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Abstract

Itis proved thatif Aisaregular uniformalgebra onacompact Hausdorff
space X in which every closed ideal is an M-ideal, then A = C(X).

Introduction

Alfsen and Effros [1] introduced M-ideals for a
real Banach space and showed that the M-ideals behave
in many ways like the closed ideals of a C -algebra.
Smith and Ward [9] investigated the M-ideal structure
of a Banach algebra and proved that the M-ideals in a
C’-algebra are exactly the closed two-sided ideals.

In this paper we consider a uniform algebra Aona
compact Hausdorff space X in which every closed ideal
is an M-ideal and prove that if A is regular, then A =
C(X).

2. Preliminaries

Suppose X is a compact Hausdorff space and let
C(X) denote the space of all continuous complex
functions on X. With the sup-norm and the pointwise
operations, C(X) is a commutative Banach algebra. A
subalgebra A of C(X) is said to be a uniform algebraif it
contains the identity, separates the points of X and is
uniformly closed.

Let A be auniform algebra. A closed subset Eof X
is called a peak set for A if there isa functionfin A such
that;

f(x)=lforallxinE, and [f(y)| <lforallye X\E. A
closed subset E of X is said to be a p-set or generalized
peak set, if it is the intersection of peak sets. The notions
of p-set and peak set coincide when X is metrizable [4].

A net {e, J, is said to be an approximate identity
for A if

137

limjje f-fl =0, forallf eA.
A A
If there is also a constant K such that

I|eA||§_K for all AeA,

then {e, J,. 18 called a bounded approximate identity
[2].

A closed subspace N, of A is called an L-summand
if there is a closed subspace N, of A such that A =
N,@&N,, and if f e N, f,e N, then

i+ 2 = [IE ]+

A closed subspace J of A is an M-ideal if J°, the
annthilator of Jin A", is an L-summand in A".

The next result gives a characterization of the M-
ideals in a uniform algebra in terms of the p-sets and
bounded approximate identities.

2.1. Theorem [5,8]. Suppose Aisauniformalgebra
on a compact Hausdorff space X and J is a closed
subspace of A. Then the following statements are
equivalent:

(i) Jisan M-idealin A,

(i) J={feA;f(E)={0}}where Eis a p-set for A,

(iii) Jis aclosedideal withabounded approximate
identity.

3. Main Result

We recall that a uniform algebra A is said to be
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regular on X if for each closed subset E of X and each xe

X\E, there is a function fin A such that f(E)={0}and

f(x) =1.

Next we apply theorem 2.1 to prove our main result.
3.1. Theorem. Suppose X is a compact Hausdorff

space and A is a regular uniform algebra on X. If each

closed ideal in A is an M-ideal then A =C(X).

Proof. Suppose E is a closed set in X. Let

J={feA; {(E) ={0}},

then J is a closed ideal in A and by assumption JisanM-
ideal. Therefore,by regularity of Aandtheorem2.1,Eis
a p-set for A, The result now follows from the
Glicksberg peak set Theorem [4, Theorem 12.7, p. 58].

Remarks:

(i). R. McKissick [6] constructs a uniform algebra
A which is regular on X and such that A = C(X). By
theorem 3.1, there are closed ideals in A which are not
M-ideals.

(i1). Itis natural to ask whether theorem 3. 1is valid
without the regularity assumption. Aninspectionof the
proof of theorem 3.1 reveals that a key element was the
fact that if the kernel of a closed set E in X is an M-ideal
in a uniform algebra A, then E is a p-set. In fact, P.C.
Curtis and A. Figa-Talamanca [3, Theorem 4.1.]
suggest that it is true in general that E is a p-set,
however, the next example shows thatonthe contrary E
is not a p-set even if E is A-convex. An additignal
assumption (E must also be closed in hull-kernel
topology or A must be regular) is necessary. First we
need a definition.

3.2. Definition. Let A be a uniform algebra on a
compact Hausdorff space X and E be a non-empty
subset of X. The A-hull of E is the set,

E={aed ,; f(a)i< suplf(x)|for allfin A },
xeE

where @, is the maximal ideal space of A and f is the
Gelfand transform of f [2]. A subset E is said to be A-
convex if and only if E=E.

3.3. Counterexample. Let D={zeC:1zI<1} be the
closed unit disc and A (D) be the disc algebra the space
of allcontinuous functions on D which are analyticinthe
interior of D. Let

X={z€C:1zi<2 }and A ={feC(X); flreA (D)}.

Let E= {z € C;1z1< $} Then the following are true;
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(i) Aisauniform algebra on X.

(it) ®,=X, where ®, is the maximalidealspace of
A.

(if) If Je={feA; f(E)= {O }}, then Ji is a closed
ideal such that hull(Jg) = D, where

hull(Jp)={ ¢ €®,: ¢(f) =O for all fin J¢}.

(iv) Jg contains a bounded approximate identity.
(v) Eis A-convex.

(vi) Eisnot a p-set.

Proof. (i) Obvious.

(i) The map A —» A(D), (f —»{ID), is a
continous surjection with kerenel J,. Therefore,
A/Jp=A(D). We can apply [7, Theorem 3.1.17] to
obtain

D=®, = hull (Jp) in Py4.
Now by [7, Theorem 3.1.18],
@, \hull (Jp) =@, ,
$O
¢,\D=QD, .
Hence
(I>JD={zeC; 1<izi€2 ).

Therefore,® ,(CX. Clearly XC®,, so ®, =X.

(iii) Notethat,Jg =J,,sohull(Jg)=hull(Jp)=D.

(iv) Since Jz = J; and D is a peak set for A,
therefore J; has a bounded approximate identity by
Theorem 2.1..

(v) Since ®, = X, itfollows that the A-hullof E is

c_ , sup .
E={zeX;lf(z)I< <eF lf(x)l for all fin A }.

Clearly E CE. for thereverse inclusionitsufficesto
consider f5(z) =z. Hence E =E and therefore E is A-
convex.

(vi) Since X is a metrizable space, it follows that
the notion of peak set and p-set coincide. Suppose Eisa
peak set. Then, by defintion, there is a function fin A
such that

f(z) = 1forallzin E, and | f(A)| <1lif Ae X\E.

Since f(z)=1for zin D, we obtain acontradiction.
Thus E is not a peak set.
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