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Abstract
‘Let G be a transitive permutation group on a set Q and let m be a positive integer.
If no element of G moves any subset of by more than m points, then 1Q I<[2mp /
(p-1)] where p is the least odd prime dividing IGl. When the bound is attained, we show

that IQl= 27p7g" .

. g’ where o is a non-negative integer with 2°<p,r >1 and g;isa

prime satisfying p < ¢,<2p, ;= 0 or 1, 1< =<n. Furthermore, every 2-element of G
fixes at least [2m/(p-1)] points and each g-element of G fixes at least [2m(g,-p)/(p-
1)(g;-1)] points. Finally, we prove that if G is a p-group of exponent, at least p? and
IQ! = [2mp /(p-1)), then every fixed point free element of G has order p.

1. Introduction
Let G be a permutation group on a set { with no fixed
points, and let m be a positive integer. For a subset T of
if the size of I - T'l is bounded, for g € G, we define the

movementof Casmov ()= g/leaélr E_TLIfmov(D)<m

forallT < Q, then G is said to have bounded movement,
and the movement of G is defined as the maximum of mov
() over all subsets I' of €. This notion was introduced in
{1]. By [1, Theorem 1], if G has bounded movement m,
“then Q is finite. Moreover, the number ¢ of G-orbits in &
is at most 2m-1, and each G-orbit has a length at most 3m,
further 1QI=<¢t+3m-1. In particular 1QI<5m-2, andif G is
transitive, then 1QI<3m. Assume that G is not a 2-group,
then by [1, Lemma 2.2], we have the following lemma.

Lemma 1.1. Let G be a ransitive permutation group on
a set Q such that G has bounded movement equal to .
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Suppose that G is not a 2-group and let p be the least odd
prime dividing IGI. Then 1QI < [2mp/(p-1)]. (Forx € R,
[¥] denotes the least integer greater than or equal to x).

Let us first consider the case of transitive groups of
degree [2mp/(p-1)] with movement bounded by m. There
are various ways in which the bounds in Lemma 1.1 may
be attained, and later we show that there are examples of
transitive permutation groups of degree [2mp/(p-1)] with
movement bounded by m when 1Ql = p” where r>1. We
are looking for an example of a group with movement
bounded by m and in which IQl is divisible by a prime ¢
or2¢ such that g > p and 2° < p for > 1. Looking for these
groups we have found the following resuit.

Theorem 1.2. (a) Any transitive permutation group of
degree 2mp/(p-1) = p'>p which has exponent p has
bounded movement equal to m.

(b) Let G be a transitive permutation group of degree
[2mp/(p-1)] with bounded movement equal to m, where p
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is theleastodd prime dividing IGl. Then IQI:Z‘p’qf‘ e gP

where ¢ is a non-negative integer such that 2°< p, r=1,

and g, is a prime satisfying p <¢;< 2p, B=0or L,1<i<n.

() If G satisfies condition (b), then every 2-element of

G fixes at least [2m/(p-1)] points and every g,-clement of
G fixes at least [2m(g-p)/(p-1)(g;-1)] points, I=<<i=n,

Let 1#geG be such that g = (a,a,...a)

(b,byn-.b; ). (BB, by, ). We can take the [(1)/2] points:
0215 1<j<[(1)/2] from each cycle, that is, I'(g)=
{a,8,... 03B 127, ). Then wesay that I'(g) consists
of “every second point” of every cycle of g. Also, T(®)
satisfies I'(g)* N ['(g)= ¢. It is obvious if G has bounded
movement m, then [F{(g)i=<m.

For every positive integer #, we construct apermutation
group of degree n with movement bounded by [n(p-1)/2p]
and with ¢ orbits, in this case p is a possible bound for .

The main aim of this paper is a generalization of
Theorems in [1] and {2] for primes greater than 3. These
are the types of works which were mentioned in [6].

2. Attaining the Bounds

Let G be a transitive permutation group on a finite set
€. Then by [4, Theorem 3.26], the average number of
fixed points in Q of elements of G is equal to the number
of G-orbits in €, namely 1, and since 1, fixes I points
and IQ! > 1, it follows that there is some element of G
which has no fixed points in Q. By proving the next
Lemma, we find a general method to bound re-T1.

