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Abstract

In this paper we introduce R-right (left), L-left (right) cancellative and weakly
R(L)-cancellative semigroups and will give some equivalent conditions for
completely simple semigroups, (completely) regular right (left) cancellative
semigroups, right (left) groups, rectangular groups, rectangular bands, groups and
right (left) zero semigroups according to R-right (left), L-left (right) and weak

R(L)-cancellativity.
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1. Introduction and Preliminaries

Throughout this paper S will denote a semigroup.
We refer the reader to [1] and [2] for basic results,
definitions and terminology relating to semigroups. If
S is a semigroup, then E(S) is the set of all
idempotent elements of S. If e,f e E(S), then e< f
if and only if ef = fe=e. If ef = fe=f =0 implies
that e= f, then e is called a primitive idempotent. A
semigroup without zero is called simple if it has no
proper ideals, It is called completely simple if it is
simple and has a primitive idempotent. A semigroup S
is called left (uniquely) solvable if for all a,b e S there
exists (a unique) seS such that sa=h. Analogously
right (uniquely) solvable semigroups are defined. An
element a of a semigroup S is called regular if there
exists x in S such that axa=a. The semigroup S is
called regular if all of its elements are regular. If every
element of S lies in a subgroup of S, then S is called a
completely regular semigroup. S is called a rectangular
band if for a,be S, aba=a.If S=GxE where G isa

group and E is a rectangular band, then S is called a
rectangular group.

2. Results

Definition 2.1. A semigroup S is called R-right
cancellative if for all ab,ceS, ac=bc implies that
aRb and S is called L-left cancellative if ca=cb
implies that alb. R-left cancellative and L -right
cancellative are defined similarly (R and L are
Green’s equivalences).

A semigroup S is called weakly R - cancellative
(L -cancellative) if for all ab,ceS, ac=bc and

ca=ch imply that aRb (aLb). It is obvious that R -
right (left) cancellativity (L - left (right) cancellativity)
implies weak R - cancellativity (L - cancellativity).

Note that every weakly R - cancellative non trivial
semigroup has no zero element, otherwise for a non zero
element seS, s0=00 and 0s =00, imply that sRO
which is a contradiction. Similarly, it can be shown that
every weakly L - cancellative non trivial semigroup has
no zero element, too.
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Lemma2.2. Let S be a semigroup. If S is weakly
R - cancellative, then every idempotent is primitive.

Proof. Suppose that S is weakly R- cancellative and
let e, f € E(S), with e< f. Then e=ef = fe, and so

ee=¢ef and ee= fe. Thus eRf, and so there exist
X,y €S such that ex=f, and fy =e. Consequently,

ex= eex=ef, which implies that f =ef, and so
e=f.

Note that Lemma 2.2 is also valid for weak
L - cancellativity. By Theorems 3.3.3 and 4.1.2, Howie
in [1], gave equivalent conditions of a completely
simple semigroup. Now we give eight more equivalent
conditions.

Theorem 2.3. For any semigroup S the following
statements are equivalent:
(1) S iscompletely simple.
(2) S is completely
cancellative.
(3) S iscompletely regular and L - left cancellative.
(4) S isregularand R - right cancellative.
(5) S isregularand L - left cancellative.

regular and R-right

(6) S is completely regular and weakly R-
cancellative.

(7) S is completely regular and weakly L-
cancellative.

(8) S isregular and weakly R - cancellative.
(9) S isregular and weakly L - cancellative.

Proof. (1)= (2).

By ([1, Theorem 4.1.2]), every completely simple
semigroup is completely regular. By ([1, Theorem
3.3.1]), every completely simple semigroup is
isomorphic to a Rees matrix semigroup M[G; I,A;P].

Thus it suffices to show that M[G; I,A;P] is R-right
cancellative. Suppose that,

(1,91, 4 )(1,9,4) = (12, 92,4 )(i,9.4),

For (i1,91.4),(2,92,4,),(i,9,4) € M[G; LA; P] .
Then (i1,91P,i9.4) = (i2,92P,,9.4) and so i; =i,
01Pni =0sPsi- If x=p"ui,0i'0,
P95 9i, then (i,91,4) (1, x4) = (i1,92,4),

and y =

and (i1, 92,4) (1, v4) = (i1,9.,4) Thus
(i;,91,4)R (i,,9,,4,) and so S is R-right
cancellative.
2)= (1.
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Since S is completely regular, then S is regular and
that S is R-right cancellative, then S has no zero.
Also by Lemma 2.2, every idempotent is primitive.
Thus by ([1, Theorem 3.3.3]), S is completely simple.

1)< (3).
Itis similar to (1) < (2).
1= @.

