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Abstract

Let S be a topological semigroup acting on a topological space X. We
develop the theory of (weakly) almost periodic functions on X, with respect
to S, and form the (weakly) almost periodic compactifications of X and S,
with respect to each other. We then consider the notion of an action of Sona
Banach space, and onitsdual, and after defining S-invariant meansforsuch a
space, we give a result concerning the existence of such means, and applyit to
prove the existence of a G-invariant mean on the space of weakly almost
periodic functions defined on a topological space on which a topological
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group G acts.

1. Introduction

Let X be a topological space, and let S be a
semitopological semigroup acting on X. This means
thatthere existsamapping SX X+——— X described by

(s,x) —=sx  (se€S, xeX )
such that

s;(s;x)= (5,5,)% (s;, s,€S, x€S).

We take this action to be at least separately
continuous. Then X is usually called an S-space, and in
particular if S is a topological group G, then X will be
called a G-space. Under some conditions the separate
continuity of a group or semigroup action or multiplica-
tion implies its joint continuity. This is the content of
Ellis’s theorem and its generalizations which have been
described by Ruppert [8]. The references [1], [2], and
[8] contain the basic terms, notations, and properties of
semigroup actions, specially, those of an action,
transitive action, and non-contractive action, which we
will use.
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In this article, C(X) denotes the space of bounded
continuous functions on X, and for f € C (X), se S, we
define f.e C(X)to be the function defined by f, (x)=
f(sx).

The setO(f,S)={f,: seS} is called the orbit of f, with
respect to S. We usually abbreviate it to O(f).

In [7] the theory of weakly almost periodic
functions on semitopological semigroups has been
extended to this more general situation, and relevant
compactifications have been formed. It has also been
shown that each of the semigroup multiplications and
semigroup actions, which coincide if S=X, play a
certain role in the properties of function spaces
involved.

Since the contents of [7] were not published, a
number of its results were independently rediscovered
by different authors. The best available sources for most
of these are [2] and [8].

In this section we give a brief account of the theory
of weakly almost periodic functions on S-spaces.

(1.1) Definition. Let X be an S-space. A function
fe C(X)is called (weakly) almost periodic, with respect
to S,if O(f) is (weakly) relatively compact in C (X).



J. Sci. I. R. Iran

The sets of almost periodic and weakly almost
periodic functions, with respect to S, are denoted by AP
(X,S)and WAP(X,S) respectively. These notations
should not be confused with AP(S,X) and WAP(S,X)
used by Goldberg and Irwin [4], whichstand for Banach
space-valued almost periodic and weakly almost
periodic functions on asemigroup; howeverit shouldbe
mentioned that a substantial part of our resuits can be
extended to this situation. If there is norisk of confusion
our notations shall be abbreviated to AP(X) and
WAP(X).

The following two theorem are the basis of the
theory of weakly almost periodic functions. Their
proofs are fairly standard, and can be found in {71
However [2] and [8]contain somewhat different proofs
for less general statements.

(1.2) Theorem. AP (X), and WAP (X) are
translation invariant, norm closed linear subspaces of
C(X), containing constant functions. Furthermore if X
is completely regular, they are C -subalgebras of C(X).

It should be emphasized thatin definition(1.1)and
theorem (1.2) the topology of S is, in fact, immaterial.

(1.3) Theorem. Let S be a semitopological semig-
roup, let X be an S-space, and let f €C(X).

(i) If S and X are both compact, then WAP(X)
=C(X).

(i1)If S and X are both compact, and the semigroup
action is jointly continuous, then AP (X)=C(X).

(ii1) If O(f) is relatively norm (weak) compact then
the mapping s— f, is norm (weak) continuous.

Notice that in (ii) the joint continuity of semigroup
multiplication is not necessary for the conclusion
AP(X)=C(X) to hold, and joint continuity of the
semigroup action is the essential condition.