Lemma 2.1. Let G be apermutation group onaset{ and

suppose that I ¢ Q. Then for each geG such that g =

¢,6;-.-¢, the product of ¢ disjoint cycles, 1T®-T1 <
i

z [(5}) / 2] where [, is the length of each cycle ¢, of g,

i=1
I=<<i=t.

Proof. Let g G. Write g as a product of ¢ disjoint
eycles ¢cp.c, Where ;= (.. @, 1SIst. We
consider the sets E, = {a ... ag). SetT=T'N a Iy
and T, = [ ~ fix(g). Then T¥cC’ thus,
P=fuu.ulfulia

1t follows, *-D=@{-T) uv@®@-T)
... U (¥ - I). Select every second point of every cycle
¢, of g. Clearly each I-cycle of g has at most ({/2) points
inT, if [ iseven, and (I, - 1)/2 points inT,if [ is odd, in
any case (¥ - T") has atmost [()/2] points. Hence re-ri

< X1 [Wy21.m

Lemma 2.2. Let m = p*'(p-1)/2 for some a>1, where p
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is an odd prime, and suppose that G is a transitive
permutation group of expionent p on a set Q of size p*=
2mp/(p-1). Then Q has b wunded movement equal to .

Proof. Let 1#geG and letTI" < €. For eachcycle Cof g
of length p, (T N C)f - (I' N C) has size at most -1/
2. Thus | ¥ - Tl is at most the number of cycles of g of
length p times (p-1)/2, that is 1 T* - TI<(QY/p).(p-DI2=

. m. Thus G has movement at most m. Moreover, since G is

transitive, then G contains a fixed point free element. For
this element g, a subset I'(g) consisting of "every second
point of every cycle g" has size m and I'(g)F N T(g)=¢.
Thus the movement of G is equal to m.R

The following Theorem, which is a generalization of
Theorem 2 in [2], shows that possible values of 1Ol are
highly restricted. We note that if g <p is an odd prime
divisor of IQI(p>5), since p is the leastodd prime dividing
IGI, then g certainly does not divide the order of G.

Theorem 2.3. Let G be a transitive permutation group on
a setQ of degree [2mp/(p-1)] with movement bounded by
m, where p is the least odd prime dividing IGl. Then IQf =

2°p “qf LI qf" in which o is a non-negative integer such
that2°< p, r>>1, ¢, is aprime satisfying p <¢,< 2pand B=
Qorl,i<i<n.

_ Proof. Let g be a prime dividing 1€, and let Pbe a Sylow
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g-subgroup of G. For each geP, write g as a product of
disjoint cycles and define I'(g), to be the set of every
second point of every cycle of g. Let Ifix(g)t and O denote
the number of fixed points (1-cycles) and the number of
odd cycles (of length>>q) of g. If ¢ is odd, then each %-
cycle of g contributes (k-1)/2 points t0 T'(g); and since
k>q we have O. (g-1)/2=<IT'(g)l=<m. For any ¢, g moves
(IQ1-ifix(g)!) points and I[(g)l = (€2 - Ifix(g)l-0)/2<m; so
Q1 - 2m)<ifix(g)i+0.

For each ge P we have Ifix(g)l= (€I - 2m-0). When
g =2, 0 s zero, so Ifix(g)! > (I - 2m) and the average
number of fixed points of elements in p is > (I - 2m).
When g is odd we have 0=<2m/(g-1), so the average
number of fixed points of elements in P is > (1€ - 2m - 2mf
(g-1)). Buttheaverage number of fixed points of elements
inPisequal to the number of P-orbits. Letq® be the highest
power of g which divides IQl. Then each P-orbit has
length >¢°, so P has at most IQl/g” orbits. Hence Qg2
(IQ! - 2m) when g = 2 and IQl/g* > (IQ - 2m-2mf(q-1))
when g is odd. The result follows.l

The existence of transitive permutation greups of
degree [2mp (p-1)] with movement bounded by m when
m>2 and IQl is not a power of p is not completely settled.
We have the following information when IQ! is even.
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Lemma 2.4. Let G be a transitive permutation group on
Q of degree [2mp/(p-1)] with movement bounded by m
where IQ! is even and p is the least odd prime dividing IGl.
Then IQ! is divisible by 2¢, for some @ > 1 such that 2°<p
and every 2-elementof G fixes atleast [2m/(p-1)] points.