Since (1) implies (2) and that every completely
regular semigroup is regular, then we are done.

@)= (D).

Since S is R-right cancellative, then S has no
zero. Also by Lemma 2.2, every idempotent element is
primitive. Hence by ([1, Theorem 3.3.3]), S is
completely simple.

1)< ).

It is similar to (1) < (4).

1)= (6).

By ([1, Theorem 4.1.2]), and ([1,Theorem 3.3.3]),
every completely simple semigroup is completely
regular and weakly cancellative. As every weakly

cancellative semigroup is weakly R - cancellative, then
we are done.

6)= (1).

Since by Lmma 2.2, every idempotent element is
primitive and that every completely regular semigroup
is regular, then by ([1, Theorem 3.3.3]), S is a
completely simple semigroup.

D)<= @)
It is similar to (1) < (6).
(1)= (8).

Since every completely regular semigroup is regular,
and that (1) = (6), then we are done.

©)= (1).

By Lemma 2.2, every idempotent element is
primitive and so by ([1,Theorem 3.3.3]), S is a
completely simple semigroup.

(1) < (9).

It is similar to (1) < (8).

In Theorem 2.3, if we substitute R - left cancellative
and L - right cancellative, for R - right cancellative and
L - left cancellative, respectively, then we will have the
following theorems:



J. Sci. . R. Iran

Theorem 2.4. For any semigroup S the following
statements are equivalent:

(1) S iscompletely regular and left cancellative.

(2) S is completely regular and R-left
cancellative.

(3) S isregular and left cancellative.

(4) S isregularand R - left cancellative.

(5) S is isomorphic to a Rees matrix semigroup
M[G; I,A;P] , with |I] = 1.

Proof. Implications (1)= (2), (2)= (4) and (3)= (4)
are obvious.

4)=(5).

By Lemma 2.2, every idempotent is primitive. Thus
by ([1, Theorem 3.3.3]), S is completely simple. Thus
by ([1, Theorem 3.3.1]), S is isomorphic to a Rees
matrix semigroup M[G;I,A;P] . We claim that |I| = 1.

Suppose that x=pj; py;, for i, el and AeA.
Then,

(iy,e,2)(i;,e,1) =iy, 8,2 )(ip, X, A ).

Since S is R - left
(il'elﬂ')R(iZinl) y and SO
(iy, ¥, 49 ) € M[G; I,A;P] such that

(ip.e.4)(p, Y. A ) = (12, X, 2 ).
Thus (i, p,i,Y.40)=(iz,x,4), which implies that

then
exists

cancellative,
there

i, =iy, and so || =1 as required.
®)= Q).

By ([1, Theorems 3.3.1, 3.3.3]), S is regular. We
show that S is left cancellative. Since S is isomorphic
to a Rees matrix semigroup M[G;1,A;P], then it
suffices to show that M[G; I,A;P] is left cancellative.
Thus we suppose that

(1,9,4)(0,91,4 ) =(1,9,4)(i,95.4, ) ,
for (i,0,4)(i,01.4) and (i,g;.%) e MIG; 1,A;P] .
Then, (i,9p;i91,4,) =(1,9p4i92.4, ), which implies
that 4y =4, 9p;i91=0P,;i92- Thus g; =9, and so
(1,91,4) =(1,92,42) -

®)= Q).

Since by ([1,Theorems 3.3.1,4.1.2]), S is completely
regular, then by (5) = (3), it is obvious.
Similarly we have,
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Theorem 2.5. For any semigroup S
statements are equivalent:

(1) S is completely regular and right cancellative.

(2) S is completely regular and L-right
cancellative.

(3) S isregular and right cancellative.

(4) S isregularand L - right cancellative.

(5) S is isomorphic to a Rees matrix semigroup
M[G; I,A;P] with|A]|=1.

By ([1, page 62, Exercise 11]), every cancellative
regular semigroup is a group. Thus by Theorems 2.4,
and 2.5 we have,

the following

Corollary 2.6. For any (completely) regular semigroup
S the following statements are equivalent:

(1) S is L-rightand R - left cancellative.

(2) S is isomorphic to a Rees matrix semigroup
M[G; I,A;P] with|A|=]l]=1.

(3) S isagroup.

Definition 2.7. A semigroup S is called a right group
if it is right simple (R = SxS) and left cancellative.

By ([1, page 61, exercise 6]), and ([2, I, 3.19, 3.22]),
it can easily be seen that:

Theorem 2.8. For any semigroup S the following
statements are equivalent:

(1) S isarightgroup.

(2) S is left cancellative and has no proper right
ideal.

(3) S=GxE where G isagroup and E is a right
zero semigroup.

(4) S isright uniquely solvable.