(1.4) Corollary. If G is a compact group, acting
transitively and separately continuously onthe topolog-
ical space X, then AP (X,G)=C(X).

Proof. We can easily prove that X 1s a compact
space, so, by Ellis’s theorem, the group action is jointly
continuous. Now apply (ii) of theorem (1.3).

(1.5) Remark. The (weak) almost periodicty of a
function f e C(X)does not depend on the topology of S,
as the definition of O(f,S) does not involve any
topological property of S, and then in taking the (weak)
closure of O(f) we do not refer to S at all.

2. Compactifications

We can produce almost periodic and weakly almost
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periodic compactifications of either S or X with respect
to the other. Naturally when S= X these two different
compactifications are isomorphically homeomorphic.
The existence of the first compactification follows from
the following theorem. The proof can be found in [7],
however 2], 3], and [8] contain proofs for less general
situations.

(2.1) Theorem. Let B(WAP(X)) be the space of all
bounded linear operators from the Banach space
WAP(X) (=(WAP (X,S)) into itself. For each seS, let
T, bedefinedon WAP(X) by T.f =f,. Thenthe closure of
{T,: seS} in the weak operator topology of
B(WAP(X)), which is denoted by S*%, is a compact
topological semigroup.

S* ™, will usually be abbreviated to S, and called
the weak almost periodic compactification of S with
respectto X. Generally speaking the multiplicationin S*
is separately continuous.

(2.2) Definition. Since WAP (X) isa C -algebra, by
the Gelfand-Naimark Theorem we can regard it as the
space of continuous functions ona compact space Xus
which is the maximal ideal space of the C'-algebra
WAP(X). X,, sometimes abbreviated to X, is called
the weak almost periodic compactification of X,with
respect to the semigroups S.

Parallel to Theorem(2.1)if B (AP(X)) is the space
of all bounded operators from AP(X) into itself the
closure of { T: s€S} in the strong operator topology of
B(AP(X)) is a jointly continuous compact semigroup of
operators, which will be denoted by S*Norsimply by S*,
and we call it the almost periodic compactification of S
with respect to X).

Also we denote by X, the maximal ideal space of
the C -algebra AP (X). X, s is called the almost periodic
compactification of X, with respect to S, and usually
denoted by X,.

Obviously S? can be identified as asubsemigroup of
S“. Furthermore s ——— T, defines a homomorph-
ism from S into either of $* or S*. If we take X=S, then

=S,,and $*= S, cf. Burckel (3], p-6.

Since a jointly continuous compact semigroup,
containing a dense group is a topological group (see 1},
11,3.6.and [2],111,9.8), the almost periodic compactifi-
cation of a group will again be a group.

We can also show that the multiplication in S* is
jointly continuousifand onlyif WAP(X,S)= AP(X.S).

(2.3) Theorem. S" acts on X, and this action is an
extension of that of S on X.

Proof. First we define the action of Son X Let X
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€X,, then x is a multiplicative linear fuctional on
WAP(X). For seS and f e WAP (X) we define (sx)(f) =
x(f,). Since the space of multiplicative linear functionals
on a commutative C -algebra separates the points, this
action is well-defined.

Now let TeS", then there exists a net {s,}qer such
that T, tends to T, in the weak operator topology. Take
an arbitrary xeX,, and feWAP(X)= C(X), thenconsider
the net{s,x },, CX,,. Since X, is compact thisnet has a
convergent subnet. We claim that all convergent
subnets converge to the same element of X,,. Tosee this
let {s;} be a subnet such that s, X <Z-= y. Then f(s3x)
—A&__w f(y). However f(sgx)= (Tssf)(x). Now since
{Tsﬁ}converges toT,we have f(y) = (Tf)(y). Since WAP
(X) separates the points of X, this will uniquely
determine y.

