rayleigh-Compton, Compton-Rayleigh and Rayleigh -Rayleigh
scattering. Results of our calculation and measurements for aluminum
target showed very good agreement.

Keywords: Compton scattering, Rayleigh scattering, Double scattering, Albedo
spectrum, Coherent and incoherent scattering

1. INTRODUCTION
Quantum understanding of surface and internal structure of materials is
a key role in material behavior in physical and chemical interactions. X-
ray and low gamma radiation are powerful tools that can be exploited
to study momentum distribution of electrons, electron density,
structural irregularities, and defects. The back-scatter low energy
gamma rays reveal much information. By detailed analysis of multi-
scattered gamma leakage spectra or albedo gamma flux a great deal of
information are obtained.

To study a single type atom property in a sample through the
scattered spectrum analysis, multiple scattering creates error and miss-
interpretation. Therefore, the spectrum has to be corrected for
contributions from multiple scattering. The objective of this study was
to treat the problem of multiple scattering primarily by transport theory
and subsequently by carrying out the experimental measurement to
validate the theoretical model.
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2. THEORETICAL DERIVATION
The general form of transport equation is derived from the difference
between number of photons with definite energy and direction
emerging from a specific point entering a cylindrical volume and those
outgoing from it. The net rate of photon flux, having a finite energy,
leaving the cylinder at a specific direction is equal to (Fig. 1):

Using Taylor expansion, equation(1) is written as:

Based on the continuity theorem, three terms contribute the gamma
flux in the volume element, which are as following:

1. Absorption of photons in photoelectric process, change in
direction and energy of photons in Compton scattering.

The contribution of the directional mono-energetic gamma flux
outside the volume element is equal to:
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Figure 1 - Schematic Diagram of gamma Interaction in Volume Element.
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where ?[(?[) is linear attenuation coefficient.
2. Scattering of photons with wavelength λ and direction of ω to
wavelength ?m?mand direction ?m?min volume element dAdl is given by:

3. Source term in the volume element, which is equal to:
S(r,?], ?])dAdl

Therefore the transport equation is written as:

representing mono-energetic and mono-directional beam by Dirac delta
functions, namely ?�(λ - λ o) and ?�(ω - ωo), the source term is reduced
to:

S(r,?Ú, ?Ú) = Io ?Ú(?Ú- ?Úo) ?Ú(?Ú- ?Úo). ?Ú(z) (3)

where ?ì(z) is the position of the source in the volume element.
From the symmetry for x and y-axes, the transport equation is

written as (Fernandez, et.al.,1989; Veigele et.al.,1966):

(4)
where f(z,ω,λ) dωdλ, is number of photons with wavelength between
λ and λ+dλ, and direction between ω and ω+dω, which cross a unit
area per second. Assuming dω = dη d� and d?«?«= d?«?«d?«?«and u(z) is
a Heaviside step function on the condition that :

0 for z < 0
u(z) = 1/2 for z = 0

1 for z > 0

2.1 Solution of Transport Equation
The equation was solved separately for each component flux, namely
uncollided, single scattered, double scattered, and etc. Then by
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summing up all the components, the total emerging gamma flux is
obtained as:

f = f (o) + f (1 ) + f(2) + .... (5)
Since each component is defined as a kernel, K, which is less than

one and the higher order terms of the series diminish, therefore, we
considered only three terms. With using Kronecker delta function the
equation is written as:

(6)
After lengthy mathematics(Murray 1974; Gilmore & Hemingway

1995), the general flux component inside the sample was obtained as:

(7)
Now we could evaluate the partial intensity i.e., number of photons
emerging from surface area of the sample at right angle, per unit area,
per unit time, per unit wavelength on the direction ω at z = 0 as:

(8)
I(n) yields complete information about emerging gamma ray angular
distribution.

Since the energy of Ir-192 gamma ray is rather low (316 Kev, 468
Kev), therefore photoelectric effect is predominant phenomenon and
there will be only two or three multi-scattering of photo-peak gamma
ray inside the sample. As such we solved the problem only for double
scattering.
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In treating the problem we assumed that the interactions contributing to
leakage spectrum are mainly attributed to Compton scattering,
photoelectric effect and Rayleigh scattering. The cross section for each
interaction was calculated as following by:

(9)
2.2 Rayleigh Scattering
By introducing the cross-section in the elastic scattering kernel - the first
order of Rayleigh scattering - the intensity of emerging photons was
obtained below:

(10)
Where, F2(λo,ωo. ω,z) is the coherent form factor(Veigele et.al.,1966)

and the cross-section σ = 
Nzr2/2A which r2 is classical radius of electron.

2.3 Compton Scattering
With some mathematics following equation was derived to evaluate the
Compton scattering:

(11)
where λ was obtained from Klein-Nishina formula and S[..] is
incoherent scattering form factor.

2.4 Double Scattering
There are four different sequences of scattering that constitute the
whole gamma spectrum. They are as following:

A – Rayleigh – Rayleigh Scattering
B – Compton – Compton Scattering
C – Rayleigh - Compton Scattering
D - Compton - Rayleigh Scattering

The following equations were derived and used respectively for the
four types of scattering (A, B, C and D):
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A – Rayleigh – Rayleigh Scattering
By introducing following Rayleigh scattering kernel in equation (7):

(12)
following equation is obtained(Veigele et.at.,1966):

(13)
The Rayleigh-Rayleigh intensity is discrete and added with Rayleigh

peak.
B – Compton – Compton Scattering

By introducing Compton kernel given below in equation(7) :

following equation is obtained:

(14)
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In this equation KKN(λ,λ’) is the Klein-Nishina Compton scattering
cross section (Veigele et.at.,1966) and following notations are used.

