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Abstract

This paper is concerned with the problem of finding a lower bound for certain
matrix operators such as Hausdorff and Hilbert matrices on sequence spaces I,(w)
and Lorentz sequence spaces d(w,p), which is recently considered in [7,8], similar
to [13] considered by J. Pecaric, I. Peric and R. Roki. Also, this study is an
extension of some works which are studied before in [1,2,7,8].
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Introduction

We study the lower bounds of certain matrix
operators on | @) and Lorentz sequence spaces
d(@,p) considered in [1-4] and [12] on I, spaces and
in[7]and [8] on | fv) and d (w,p) for certain matrix

operators such as Cesaro, Copson and Hilbert operators.
The problem of finding an upper bound of such matrices
on weighted sequence spaces considered by authors in a
companion paper [11].

Let 0<p <o, I, be the normed linear space of all

sequences with finite norm |x ||p , Where

e, = ol
n=1

If w =@ ) is a decreasing non-negative sequence,
we define the weighted sequence space |, () as
follows:

L) =L () 0 2w, e, <o )

with norm ||x ||p’W , which is defined as follows:

[, =w, e,
n=1

Also, if w =@ ) is a decreasing non-negative

=0 and Y w, =oo, then

n=1
the Lorentz sequence space d(w,p) is defined as
follows:

sequence such that lim,__w

n

d@.p)={ () 2w, ()" <= }

where (x",) is the decreasing rearrangement of (|xn|)
In fact d W, p) is the space of null sequences x for

*

which x " isin I (), with norm ||x

"d(w,m =%l

Let B be a matrix with non-negative entries. We
consider lower bounds of the form

"BX "p,w 2 L ||X ||p,v (”BX "d (w,p) 2 L "X "d (v,p))’

valid for every non-negative sequence x, where L isa
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constant which does not depend on x. We seek the
largest possible value of L, and denote the best lower

bound by L,,, for matrix operator from I () into
I, 0v). Also it is denoted by L, (B) and L, ,,(B)
on I ) and d(w,p), respectively. We shall use all
above notations when p <1.

In Section 2, we generalize two techniques obtained
by Bennett in section 7 of [1] and deduce a lower bound
for Hausdorff matrix. In section 3, we generalize
Theorem 1 of [7] for matrix operator from I () into
I, @) and deduce a lower bound for the Hilbert and

Copson matrices.
Throughout this paper, we denote the transpose

matrix of B by B', and we denote by p” the

conjugate exponent of p, sothat p” = %_1.

In a similar way, the first author considered the norm

of some operators on weighted sequence spaces in [9]
and [10].

Hausdorff Matrix

In this section we consider the Hausdorff matrix
operator H (u) = (h; , ), with entries of the form:

-1y s
( JAJ “a if 1sks<j

h, =4lk-1

j.k

0 if k>j,

where A is the difference operator; that is
Ag =a -3,

and (a, ) is a sequence of real numbers, normalized so
that a, =1.
If

8, = 0"d u(o)

where g is a probability measure on [0,1], then for all
j k=12,

k =1,2,--),

j-1 _ i
[ ]%9" Lacoyd % a o) it 1<k <j
|
Jk
0 it k>j.

The Hausdorff matrix contains some famous classes
of matrices. These classes are as follows:
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i) Choice du(d)=a(l-6)"'dé gives Cesaro
matrix of order «;
ii) Choice du(f)=point evaluation at O=«a

point evaluation at gives Euler matrix of order «;

|Iog(6’)|“'1

dd gives Holder
I'(a)

iii) Choice du(0)=

matrix of order «;

iv) Choice d (@) =af“'d@ gives Gamma matrix
of order a.

The Cesaro, Holder and Gamma matrices have non-
negative entries whenever « >0 and also the Euler
matrix, when 0 <o <1.

The following lemma is the key to the rest of this
paper.

Lemma21. Let p>0 and B =(b,;) be a matrix

with non-negative entries. The following condition is
equivalent to the statement that Bx is decreasing for
every decreasing non-negative sequence X in

dw,p):

Qr, :Zbi,j decreases with i for each n, and
j=1
(i), is bounded for each i.
Proof. Let x ed(,p) be a decreasing non-negative
sequence and y = Bx. If (1) holds, by Abel summation,
we have

Yi :zbi,jxj =Zri,j(xj =X 1)
! j

j=1

It follows that Bx
deduced from the

is decreasing. The converse is
fact that y;, =r  when

X =e +--+e,.0
The above lemma shows that for a matrix B with
condition (1), we have

Lp,w (B) = Ld(w,p)(B)'

In this section, we are seeking a lower bound for the
Hausdorff matrix(general form) and also for the Cesaro,
Holder and Gamma matrices.