The above construction clearly shows that this
action is an extension of the action of S on X. _

Similarly we can show that S® acts on X, and this
action is an extension of that of S on X. ,
Remark. In view of theorem (2.3), one may ask if we can
get an action of S¥ on X. However, if S= X, this means
that S is an ideal of S¥, which is not always true. For
example, take the classical case G= X = IR (the
additive group of real numbers), then IR"is a compact
semitopological semigroup, whose identity is the same
as the identity of IR (viz. 0), which implies that the
group IR can not be an ideal in IR".

In theorem (1.3) we observed that WAP(X,S) =
C(X) if S and X are both compact. The following
examples show that the compactness of only one of
them is not sufficient to ensure the equality. We first
need the following fact which follows from a theorem by
A. Grothendieck. See [5], p. 182-183.

Grothendieck’s double limit criterion. A function f
€ C(X) is weakly almost periodic if and only if for each
sequence {s, JCSandeachsequence {x, }JCXifboth lim
lign f(sx,) and linm linql f(spX,) exist, thenthey are equal.

(2.4) Example. There existsacompactspace X, and
anon-compact group G, such that

WAP(X,G)#C(X).

Proof. Let Z denote the additive group of integers,
and let Zact on IR by ordinary addition. Define f on IR
by

f(x) = kx =k +1
=kx + kI +1
=0

for k ——L—— <x<k
>
I'ork<x$k-+—L k23
(keZ)
otherwise.
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Now take as {x, Jthe sequence { ;

0 },and as {s, Jthe sequence of positive integers. Then
for meZnelx, we have f, (Ln— )y=f(m+ —ln-). Wecan
easily show that

neZ,n>

limlim f (m + ——) = O and limlim  (m +——) =1,
n m m n

which shows that f is not weakly almost periodic.

Now f extends uniquely to a bounded continuous
function f on B IR, the Stone-Cech compactification of
IR. On the other hand using the Banach-Stone theorem
we can see that the action of Zon IR extendstoanaction
of Z on 3 IR. We can easily see that the double limit
criterion does not hold for f either. i.e.

WAP (8 IR, Z) = C(B IR).

Remark. Since Zis a subsemigroup of B IR, wecan
easily see that WAP (BIR)= WAP (BIR,BIR) CWAP
(B IR, Z). Therefore WAP (8 IR). This shows that
separate continuity of the semigroup multiplication is
essential for the conclusion of part (i) of theorem (1.3)
to hold.

(2.5) Example. There exists a non-compact space
X, and a compact group G, such that

WAP (X,G) # C(X).

Proof. Let IR, be the additive group of real
numbers modulo 1,whose addition we denote bye, and
consider an action of IR, on IR, x IN defined by

*t. (u,n)= (teu,n) (t,uelR,, nelN),
where IN is the set of positive integers.
Let feC(IR, XIN) be defined by
f(t,n) = exp(2mwint) (telR,, neIN).
If{x, JCIR, x INis defined by x,= ( 0,(2n)!),and {s,,
CIR, is defined by s, =( 1/2 é‘,m—le) (mod 1), then we
can prove that

lii‘n “2] f(s,x,)=e0=1, and

“,{1“ Iign f(s, x,) =e' =-1,

$0, by double limit criterion, f is not weakly almost
periodic.

We now face the problem of deciding the condi-
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tions under which the equality of WAP (X,S) and C (X)
will follow. In the lightof Theorem(1.3),andtheremark
following example (2.4), one may be tempted to
conjecture that the equality holds if and only if both X
and Sare compact,and thesemigroup multiplication and
possibly the semigroup action are separately continu-
ous. But we can see that a finite S @hd an arbitrary X will
give the equality. Therefore it seems that this, yetopen,
problem needs a closer inspection, and perhaps some
kind of connection between S and X needs to be
assumed as well.

3. Invariant means

(3.1) Definition. Let B be a normed linear space,
and let S be a semitopological semigroup. We consider
an action of S on B, with the following properties:

(i) 5, (%)= (3182)%, (51,5,€S, x€X),

(it) each seS acts linearly on B,

(i) if S has a unit e then ex = x for all xeB,

(iv) the action is separately continuous when B has
its weak topology.