The Compton-Compton intensity is continuous and its wavelength
spectrum extends from ?0o+?0C(2-WR) to ?0o+?0C(2+WR) and has the
characteristic shape shown in Figure 2.

Figure 2 – The Contribution of Compton-Compton Scattering in Albedo Spectrum from
Al Target for 316 Kev Photo-peak of Ir-192 Source at 45 degree.
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C – Rayleigh - Compton Scattering

The Rayleigh-Compton intensity is continuous and its wavelength
spectrum extends from λO to λC +2 λC as shown in Figure 3.
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Figure 3 - The Contribution of Compton-Rayleigh and Rayleigh-Compton
Scattering in Albedo Spectrum from Al Target for 316 Kev Photo-peak of Ir-
192 Source at 45 degree.
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The integration performed on the basis of Romberg (Nakamura,
1991) generalized form for improper integrals. A computer program
based on the above equations was prepared in PASCAL to calculate
the out-flux from the sample.

3. EXPERIMENTAL SETUP
The experiment was carried out using a 1Ci Iridium-192 source housed
in a lead shield as shown in Figure 4. Iridium-192 emits two gamma
rays of 316.5 Kev and 468.06 Kev. The source gamma was collimated
through a 20-cm long beam hole of 1.0cm in diameter. The target
surface in question was placed at 450 angle to the beam. The gamma-
rays were counted on a HPGe detector in a heavy shield placed in such
a way that the crystal axis was at right angle to the source beam, i.e., at
450 angle to the sample surface. A collimator with 1.0cm beam hole
was placed in front of the crystal.

The counting apparatus comprised of the detector, preamplifier,
amplifier, power supplies and a computer based multi-channel analyzer
(MCA).
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Figure 4 – Experimental arrangement.

4. RESULTS AND DISCUSSION
The spectrum of each component, namely Compton-Compton
scattering, Compton -Rayleigh scattering, Rayleigh-Compton
scattering, and Rayleigh - Rayleigh scattering were calculated using the
relevant equations. The results are shown in Figures 3 and 4. Figure 5
shows the single scattering contributions of Compton, Rayleigh and
double scattering of Compton-Compton, Compton-Rayleigh, Rayleigh-
Compton, and Rayleigh - Rayleigh scattering. The target in this
calculation was pure aluminum 3.8 mm in diameter. The measured
albedo spectrum using HPGe detector is shown in Figure 6. It should
be pointed out that normally 241Am is used as a single gamma emitter
with gamma energy of 59.5 Kev. Here in this experiment we used 192Ir,
which emits several photo-peaks, which main photo-peaks are 316.5
Kev and 486.06 Kev.

In the calculation first we considered only one of the Ir-192 photo-
peaks, 316 Kev, while in the experimental measurement all the photo-
peaks were practically built-up the spectrum. To reach to a real albedo
spectrum, the each individual component for two prominent photo-peaks
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Figure 5 - Single Scattering of Compton, Rayleigh and Double
Scattering of Compton-Compton, Compton-Rayleigh, Rayleigh-
Compton, and Rayleigh-Rayleigh

of Ir-192, 316.5 and 486.06 Kev, were calculated and summed up.
Figure 7 shows the summed spectrum. There is a very good agree- ment
between theoretical calculation (Fig. 7) and experimental measurement
(Fig. 6).

In fact the minor difference between calculated and measured spectra
firstly emanates from other photo-peaks with smaller fractions in the
decay scheme of Ir-192. Another source of difference is due to the fact
that, in our calculation we have not considered the electron motion as
well as detector efficiency, which are in fact responsible for Doppler
broadening in measured spectrum. That is why peaks in calculated
spectrum are narrower than measured one. In fact the aim of this
experiment was to position exactly the peaks in the spectrum.

In experiments of Compton profile that lead to the determination of
electron momentum distribution, multiple scattering is considered as a
destructive agent in the spectrum shaping. In order to obtain the pure
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Figure 6 - Measured Albedo Spectrum of Al Target excited with 316 Kev
Ir-192 Source at Incident Angle of 45 and take-off Angle of 135.

spectrum due to electron momentum distribution, the contribution of
multiple scattering has to be eliminated. Therefore, we should know the
exact position of peaks of multiple scattering for better spectrum
analysis. In fact we have identified the position of peaks and the
contribution of each component.

As it is seen, transport theory takes into account the lower terms of
multiple scattering in calculating the total spectrum. Therefore, we could
estimate the contribution of each scattering type from individual atom in
the albedo spectrum. This results show that we can obtain the intensity
of multiple scattering for different directional and polar angles. As such,
we shall be able to determine an angle that the contribution of multiple
scattering will be minimal and will have minimum effect on albedo
spectrum.
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Figure 7 - Sum of all single and double scattering for two photo-peaks
of 316.06 and 486.5 Kev. For comparison see Figure 5.
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Nomenclatures
dA = Surface element, cm2

dl = Line element, cm
F = Coherent form factor,
f = Gamma flux,
f(0) = Zero order component of flux,
f(1) = First order component of flux,
f(2) = Fecond order component of flux,
Io = Flux intensity,
K = Kernel,
r = Volume element position vector
S = Source
u(z) = Heaviside step function
z = Depth of sample
?G= Solid angle,
? (-) = Zero order solid angle
?±(+) = Zero order solid angle
?Ã= Cross section, , cm2