Now see four more equivalent conditions for right
groups in the following theorem:

Theorem 2.9. For any semigroup S the following
statements are equivalent:

(1) S isaright group.
(2) S isrightinverse and R - right cancellative.
(3) S isrightinverse and L - left cancellative.
(4) S isright inverse and weakly R - cancellative.
(5) S isright inverse and weakly L - cancellative.

Proof. (1)= (2).

Suppose that S is a right group. Then by Theorem
28, S=GxE, where G is a group and E is a right
zero sem-igroup. It is obvious that S is regular and also
ES)=1;xE. If e=(1;,¢) and f=(1,f") are
idempotents, then
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efe = (15.&)(1s . ' 15 &) = (Ig .€T&) = (I &) =e.
Also
fe=(1g, f')(l &) =(Ig, F&) =(Ig &) =e.

Thus efe = fe, and so by ([2, I, 3.39]), S is right
inverse. Suppose that ac=bc, for a=(9;.e),
b=(9,.e;) and c=(ge). Then (g,.e )(9.e) =
(9,.e,)@.e), and so g,9=0,9, which implies that
91=0;. Now we have (9.6;)(Ig.e;) =(91.8)
=(9,.6,) and  (92.8,)(1g.6)=(9,.6,)=(91.81)"
Hence aRb andso S is R -right cancellative.

(2= ().

Since S is right inverse, then by ([2, I, 3.38]), S is
orthodox. Also by Theorem 2.3, S is completely simple.
Thus by ([1, page 139, Exercise 10]), S = GxE , where
G is a group and E is a rectangular band. Now we
show that E is right =zero. Suppose that
e=(1;,e), f=0g,f')eE)=1;xE. Then
efe € E(S) and efe <e. Hence by Le-mma 2.2, efe=¢,
that is, (1.1, f")(1;.e)=(1;,¢") and so
(15 ,e'TE) =(15,€"), which implies that e'f&"=¢’. Since
S is right inverse, then efe= fe, and so e'f&' = f&'.
Thus f&'=e’ and hence E is right zero which implies
by Theorem 2.8, that S is a right group.

(OEE)E
It is similar to (1) < (2).
1= ().

Since every R-right cancellative is
R - cancellative, then by (1) = (2) we are done.

4)= ().

Since S is right inverse, then S is regular and so by
Theorem 2.3, S is completely simple. Hence by
Theorem 2.3, S is R-right cancellative. Now by
(2)= (1) S isaright group.

1)< ).

Itis similar to (1) < (4).

Note that in Theorem 2.9, if we substitute left inverse
for right inverse, then we have a similar theorem for left
groups.

By ([1, page 139, Exercise 10]), and ([1, page 236,
Exercise 10]), it can be shown that

weakly

Theorem 2.10. For any semigroup S the following
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statements are equivalent:
(1) S isrectangular group.
(2) S is completely simple and orthodox.
(3) S is completely regular and satisfies the law

xtyyIx = xx.
(4) S isorthodox and E(S) is rectangular band.

Now see four more equivalent conditions for
rectangular groups in the following theorem:

Theorem 2.11. For any semigroup S the following
statements are equivalent:
(1) S isarectangular group.
(2) S isorthodox and R - right cancellative.
(3) S isorthodox and L - left cancellative.
(4) S isorthodox and weakly R - cancellative.
(5) S isorthodox and weakly L - cancellative.

Proof. (1)= (2).

By Theorem 2.10, S is orthodox and completely
simple. Thus by Theorem 2.3, S is R-right
cancellative.

)= ().
Since S is orthodox, then S is regular. Also by

Theorem 2.3, S is completely simple. Thus by Theorem
2.10, S is a rectangular group.

1)< Q).

Itis similar to (1) < (2).

)= (4).

Since every R-right cancellative is weakly
R - cancellative, then by (1) = (2) we are done.

4)= ().

The same argument as (2) = (1) can be used.

1)< (5).

It is similar to (1) < (4).
By ([1, Theorem 1.1.3]), and ([1, page 38, Exercise
4]), we have

Theorem 2.12. For any semigroup S the following
statements are equivalent:

(1) S isarectangular band.

(2) S is idempotent semigroup and for all
a,b,ceS, abc=ac.

(3) There exist a left zero semigroup L and a right
zero semigroup R suchthat S=LxR.

(4) S is isomorphic to a semigroup of the form
AxB, where A and B are non-empty sets and where
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multiplication is given by (a;,b; )(a,,b,)=(a1,0, ).
(5) Forall a,beS, ab=ba impliesthat a=b.

Now see four more equivalent conditions for
rectangular band in the following theorem:

Theorem 2.13. For any semigroup S the following

statements are equivalent:
(1) S isarectangular band.