Proposition 2.2. Let B =(b,, ) be an upper-triangle
matrix with non-negative entriesand 0 < p <1. If

supibmk =R >0,

N k=n
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k
Igf;b"’k =C,
Pl o1
then L, , (B)=R ?CP".

Proof. Suppose x is a non-negative sequence.
Applying Holder's inequality, we have

zbn,kwkxkp = zbi,_kp(bn,kwl:(”pxk)p
k=n k=n
< (b )b WX
k=n k=n
< R™P(Qb, wy'Px, ).
k=n
Since B is an upper-triangle matrix with non-

negative entries and w is decreasing, then we have

R Sw (3, X, )°
k=1

n=1

lep Zw:wn (ibn,kxk )P
=1 k=n

RS (b, Wi, )?

n=1l k=n

\%

0

Zm:(zbn,kwkxkp

n=1l k=n

[\

) k
= kakp(zbn,k)
-1

k=1 n

v
O
0
=
T><

Hence ||Bx||:W >R"7C|x ||ZW and so we have the

desired conclusion.O

In the following statement, we seek lower bound for
the quasi-Hausdorff matrix when sequences are non-
negative. Recall that transpose of a Hausdorff matrix
which is called a quasi-Hausdorff matrix.

Theorem 2.3. Let H (x) be the Hausdorff matrix and
O<p <1 Then

1—7[)
[Hex], = (0" du@ylx],,

for every non-negative sequence x. This constant is the
best possible choice.
Proof. Let E () be the Euler matrix of order «. Since

the row sums of E'(a) are all % and column sums

Lashkaripour and Foroutannia

51

Vol. 18 No. 1 Winter 2007

are all 1, applying Proposition 2.2, we have
1-p
p

Ly (E' (@) za

We now apply the Minkowski's inequality to get:

(S, (X, )

n=1

]
pw

O, (], b (@, d @)y

v

I:(iwn (2Ert1,k ()X, )*)Pd u(a)

n=1

JIE @x], date

\Y

(Jya 7 dutaN ] -

This completes the proof of the above inequality.
Therefore for any real number « >0, we have

Hixl,, L2 (0" duo)ls] v

pwW+a
for all non-negative sequence x in I (). We show
. . 1

that the above constant is the best possible. Let p>—
p

and n be a fixed integer such that n > p. We define x
by

o
=

Since

_k=p)-(n+l-p) |
k---(n+1)

Xk

when k — oo, it follows that | ||p <oo and [|x ||p N

1 . . .

when p — —. Since w is decreasing and also for all
p

k, W, +a 2 «, then we have

o xfl, <[l < @i+ @) x|,
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So ||x || <o and ||x ||

pwW+a pwW+a

Moreover, for all m >n we have
(H'x). =x, I:ep‘ld u(0).

Hence

t p n 0 p
Pl o X E e
pw+a m=1 k =m !

('] t p
+ > (Wm+a)(H x)m
m=n+1

PP
<nw, +a) sup ‘hk m‘ ||x||l +
k,m' "’

3 p
(j%é?p Y u(o))P I ”p,w +a
and also
n@w, +a)supfh, [ x|
Lo (H' "
%l
(] 07 u(o))’.
If p_>£, then
p

1-p

e
Ly (H) <[ 07 d u(0).

Therefore

-p

Ly (H t)zI:HTd 14(0)

and the constant in (1) is best possible. Hence for all
m there is a non-negative sequence y el (W), such
that

H'y, Lp
LTV .
milpw +a

Since ||H Yo ||p,w < ||H‘ym

, we have

pW+a

H' [H*ya|
|| Yo pW +a Yo pw
||ym||p,w+a ||ym||p,w+a

1
—>o when p—>—.
p
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H 'Y
_ "ym"p,w || ym pw
||ym||p,w+a "ym”p,w

> "ym"p,w LpW(Hl)
||ym||p,w+a ’
and
Yool w Le 1
"5 """’ Lo (H‘)sjole @)+
milpw +a

If & —0, since || <o, we have |y |

pW+a pW+a

lly ||va and so

-p

1 — 1
L, (H‘)sjoe p d,u(6)+H.

Now, if m — oo, we have

-p

L, (HO) <[ 67 du(o).

Therefore

Lo (HY)=[107 d u(0).

This establishes the proof of the theorem.O
In the following corollary we state one result of
Theorem 2.3 on d (W, p).

Corollary 2.4. Let H(x) be the Hausdorff matrix
satisfying condition (1) of Lemma 2.1. If O<p <],
then

1-p
CRIM T T

for all decreasing non-negative sequence X.
Proof. Applying Lemma 2.1 and Theorem 2.3, we
deduce the statement.O

Example. We denote Gamma matrix of order 2 by
). If 1'(2) :(biyj ) is the transpose of the Gamma
matrix, then we have
[ L
T if j=>i
b =4 -i(+D
] 2
0 if
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Since r, , = 2—2—|, it is clear that
' n+1

r <r, <2.

i+L,n —'i,n —
for each n and

(r, )7 is bounded for each i. Therefore I'(2)

satisfies condition (1) of Lemma 2.1. Applying
Corollary 2.4, we deduce that

Hence r,, decreases with i

2p
Ly p (T (2) Zm-

In the following statement, we find a lower bound for
a quasi-Hausdorff matrix when sequences are non-
negative.

