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Abstract 

In this paper a method for digitally recording four quarter-reference-wave-
holograms (by CCD) in a Mach-Zehnder interferometer setup, and reconstructing 
the object wave-front by numerical method is presented. The terms of direct 
transmission, auto-correlation and conjugate wave in the four wave reconstruction 
are cancelled out and only one original object wave is left after overlapping. 
Reconstructed digital holograms are obtained by computing the Fresnel-Kirchhoff 
integral. Since the phase distribution of the wave field can be computed from the 
digital hologram, one can measure micrometric displacements and deformations 
of the reflecting object as well as small changes in refractive index field of the 
transmission object. In order to calibrate a specially designed device necessary for 
phase shifting purpose, we introduce a second Mach-Zehnder interferometer 
inside the main imaging interferometer. With this second interferometer we can 
directly observe displacement of a sector of circular interferometric fringes 
without the presence of the (reflecting or transmitting) object. By simultaneously 
transferring the images from the second interferometer to the computer and 
recording the holograms we measure, using image processing, fringe displacement 
in pixel units. Since the mirror on the phase shifting device is shared between two 
interferometers, the measured optical path difference is automatically applied in 
the main interferometer and thus the errors in shifting are substantially reduced. 
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Introduction 

In the early 1970s Yaroslaskii et al. [1-3] initiated the 
numerical hologram reconstruction. The reconstruction 
algorithm was improved by Onural and Scott [4-6] and 
applied to particle measurements. A holographic 
microscope based on numerical reconstruction by 
Fourier holograms was described by Haddad et al. [7]. 

The advent of charge coupled devices (CCDs) by 
Schnars and Juptner [8-9] was a big step in the 
development of direct recording of Fresnel holograms. 
This method now enables digital recording and 
processing of holograms, without any photographic 
recording as intermediate step. The digital hologram 
reconstruction, digital holography, offers much more 
possibilities than conventional (optical) processing. The 
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phases of the stored light waves can be calculated 
directly from the digital holograms, without generating 
phase-shifted interferograms [10]. Shearography and 
speckle photography can be preformed numerically 
from digital holograms [11]. 

The CCDs and other electronic devices for recording 
interferograms were already in use in electronic speckle 
pattern interferometry [12-13]. In this method two 
speckle interferograms are recorded at different states of 
the object under study and the speckle patterns are 
electronically subtracted. The resulting fringe pattern is 
almost similar to that of conventional or digital 
holographic interferometry, the main differences being 
the speckled appearance of the fringes and the loss of 
phase in the correlation process. The interference phase 
has to be recovered by an additional phase shifting 
process [14-15]. Digital holographic interferometry and 
electronic speckle pattern interferometry are two 
competing methods: the image subtraction in electronic 
speckle pattern interferometry is simpler than numerical 
reconstruction of digital holography, but there is more 
information in digital holograms. Electronic speckle 
pattern interferometry is not considered here [16-18]. 

 

 

Figure 1.  Digital holography (a) recording (b) reconstruction. 

 

 

Figure 2.  Coordinate system. 

Sergio De Nicola et al. [19] have performed digital 
holographic interferometry only for a transmission 
object. They used a rotating glass plate for introducing 
the required phase shifts in recording holograms. They 
were able to suppress the zero order diffraction and the 
twin image. In the present work in addition to 
transmission object we have performed holographic 
interferometry of a reflection object and we were able to 
record speckled interferograms, in the process. In order 
to do the required phase shifting a mirror is mounted on 
a specially designed PZT device. A method is also 
introduced for the calibration of this device. 

The General Principles of Digital Holography 

As shown in Figure (1-a) a plane reference wave and 
the wave reflected from a three dimensional object 
placed at a distance d from a CCD, interfere at the 
surface of the CCD. The resulting hologram is 
electronically recorded and stored. As shown in Figure 
(1-b) a virtual image appears at the position of the 
original object and the real image is formed also at a 
distance d, but in the opposite side from the CCD. 

The diffraction of a light wave at CCD is described 
by the Fresnel-Kirchhoff integral [20]: 
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where: 

2 2 2( ) ( )x y dρ ξ η= − + − +  (2) 

is the distance between a point in the hologram plane 
(CCD) and a point in the reconstruction plane as shown 
in Figure (2). For a plane reference wave: 

R r=  (3) 

Knowing ( ),ξ ηΓ  is important for numerical 
hologram reconstruction. In contrast to optical hologram 
reconstruction, in which only the intensity is made 
visible, here both the intensity and phase can be 
calculated [10]. 

Since x and y as well as ξ  and η  are small 
compared to the distance d, we may use the first terms 
of the Taylor expansion of (2): 
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with cos 1θ ≈  one obtains: 
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This is called the Fresnel approximation [20]. It 
enables one to reconstruct the wavefield in a plane 
behind the hologram (CCD), in this case, in the plane of 
the real image. 