As an example if X is an S-space, then we get an
action of S on C(X) defined by

(sH(x)=f(sx) (feC(X), seS, xeX),

which evidently satisfies the requirements of this
definition.
A subset A of B is called S-invariant if

SA = {sx: seS, xeA} CA.

(3.2) Definition. Anelement 0 # weB iscalledanS-
invariant mean on B if it has the following properties:

(1 m=1,

(1) m(3x)= u(x), (seS. xe B).

If B is a normed vector lattice with a unit. thenwe
demand that u(1) =1. or equivalently u 2 0.

It is obvious that if S acts on a normed linear space
B, then we can define the action of Son B, by

(s@)(x) = @ (sx) (s€S). ¢ €B  xeB).

Clearly the action of S on B satisfies all the
requirements of the definition (3.1). except possibly
part (iv). which is not needed in the sequel. However.
notice that here the action is separately continuous in
the weak - topology.

(3.3) Definition. With the assumptions ot definition
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(3.1), an element xeB is called weakly almost periodic,
with respect to S, if the set Sx = {sx: s€S} is relatively
compact in the weak topology of B. We call x almost
periodic, with respect to S, if Sx is relatively compact in
the norm topology of B.

(3.4) Theorem. Let G be a topological group acting
on a Banach space B, and suppose that every xeB is
weakly almost periodic with respect to G. If K is a
weak -compact, G-invariant, convex subset of B', then
K contains a fixed point, under the action of G.

Proof. Consider B" endowed with the Mackey
topology relative to the duality < B, B">. This topology
isinfactthe topology of uniform convergence on weakly
compact subsets of B, and is induced by the set of
seminorms.

{PciPc(e) = suple (x)| ; ¢eB’}
X€c
where Cranges over the weakly compactconvexsubsets
of B. Since K is weak - compact, by (4) page 2630f [6]. K
is compact in the Mackey topology.

Now we prove that G acts non-contractively on B’
(hence K).

LetpeB ™ be such that there exists a net {g, }CG.
that lim gds = (.in the Mackey topology of B". This
implies that lim p.(g2,®)=0 for each weakly compact
convex C CB. By the Krein-Smulian theorem. for each
x€ B the (weakly) ciosed convex hull of Gx i1s weakly
compact. Thus if we denote the closed convex hullof Gx
by Gx. we Lave

limP__ (g, ®)=1lim
a

sup (g iy I=0
a Gx ——

yeGx *

(xeB):

on the other hand

SUP 1-g,B(Y) 1 > sup g ,(})
veGx veGx

sup i g, @ (gx)i
2eG

= sup I Plg gx ) 21D g X)I=Id(x)N.
geG a aQ

Therefore

&(x) =0

which implies ¢=U. Now applving Ryvll-Nardzewski's
theorem. (ct. [1]. theorem 2. 16) we obtainthe required
fixed point.

We now apply this theorem to obtain an extension
of & well-known theorem. viz. the existence of an
invariant mean on the space of weakly almost periodic
functions 01 a topological group.

(x€X).



Vol. 1,No.2
Winter, 1990

(3.5) Theorem. If X is a G-space, thenthereexistsa
G-invariant mean on WAP (X,G).

Proof. Let
K={ ueWAP (X.G): jiul= p (1x) = 1},

where 1, denotes the constant function on X, whose
value at each point of X is 1. We are going to show that
this K fulfils the requirements of theorem (3.4).

Obviously K is convex and G-invariant. To show
that it is weak_compact, it is sufficient to show that it is
weak -closed, as it is a subset of the (weak -compact)
unit ball of WAP (X,G)

Suppose that the net {5} C K tends to w in the
weak -topology of WAP (X,G)". By lower semicon-
tinuity of norms ||,L||=En? =1, while

u(lx) =1i‘£n#(fx)=1-

Therefore |u|=u(1y)=1,i.e. uekK.