Proposition 2.5. Let 0< p,q <1 and B be a matrix
with non-negative entries. Then

[Bx],,, =L,
for all non-negative x, if and only if
Byl =Lyl

for all non-negative y, where p”,q" are the conjugate
exponents of p and q, respectively.

Proof. Suppose u is a sequence with non-negative
entries. First we show that

luf,,, =inf{<uy >iv

(1)

is @ non-negative sequence and ||V e 20

for 0<t <1l ort <0, where <uv >=>w,u,v,.
k=1

Let v be a non-negative sequence such that
IV -, =1. Then applying Holder's inequality, we

deduce that:

<uy >

1]
™M
=
xC
<

\%

Sw ul ) (S vy
k=1 k=1
=l Wl

Jul

\%
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Hence inf <u,yv >> ||u ||t’W .

We divide the proof of the converse inequality into
two cases as follows:
Case 1. If u > 0, we take

Ve =u"t o, v =—Y~" :
S

Hence |V, :||u||1;v1 and <uyv >=|uf,, and so
that

inf <u,v >< ||u ||t'W .

Case 2. If some u, =0, we consider (i), (ii).
(i) For t <0, |uf, =0 and set

0 for n=k

(if) For 0<t <1, we set

t-1

Uy, for u, >0

Vi = ST
—2 for u, =0
(Wk2k) k

' . ..
and v, =—*— where ¢ is positive.

.

Hence |v "r,w =1 |}\/~||t*'W > and also

e+ fulf, )™

<uw ><|ul, @+l )™

So that
inf <u,v >< ||u||:W (& +u ":W )
In which if & tends to zero, we have

inf <u,yv >< ||u ||[‘W .

This completes the proof of (I).
Applying (1) twice, we deduce that:

inf

Iellp 21

x|l = inf_inf <Bx,y >
SRR Y R

w

= inf inf <x,B'y >

Xy 2Lyl 22

= inf inf <x,B'y >
Iy by 2201, 22
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Byl

HyH

and so we have the statement.OI

In the following statement, we are seeking a lower
bound of the Hausdorff matrix when sequences are non-
negative.

Corollary 2.6. Let p<0 and H () be the Hausdorff
matrix. Then

j
[Hex], = (07 du@nlx],,

for every non-negative sequence x. This constant is the
best possible choice.
Proof. Since 0<p” <1, applying Theorem 2.3 and

Proposition 2.5, we establish the statement.I

Corollary 2.7. Suppose 0<p <1 and H () is the
Hausdorff matrix. Then

1-p
[Hix| = ([0 ® duonk],

for every non-negative sequence x. This constant is the
best possible choice.
Proof. By taking w, =1 for all n in the Theorem 2.3,

we have the above inequality.O

Corollary 2.8. If p>0 and H(x) is the Hausdorff
matrix, then

Sw, (Z|"k| () 0% u(6)) Zw X, |”

n=1

for every non-negative sequence, and this constant is
best possible.
Proof. Let y be a sequence with non-negative entries.

Since —p <0, applying Corollary 2.6, we have

1
[Hy],, = erduenlyl,, -

Hence
Zw (Zhnkyk)P<(j 0% u(6)) Zw vl ”

for k =1,2,-

Ikl

By replacing y, by -+, We get the

required result.C0
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Lower Bound for Matrix Operators
on d(w,p) and l,(w)

In this part of the study, we generalize Theorem 1 of
[7] for matrix operators from | (v) into | (w) and

deduce a lower bound for the Hilbert, Copson and
Gamma matrices.

Lemma3.1. [7, Lemma 2]. Let p >1. Suppose that
(a;). (x;) are non-negative sequences and that (x )
is decreasing which tends to 0. Let A, =iaj (with

j=1

A,=0)and B, =Zajxj. Then

(i) B - (Ap AP )x!? forall n.

nl—

(i) If Zajxj is convergent, then

j=1
n 0
(zajxj)p = zAnp (Xr? _Xr?+1)'D
j:l n=1

Theorem 3.2. Suppose A =(a, ;) is a matrix operator
from 1,(v) into I @) with non-negative entries. Let

n n
— — p
n_za‘i,j’ Sn_zwiri,n
j=1 i=1

Then

and V, =v, 44V, .

pvw

S
A)’ =inf =
(A)° =inf e
Proof. Denote the stated infimum by C. Let x be in
I,&) such that x, >x,>--->0 and y =A(x). By