The intensity and phase are calculated by: 
2( , ) ( , )ξ η ξ ηΙ = Γ  (6) 

and 
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respectively. 
The virtual image reconstruction is also possible by 

introducing the imaging properties of a lens 

( ) ( )2 2, expL x y i x y
f
π
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 into the numerical 

reconstruction process [21]. This lens corresponds to the 
eye pupil of an observer watching through an optically 
reconstructed hologram. For unit magnification a focal 
distance of / 2f d=  has to be used. The complex 
amplitude in the imaging plane is given by: 
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By comparing (8) and (5), one sees only a change in 
the sign of the argument of the first exponential in the 
integrand. 

Discrete Fresnel Transformation 

To digitalize the Fresnel transform (5) the following 
substitutions are introduced: 

d
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this relation can be written as [20]: 
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Now we are interested in digitalizing Γ . To do this 
the hologram function ( ),h x y  is sampled on a 
rectangular raster of N N×  points, with steps xΔ  and 

yΔ  along the coordinates. xΔ  and yΔ  are the 
distances between neighboring pixels on the CCD in the 
horizontal and vertical directions respectively. 
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The integrals in (10) are converted to finite sums: 
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Using the Fourier transform theory, between xΔ  and 
υΔ  and between yΔ  and μΔ  the following relations 
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The relation (15) is the discrete Fresnel transform 
and is the main relation that we are concerned with in 
this paper. In order to calculate the matrix Γ , we must 
multiply ( ),R k l  by ( ),h k l  and 2 2exp[ / (i d k xπ λ− Δ  

2 2 )]l y+ Δ  and then apply the inverse discrete Fourier 
transform to this product. The factor in front of the sum 
only affects the phase and can be neglected in most 
applications. 

The terms of the intensity function resulting from the 
overlap of object and reference waves are cumbersome 
to deal with and therefore we introduce, in the flowing 
section, the four-quarter phase shifting method in order 

to reduce the number of terms. 

Four-Quarter Phase Shifting 

Assume an object is placed at the distance d from the 
hologram plane. The object wave on the hologram plane 
is ( ) ( ) ( )( ), , exp ,O x y o x y i x yϕ= . We use four 

reference plane waves that are in quadrature with one 

another, namely, ( )1 exp 0R r r= = , 2 exp
2
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⎝ ⎠

, 
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. Then we 

can record four off-axis holograms with items [18]: 
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Illuminating the above four holograms, mathe-
matically, with the corresponding reference waves, we 
have: 
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Adding Equations (17-a)- (17-d) together, we obtain: 

( ) ( )
1 1 2 2 3 3 4 4

24 , exp ,

R I R I R I R I
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+ + +

= ⎡ ⎤⎣ ⎦
 (18) 

As it can be seen the directly transmitting, auto-
correlating, and conjugate terms in Equations(17-a)-(17-
d) are cancelled out, leaving a term of pure wave front 
which, apart from a coefficient of 24r , is identical with 
the original object wave front. This term produces a 
virtual image in the original object position. If a positive 
lens with a focal length of d/2 is placed on the hologram 
plane, a real image can be generated on the other side, at 
a distance d from the hologram plane. On the other 
hand, if we choose 1 1 4 2 3 3 2 4R I R I R I R I+ + +  we would 

get ( ) ( )24 , exp ,r o x y i x yϕ−⎡ ⎤⎣ ⎦ . Thus the remaining 

term is the conjugate wave front which results in a real 
image on the other side at a distance d from the 
hologram plane without the aid of a lens. 

Experiments and Results 

The geometrical arrangements used to record the 
transmission and the reflection objects are of different 
forms of Mach-Zehnder interferometers shown in 
Figures (3-a) and (3-b) respectively. He-Ne laser beam 
of wavelength 632.8 nm is split into an object beam and 
a reference beam by the beam splitter BS1(50%). The 
object beam is reflected from mirror 1M  and expanded 
by lens 1L  of 10 mm focal length, after which it 
illuminates the object. In the case of transmission the 
object is a slide with word "PHYSICS" typed on it, as 
shown in Figure (3-a). In the case of reflection, object is 
a metallic plate with the letters "IQOG" (Isfahan 
Quantum Optics Group) embossed on it Figure (3-b). 
The reference beam which in both cases passes a 
constant neutral filter 1F  and an incremental filter 2F  is 
reflected by the mirror 2M  attached to piezoelectric 
sheets (PZT) and passes through lens 2L  which is 
identical with the lens 1L . These two beams come 
together on the charge coupled device (CCD) by the 
second beam splitter BS2(50%). A Canon EOS300D 
camera with pixel size 4.5×4.5 µm2 is used to record the 
transmission object information and a Vixen video 

camera with pixel size 6×6 µm2 is used for the reflection 
object. Both objects are located, in turns, at d=30 cm 
from CCD surface. The spatial angel θ  is given by 
[22]: 

2 x
λθ <
Δ

 (19) 

and is determined by pixel size ( xΔ ). This angel is 
adjusted by rotating 2BS  until interference fringes 
formed on the CCD surface become visible. Figures (4-
a) and (4-b) show the holograms of the transmission and 
the reflection objects, respectively. Figure (4-b) shows 
the speckle interference pattern hologram, which every 
piece of it acts as the whole hologram. Figure (4-a) is 
the hologram of the transmission object and does not 
have the above property. 