There are other proofs for the following theorem, but
the proof we give, provides a certain connection
between the invariant means concerned.

(5.6) Theorem. If X is an S-space where S is a left-
amenable semitopological semigroup, in the sense that
there exists an invariant mean on C(S), then there exists
an S-invariant mean on X.

Proof. Let x be any element of X, and define the
mapping 7 S —— X by #(s)=sx. This induces a
mapping 7: C(X) — C(S), which takes the function
f €C(X) to the function 7(f) €C (S), defined by

m(f)(s)=1(sx) (seS).

Let /€S be any fixed elements, then for each seS,
we have

w(t,) (s) =f, (sx)= f(s,5x);
on the other hand
(m(f)) (s) =(f) (s,5)=(f) (5;5%),

so (# (f)),, = #(f 5)> 1.€. 7 preserves translations by
elements of S. We can also see that 7 (1,) =15.

Now let #’be the adjoint of 7, and let ¢ be a left
invariant mean on C(S). We show that 7 (¢ )isanS-
invariant mean on C(X).

Let fe C(X) be a positive function, then 7 (f) is a
positive function in C(S). Since ¢ is a mean on S, we
have ¢ (m(f))> 0. Therefore
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(T (D)) = ¢ (m(£))2 0;
we also have

(7 (¢))(1x) =0 (7(1x))=¢ (15) = 1.

It remains to prove that 7 (¢ ) is translation
invariant. However

(7 (¢)()) = ¢ (7 (f)) =4 ((7(D);)
=¢(#(f))= (7' (¢))(D)-

We can use this theorem to obtain another proof of
the theorem (3.5): If G isatopological groupthen WAP
(G) = C(G"). Since there exists an invariant mean on
WAP (G), cf. Burckel [3], Corollary 1.26, this means
that G*is an amenable semigroup. If we suppose that X
is a G-space, then, by theorem (2.3), X, is a G¥- space.
Now apply theorem (3.6). This proof has the advantage
of producing a G-invariant mean on WAP (X,G), in
terms of the invariant mean on WAP (G).

As the reader may have noticed, we have not touched
the, yet open, problem of uniqueness of the invariant
mean, in the present situation.

Acknowledgements

I would like to express my deep gratitude to
Professor W.Moran for his guidance and encourage-
ment. 1 would also like to thank the staff of the pure
mathematics department at the University of Sheffield,
for their hospitality, and specially Dr. John Baker, with
whom [ had valuable discussions.

References

. Berglund, J.F and Hofmann, K.H. Compact semitopological
semigroups, and weakly almost periodic functions. Lecture Notes
in Mathematics. No. 43, Springer-Verlag, Berlin (1967).

. Berglund, J.F. and Junghenn, H.D. and Milnes, P. Compact right
topological semigroups and generalizations of almost periodicity.
Lecture Notes in Mathematics, No. 663, Springer-Verlag, Berlin,
(1978).

3. Burckel. R.B. Weakly almost periodic functions on semigroups.

Gordon and Breach. Science publishers, New York, (1970).
4. Goldberg, S. and Irwin, P. Weakly almost periodic vector-valued
functions. Dissertationes Math. (Rozprawy Mat.) 157 (1979), 46

pp.

(%)



Vol. 1, No. 2
J. Sci. I R. Iran Pourabdollah Winter, 1990

7. Pourabdollak, M. A. Semigroup actions and weak almost periodici-

5. Grothendieck, A. Criteres des comacité dans les espaces
fonctionelles generaux. Amer. J.Math. vol. 74(1952), 168-186. ty, Ph.D. Thesis, University of Liverpool, England (1977).

6. Kothe, G. Topological vector spaces, Springer-Verlag, Berlin 8. Ruppert, W.Compact semitopological semigroups: an intrinsic
(1969). theory, Lecture Notes in Mathematics, No. 1079, Berlin, 1984.

145