Proof. Let geG have order a power of 2, and let I'(g)
consist of “every second point of every cycle of g”. Then

T'(g) is mapped by g to a set disjoint from I'(g) and hence
IN(g)l<m. Thus | supp(g)I<2m, where supp(g)= {ala*#a}.
Consequently, Ifix(g)i>IQ1-2m = [2m/(p-1)]. Hence g
fixes [2m/(p-1)] points. The first part of the Lemma
follows from the previous Theorem.

We complete the proof of Theorem 1.2, by considering
transitive groups of degree [2mp(p-1)] with movement
hounded by m, with IQ! divisible by a prime greater than

p.

Lemma 2.5. Let G be a transitive permutation group on
a set © of [2mp (p-1) points with movement bounded by
m where p is the least odd prime dividing IGI. Then IQl is
not divisible by ¢* where ¢ is a prime satisfying p < g <
2p, neither by a prime greater than 2p. If g satisfies p <
g < 2p, such that divides 1€, then QI >q and every g-
elementin G fixes at least [2m(g-p)/(p-1)(g-1)] points.
Also, if m> 1 then G contains a p-element with no fixed
points.

Proof. The first part follows from Theorem 2.3. Let g be
a prime greater than p such that gl IGl and let g be a g-
element of G. Then by Theorem 2.3, Ifix(g)>=1Q1-2m-2m/
(g-1). Hence we have Ifix(g)1> [2m(q-p)/(p-1)(q-1)). If
IQf = ¢ then, as the number of fixed points of a g-element
is a multiple of g, each g-element fixes at least g points. It
follows that g <1, <Ql/g (where is the number of orbits
of a Sylow g-subgroup of G), which is a contradiction.
Thus QI > q.

Finally, let m > 1. To establish that G contains a p-
element with no fixed points we must use [3] which
proves that G contains a fixed point free g-element for
some prime ¢. By Lemma 2.4 and the argument above, g
must be p. M

Question 1. Let p be the least odd prime dividing iGiand
m a positive integer. Is there a transitive permutation
group of degree [2mp/(p-1)] with movement bounded by
mwhen IQ!is divisible by aprime g satisifying p < g < 2p?
" Now we shall consider intransitive groups with
movement bounded by m which have ¢ orbits and degrees
close to 1+[2mp/(p-1)}-1. Let n be a positive integer, we
construct such a group with m close to [n(p-1)/2p].

Theorem 2.6. Let n be a positive integer. There is a
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permutation group of degree n with movement bounded
by [n(p-1)/2p] and with ¢ orbits, where ¢ is the sum of the
coefficients of terms in the p-adic expansion of n (that is,

n=_Z ap’ witheach g equal to 0.1... or p-1 then ¢ =
Za). ) )
Henceif t-a, is 1,2,... or p, then there is a permutation

group of degree n with ¢ orbits which has movement
bounded by [(p-1)(n-t+1)/2p].

Proof. Letn = Zxoq;p’ whereeacha,is0,1.... orp-1,and

sett=X g .Foreachi,ifa>0,1etQ,,...CQiq besets of size
plandlet Q be the dlSJomt union of all the .. For eachQ
let G be the trivial permutation group on ﬂ ifi=0, ami
a transitive permutation group of exponent p on g, ifi>
0, and consider the direct product G = IIG, of the G;
acting on Q with the sets €2, as orbits. Let I ¢ Q and
1#ge G. Then, arguing as in Lemma 2.2, I[-T'f is at most
(1QU/p).(p-1)/2, that is, IT*-TI<[n(p-1)/2p]. Thus G has
movement bounded by [n(p-1)/2p] and has ¢ otbits. We
have [n(p-1)/2p]= [(p-1)(n-t+1)/2p] if and only if Xz1q is
1,2,...orp. B

The above Theorem contains a construction of sucha
group if p divides r and the p-adic expansion of n satisfies

1 < Zz1a¢ < p. The number ¢ of nontrivial orbits in the
construction is the sum of the coefficients of terms of the

p-adic expansion, that is, { = Z>14 , and so the greatest
value of ¢ for this family is p.