Lemma 3.1, we have
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Therefore
lax;,, =C [x[;, -

hence
(A)" >C.

pvw

To show that the constant C is the best possible, we

take x,=x,=---=x,=1 and x,=0 for all
k >n+1. Then

XI5, =Va o IAX], =

Therefore

I‘p,v,w (A)p =

Note 1. In the same way, one shows that if A is
regarded as an operator from | (/) into I (), where

1/q
p >q =1, then its lower bound is inf, (Sn Up)-

n

Note 2. In the case p =1, the sequence (S%) also

determines the norm; in fact, |A[ =supn(8% ),
see [11].
=>w.aP,. Since v,

i=1
the following statement.

Write u, =V, -V,,, we have

satisfies the conditions of
i,j) decreases with j for each i,

Proposition 3.3. If A
Theorem 3.2 and (a

then

(A)? >|nf[np

un
p v W (n _1)p ]_
Vn
Proof. See Proposition 1 of [7].00

We recall that the Hilbert operator H
the matrix

is defined by

In the following statement, we consider the lower
bound of H.

Theorem 3.4. Suppose that w =ia and V=
n

with 0<a <1 andlet p>1. Then
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Lo ,Z:;‘Ia(l +1)°
Proof. We  have v, =n""-(n-1)"“  Since
n““-n*=n“(Mn-)<(n-1)* hence v, <n“.
Also n®-—n?*=n?*(n-1)>(n-1° and
p_ _1\P
—(n-=1)° >n®*. Therefore LUl QL
Vn
and so
P _ _1\P
inf uun >infnP My, .
n n n
If C, =n®"*"u_, asmall change in the proof of ([6],
Theorem 13) shows that C, >C, for all n; hence
infC, =C,=u,. Thus L, (H)" >u, Since [g,]
=1 and |He , =u, we have L, (H)" <u,
Therefore
H)? =u, = >
pv w ( ) ; j“ +l)p
Corollary 3.5. We have L (H)” =&(p -1).

Proof. If =0, then w_ =v_ =1 and applying the

pervious theorem, we have the statement.OI
If w, =v,, we obtain a lower bound for matrix

operator ond,p) and I, v ) which is considered in

[7].

Corollary 3.6. Suppose A = (ai,j ) is a matrix operator
from 1 () into itself with non-negative entries. We

n n
_ _ p
rIﬂ_zaivj’ Sn_zwiri,n
=1 i=1

write and

W, =w,+---+w . Then

S
P _j n
Lp,w (A) - n Wn
As we stated in section two the Hausdorff matrix is
contained the famous Cesaro and Gamma matrices. We
denote the Cesaro matrix of order & by C («) and the
Gamma matrix of order ¢ by I'(«). If =2, choice

du(0)=2@1-6)d 6 gives C(2) with entries:

—K +1
1”—+ it k<n
an,k = En(n+1)
0 it Kk >n
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and d x(6) =26d 6 choice gives I'(2) with entries:

k
if k<n

1
_J—n(n+1
8 =15 (n+1)

0 if
If A' is the transpose matrix of A, C‘(«) is called
the Copson matrix of order a. For ¢ =1, T'(1) =C (2).

k >n.

Hence for w =ia where 0< a <1, applying [8] we
n
have
1
L, @)=L, C'®) =

In the following statement, we find lower bound of
C'(2) and T (2) on I (). Itis enough to consider the

Sn
sequence (
w

) instead of @” ), because of the well-

n

known fact listed in the following lemma.

Lemma3.7. If m< S <M for all n, then
n
S
m<—"<M forall n.
W

n

Proof. Elementary.O

Proposition 3.8. Let 0<a <1. Ifw, =ia, then
n

L, C(2)=1.

Proof. We show that S 28—1 for all n. Therefore
Wn Wl
applying Lemma 3.7, we have Sy >i—s If we
7, W, oW, .-

apply Corollary 3.6, then
L, C'(2)=1.
We now show the first inequality. For all n, we have

S, o 1 n-k+1
= ——
W ak 1n(n+1)
2
n® nP
= (" +—n-D+—(n=2)+---+1)
n(n+1) 2° 3P
> n+(M-D+(n-2)+---+1)
n(n+1)
=l=s,,

the desired inequality.O

Proposition 3.9. Letw :i. Then
n

56
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L, (T (2) =1.

Proof. We show that > 25—1 for all n. Therefore
Wn Wl
. S S,
applying Lemma 3.7, we have W" >—=s,. If we
n 1

apply Corollary 3.6, then

Ly, (T (2) =1.
We now show the first inequality. For all n, we have

S, 51 k
W ik =n(n+1)
2
2n
n+1
21=s,,

the required inequality.O

10.

11.

12.
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