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Abstract
The notion of N-ple Markov process is defined in a quite general framework and
itis shown that N-ple Markov processes are linear combinations of some martin gales.

Introduction
Let {X, , 20} be a real valued Gaussian process on
some probabmty space (€2, F, P) with zero mean and
continuous in quadratic mean. Let

where o {...} is the smallest o-field with respect to
which the elements of {...} are measurable. We say the
process has Germ field Markov property if given I, the

two o-fields Zf and )" are conditionally independent.
If the process is (N-7) times differentiable and given G(t)=

ofX(1), X'(1), ..., X ™ (1)} the two o-fields Zt_ and 2{'

are independent, then one says that the process is an N -ple
Markov process in the sense of DOOB. Here it is under-
stood that X(z), ... , X™/)(¢) are linearly independent as

elements of LY(Q, g,, P), where g, = o{X 5: |¢- § <}T }.In
n

this paper, we generalize this notion by generalizing the
structure of G(t).

Definitions and Results
Let X= {Xt, £20} be a process defined on some prob-
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ability space (Q, F, P).

Definition. The process X is called a generalized N-ple
Markov process with respecttothe process (Y, (t), 120}

i=l,. N
if:

(i) for each 120, Y (1),.. .Y, (1) are linearly independent as
elements of L (2, gt, P), where _g,= =N olXs: |- a{<

Moreover, we assume that the process {Z(1), t>0} is
continuous in quadratic mean, where for each ¢, Z(1)=
(Y[0),...,Y (1),

@Y7 LY ;I where:

2=€r>wooi{Xu:u<t-£)

Li=o {Y1(),....Yn ()},
We have the following result concerning the process
Z()=(Y,(0),..Y 1))

Theorem 1. If {Xt, 20} is a Gaussian generalized N-ple
Markov process with respect to {Y(t)}, , , then the
process Z(1)= (Y (1),...,Y (1))" is a Markov process.

Proof. By assumption we have

"means the transopose of matrix.
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o{Xwu2slloX:ussHo(Z@)),

where A L B 1G means that given G, A and B are condition-
ally independent. For each £ > 0 we have:

olZ uzs+etcoXuiuzs )
and

Ol{Ziuss-elco{Xu:iuss },
therefore

6{Zu2s+eY L o{Z:uss-eNo{Z(5)},
Therclore

V 6 {Z:uzs+e} LV olZi:u<s-elo{Z(s) ),
©0 00
thus :
O{Zu>s VL 6{Ziu<s Ho @ (s)).

Finally by continuity assumption of Z(t), we get

o{Zyuzs YL olZ,uss o ZG)

and this completes the proof.
This simple fact leads us to a Goursat type ([1], p-74)
representation of generalized N-ple Markov processes.

Theorem 2. Let{X, 20} be aGaussian generalized N-ple
Markov process with respect to the Gaussian processes
{Y(1), 120}, . If the covariance matrix I{1.s)=
E(7(I)Z(s)) of Z(t) (XY (). Y () is nonsingular, then:

N
X=Y v Ui@t)
&=l
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where ¥ (t),i=1....,N, are N real functions and
U @)=U@)n.., Un(t)) is an N-variate martingale.

Proof. From Theorem 1, Z(z) is an N-variate Gaussian
Markov process.

Therefore by (3.1[2]), it has the following representation:
Z(t)=d) U (1)

where & (1) is an N XN non-singular matrix and [/ (1) is an
N-variate martingale. On the other hand, by the Markov

property of {X,} we have:
X =E(X/X: ust)
=E(X, [ Z(1)
= A1) Z(1)
where A(?) is a I x N matrix, so we have:

X, = A() &) U (1
v UM

N
=§wmmm

where y (0= (y,()....,
Um...U, ).

v ()= A(t) &), and U ()=
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