Question 2. For which positive integers n is there a
positive integer ¢ and a permutation group G on a set of
size n with  nontrivial orbits such that G has bounded
movement equal to [(p-1)(n-t+1)/2p]?

3. Minimal Movement for Transitive
Permutation Groups
In [5], transitive groups of degree 3m with movement
bounded by m have been classified as follows:

Theorem 3.1. Let G be a transitive permutation group on
a set Q of size 3m such that G has movement m. Then
either G is of exponent 3, or G is one of S, A, or A, of
degree 3,6 and 6 respectively.

We are trying to generalize the above Theorem for
transitive groups of degree [2mp/(p-1)], where p is the
smallest odd prime dividing IG!. As a first step for this
goal we have found some information about Qin Theorem
2.3. For example, according to Theorem 2.3 whenp =5
we have IQI = 24575, where r > 1,a=1o0r2,and f=0or
1. It is clear that 1QI = [5m/2] is of the form 2°5" 7# if m is
even. For m =2 we have IQI = 5. In this case the transitive
groups of degree 5 with movement bounded by 2 are z,, z
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x z, and z, X 1z, We hope to classify all transitive
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permutation groups of degree [2mp/(p-1)] withmovement -

bounded by m. Now we consider a transitive permutation

group G on a set  of size p'(r>1). If P is a Sylow p-

subgroup of G, then by [7, Lemma 3.4] p" divides the
length of each P-orbit, that is, lo ?l. Hence, o# = Q. It
follows that P is transitive.

Proposition 3.2. If G is any group of exponent p, and H
< G with H Z(G) =1, then G acts transitively and
faithfully on the cosets of H and has movement bounded
by (p*'(p-1)/2) for some a > 1, where IG:Hl=p*.

Proof. Let G be a group of exponent p, and H < G with
-~ H N Z(G) = 1. Suppose 2 is the set of all right cosets of
- Hin G. Then G acts on Q by right multiplication.

Itis obvious that this action is transitive. We know that
the kernel of this action is core (H). If core (H) # 1, then,
as core (H) is a normal subgroup of G and G is a p-group,
we have,

1 # core(H) N Z(G) c H n Z(G)

which is a contradiction. Thus core (4) = 1. It follows that

G acts transitively and faithfully on Q. By Lemma 2.2, G
has movement bounded by *(p-1)/2).M
" Now we answer positively the open question posed in

{5] after proposition 2. Let G be a transitive permutation

group on a set Q of size [2mp/(p-1)], with movement
bounded by m. Then we have the following Theorem.

Theorem 3.3. Let G be a transitive permutation group on
a set Q with movement m, and suppose that G is a p-group
of exponent at least p?, for some p>5. Then all the
elements of G which are fixed point free on £ have order

P:

Proof. Since G is a transitive p-group, then we have 1
IG1. Let IQI= p', where ¢ >1 and suppose that g is a fixed
point free element of G. Then we show that any cycle of

g has length p. Assume on the contrary, that there are r, -

cycles of length p¥ (s, > 2) in the decomposition of g to
the disjoint cycles where 1<i=<a.

* LetI'(g) be the set consisting of every second point of
every cycle of g. Then by Lemma 2.1,
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M@= ¥ rp* D2+

=1

. 21 rpip) . (p-1)12

Since G has bounded movement equal to m, we have
T < m(=p"(p-1)/2). Hence

3 nps V2@ - 3, 1pp) - p-DR<p D)2
i=1 g

=]

This inequality implies X215 (p%i-2 + ...1) < 0 which is
absurd. The resuit now follows.l

Now we conclude this section by posing the following
conjecture.

Conjecture, Let G be a transitive permutation group on
aset Q) with movement m and suppose that G isap-group,
where pis aprime at least 5. If all the elements of G which
are fixed point free on & have order p, then G has
exponent p.
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