(2) S isabandand R - right cancellative.
(3) S isabandand L - left cancellative.

(4) S isabandand weakly R - cancellative.
(5) S isabandand weakly L - cancellative.

Proof. (1)= (2).
By Theorem 2.12, every rectangular band is a band.
Now we suppose that e, f =e, f, for e;,e,,f €S. Since

S is a rectangular band, then e, fe;=e;, and
e,fe,=e,. Thus e, =e,(fe;), e,=ey(fe,), and so
e;Re, . Hence, S is R - right cancellative.

=

Since every R-right cancellative is weakly
R - cancellative, then by (1) = (2), it is obvious.

@)= ().

Suppose that e, f € S. Since S is a band, then we
have, (ef ) =ef and (fe)> = fe, that is, efe.f =e.f
and fefe=fe. Since S is weakly R - cancellative,
then from the above equalities we have efeRe. Thus

there exists xe S such that efex=e, which implies
that

efe = ef(efex) = (ef )’ex =efex =e.

Hence S is a rectangular band.

D<= 6).

Itis similar to (1) < (4).

2= ().

Since every R-right cancellative is weakly
R - cancellative, then by (4) = (1), it is obvious.

D<)

Itis similar to (1) < (2).

Theorem 2.14. For any semigroup S the following
statements are equivalent:

(1) S isagroup.

(2) S isclifford and R - right cancellative.
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(3) S isclifford and L - left cancellative.

(4) S is an inverse semigroup and R -right
cancellative.

(5) S is an inverse semigroup and L- left
cancellative.

(6) S isclifford and weakly R - cancellative.

(7) S isclifford and weakly L - cancellative.

(8) S is an inverse semigroup and weakly
R - cancellative.

(9) S is an inverse semigroup and weakly
L - cancellative.

Proof. (1)= (6).
It is obvious.
6)=(1).

Since S is Clifford, then S is regular and so
E(S)= @ . Now suppose that e, f € E(S). Then ef = fe

and so E(S) is a subsemigroup of S . Thus (ef )% =ef ,
(fe)? = fe, that is, efef =ef and fefe=fe. Since S is

weakly R - cancellative, then fef R f . Thus there exists
x e S such that fefx = f, which implies that

fef = fe(fefx) = (fe)? fx = fefx = f .

But ef = fe andso f = fe. Similarly e =¢f, and so
e=f . Thus |[E(S)| = 1 and hence by ([1, page 62,
Exercise 11]), S is a group.

D= ).
It is obvious.
2)=(@1).

Since every R-right cancellative semigroup is
weakly R - cancellative, then by (6) = (1) it is obvious.

1)< Q).

Itis similar to (1) < (2).
1= (4.

It is obvious.

@)= ().

Since every R-right cancellative semigroup is
weakly R - cancellative and for an inverse semigroup S

and all e, f € E(S), ef = fe, then the argument is the
same as in (6) = (1).
(1)< ().

It is similar to (1) < (4).
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Q)<= ™).

It is similar to (1) < (6).
1)= (8).

It is obvious.

@)= ().

Since for an inverse semigroup S and for every
e, f e E(S), ef = fe, then the same argument as in
(6) = (1) can be used.

1) < (9).

It is similar to (1) < (8).

Note that in Theorem 2.14, we can substitute R - left
and L-right cancellative for R-right and L- left
cance- llative, respectively.

Theorem 2.15. For any semigroup S the following
statements are equivalent:

(1) S isright zero.
(2) S isrectangular band and R - left cancellative.
(3) S isaband, R-rightand R - left cancellative.
(4) S isaband, L-leftand R - left cancellative.
(5) S isabandand R - left cancellative.
(6) S isaband, weakly L - cancellative and R - left
cancellative.
Proof.

(1)= (2). It is obvious that S is a rectangular band.
Let fe, = fe,, for e;,e,, f €S. Since S is right zero,

then e =e,, and so eRe,. Thus S is R-left
cancellative.
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2= ().

Let e, feS. Since S is rectangular band, then
efe=e, that is, efe=ee. Since S is R - left cancell-
ative, then feRe and so there exists xe S such that

fex=e. Thus fe =e and hence S is right zero.

()<= (3)
and (2) < (4) are obvious by Theorem 2.13.
1= ).
It follows by (1) = (2).
®)= ).

Let e,f €S. Since S is R- left cancellative, then
eef =ef , implies that ef R f and so there exists x e S
such that efx=1f . Thus ef =f and hence S is right

zero.
Implication (1) < (6) is obvious by (1)< (2) and
Theorem 2.13.
Note that Theorem 2.15, is also valid for left zero
semigroups if we substitute L - right cancellative for
R - left cancellative.
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