The reconstructed images of the two objects 
produced from the respective holograms are shown in 
Figures (5-a) and (5-b). Reconstruction is done through 
numerical calculation of equation (15) with the software 
MATLAB 6.5 making use of the following discrete two 
dimensional Fourier transform (FFT2) algorithm: 

 
(a) 

 

 
(b) 

 

Figure 3.  Geometrical arrangement for digital holography of 
(a) transmission object; (b) reflection object. 
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Figure 4.  Holograms of (a) transmission object; (b) reflection 
object (speckle). 

 

 
 

 

Figure 5.  Reconstruction of one hologram: (a) transmission 
object; (b) reflection object. 
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( ),I r s  is the recorded hologram intensity matrix 
which is determined by reading the hologram's image, 
using MATLAB. ( ),R r s  is the reference beam 
intensity matrix which is generated artificially in the 
computer program. The exponential term is actually 

( )2 2 2 2

exp
i r x s y

d

π

λ

⎡ ⎤Δ + Δ
⎢ ⎥
⎢ ⎥⎣ ⎦

 which is calculated in two 

loops in the program and stored as the matrix 
( ),EXP r s . The first two terms in equation (15) are not 

considered for brevity of calculations and they cancel 
out anyway in intensity calculation. Also the two 
summations and the last exponential term are the 
discrete Fourier transform operations. 

In order to eliminate the zero order diffraction image 
and the virtual image, we use four-quarter phase 
shifting. To produce a phase shift we make use of 
piezoelectric material. A second Mach-Zehnder 
interferometer is used for phase-shift calibration 
purposes. The shifts should be the stand in both 
interferometers. For this to be realized the mirror 
attached to the phase-shifter, 2M , is shared in both 
interferometers and the angles α  and β  are kept equal, 
as shown in Figure (6-a) and Figure (6-b). We have 
designed a programmable electronic hardware which 
introduces the required fringe shifts in the calibration 
interferometer as well as in the main interferometer. 
These fringe shifts are controlled by the computer using 
electronic device and video camera. 

The fringes of calibration interferometer are 
transferred to the computer by the video camera. We 
have designed a software to determine the fringe shift. 
This software has the feasibility to take a picture from 
the hologram whenever the suitable phase is occurred. 
The features of this software are shown in Figure (7). 
The image processing method used in this software is as 
follows: for a given y value, the pixel intensity along the 
x-axis is measured. In this way bright and dark fringe 
widths are determined in terms of pixel size. The 
measured values are stored as separate matrix elements 
for four fringes. These are one dimensional matrices, 
such that the length of the arrays determines the fringe 
width and their mean values show the intensity of 
fringe. For bright fringe this mean value is taken to be 
more than 40(≈>40) and for dark fringe smaller than 
10(≈<10). The computer, using the designed hardware, 
applies a voltage to the PZT and a known path 
difference is introduced in both interferometers. This 
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path variation produces macroscopic fringe shifts in the 
calibration interferometer. Now, when a bright fringe 
replaces a dark fringe which corresponds to reversal of 
the mean values in each matrix array, a path difference 
of 

4
λ (a phase shift of 

2
π ) has occurred and it is time to 

record a new hologram. Using this technique four 
holograms are recorded in four phase stages, at phases 

30, , ,
2 2
π ππ . 

Combining these four holograms, using MATLAB as 
mentioned before, the final reconstructed image is 
obtained. Figures (8-a) and (8-b) show the final 
reconstructed image of the transmission and reflection 
objects, respectively. As it can be seen the zero order 
diffraction image, as well as the virtual image is 
eliminated (as compared with Figure (5-a) and (5-b)) 
and real images of the transmission and reflection 
objects are obtained. 

 
a) b) 

  
Figure 6.  Geometrical arrangements for digital holography of (a) transmission object and calibration interferometer; (b) reflection 
object and calibration. 

 

 

Figure 7.  Calibration software. 
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Figure 8.  Reconstruction of holograms using Four-quarter 
phase shifting: (a) Transmission object; (b) Reflection object. 

Summary 

In this article digital holography of reflection and 
transmission objects are discussed. Holograms of such 
objects are digitally constructed and recorded. From 
these digital holograms the images of the objects are 
reconstructed and recorded. As in the case of optical 
holography, such reconstructions are accompanied by 
unwanted zero order and virtual images. In order to 
eliminate such images in our digitally recorded 
holographic reconstruction, we use the four-quarter 
phase shifting technique. An opto-mechanical phase 
shifter, a programmable electronic hardware which 
introduces the required shifts and a shift calibration 
device are designed in this work. Using these devices, 
four holograms are digitally recorded, each with a 
quarter wave shift. Combining these holograms, using 
MATLAB software, the final reconstructed image is 
recorded. In the final improved images the directly 
transmitting and conjugate images are absent. 

In this technique, not only the three dimensional 
images are reconstructed, but the amount of roughness 
in the reflection object and refractive index profile in 
transmission object can be determined very accurately. 
Also very small (fraction of microns) in-plane and out-
of-plane displacements, as well as, deformations in the 
objects can be determined. 
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