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Abstract

In this paper we consider Cy-group of unitary operators on a Hilbert C*-module
E. In particular we show that if 4 < L(E) be a C*-algebra including K(E) and o, a
Co-group of *-automorphisms on A, such that there is xe £ with <x,x>=1 and
0y (Oxx) = Oy teR, then there is a Cy-group u, of unitaries in L(E) such that a(a) =

U, a u*.
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1 Introduction

A one parameter family 7=7(¢), te€ R of bounded
operators on Banach space X(7:R—B(X)) is called a one
parameter group if it satisfies:

i) T(0)=1
ii) T(s + H)=T(s)1(¢) t,s € R. Moreover if

iii) For each x € X the map t—T7(f)x from R to X is
continuous with respect to norm topologoy of X then
1(?) is called Cyp-group.

We define the infinitesimal generator of one
parameter group 7(¢) by

Sx =lime ' [T (¢)x —x].
t—0

Where the domain D(J) of ¢ is the set of all x € X such
that the limit exists. See [3] Let 4 be a * -algebra. An
automorphism on 4 is an invertible linear operator a:
A—A such that a(ab)=a(a)a(b) and a(a*) = (a(a))*. An
automorphism a on the algebra A4 called an inner
automorphism if there is a unitary element u € 4 such
that a(a) = uau* for every a€ A. Suppose 4 is a C*-
algebra. Let E be a complex linear space which is a left

A-module and A(ax)=(la)x=a(ix) where A€ C, a € A and
x € E. The space E is called a pre-Hilbert A-module if
there exists an (4-valued) inner product <, >: EXE—A4
such that for every x, y€ E, 1€ C and a € 4, we have:

(i) <x,x>>0

(i) <x,x>=0iff x=0

(fil) <x+Ay,z>=<x,z>+ A<y, z>
() <x,y>=<y,x>*

V) <ax,y>=a<x,y>

A pre-Hilbert 4-module E is called a Hilbert A-
module or Hilbert C*-module over 4, if it is complete

with respect to the norm ||x|=[<x,x>|| >, For
example if 4 is a C*-algebra, then 4 with its product as
the usual action is left A-module. In addition if 4
equipped with the inner product <a , b> = a b* then it is
a Hilbert 4-module.

Suppose that E, F are Hilbert C*-modules. We define
L(E,F) to be the set of all maps z- E—F for which there
is a map t*; F—FE such that <tx , y >=<x, ¥y >
(x€E, yeF). It is easy to see that t must be A4 -linear
and bounded. We call L(E,F) the set of adjointable maps
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from E to F. Thus every element of L(E,F) is a bounded
A-linear map. In particular, L(E,F) which we abbreviate
to L(E) is a *-algebra. Let E, F be Hilbert C*-modules.
For x in £ and y in F, define 0, ,: F—E by 0, ,(z) =<z,
y>x (z€F). It is easy to check that 0,,€ L(E,F) with
(6:,)* = 0, and also that the following relations hold:
(where G is Hilbert C*-module)

t gx,y = Htx,y (t € L(EﬂG)))

(s € L(G,F)).

We denote by K(F,E) the closed linear subspace of
L(F,E) spanned by {0,, x€ E, y€ F} and we write K(E)
for K(E,E). We also have Ix = x if 4 has an identity /
and also K (E)E =E (See [1]). An operator u € L(E,F)

is said to be unitary if u*u = I; and uu* = I. In this
paper we consider Hilbert 4-module £ over unital C*-
algebra A. (See [1]-[3] for more result on Hilbert C*-
module and semi-group of linear operators).

gx,y S = Gx,s*y

2. The Main Results

Theorem 1. Let u, = u(¢) be a Cy-group of unitary
operators on a Hilbert C*-module E. Then a/(a) = ua
u, (a € K(E)) is a Cy-group of automorphism on K(E).

Proof. It is easy to see that ¢, is an automorphism
and we have:

% (Hx B )_ax,y = (gx,y )u: ~Ocy
:Hu[x,u/y _ax,u,y +€x,u[y _ex,y
:(Hu,x—x,u,y )+(0x,u[y—y )
So we have:
DG R £ M Y e

<o = e 1+ e e, v = |
= e =l 11+ e ey =2

Since u, is continuos then
lim|le, (6, , )-6, ,|=0.
ool % Oy X,y

Which shows that a(0,,) is continuous. Since {0,:
x,yEE} is dense in K(E), thus a(a) is continuous for
each a€ K(F). This shows that o, is a Cj-group of
*-automorphisms. O

Theorem 2. Let 4 be a C*-algebra and K(E)
C AC L(E) and o, a Cy-group of *-automorphisms on 4
such that there is x € £ with <x , x > =/ and o, (6,,) =
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0, tER, then there is a Cy-group u, of unitaries in L(E)
such that a(a) = wau, .

Proof. For each a € A we define u/ ax) = afa)x. We
have:

e[| =l< x o > ax]|

=[la(6r s )x [ < b . [ 1= [d ]

So ||ax || < "a&x x ” .
But

a6, o | =6 o < N e | = e |
So we have
a0, . | =lax = la (6, . )x |
Similarly
|, @8, .. | =] @)(6, . )x| -
Then
lax | =lla(6c . )x ]| =Jab, || = e (a6 . )|
=l (@) (6, . )=l ()6 .| =[x, (@) x|
=l (@)=, (@)

So u, is well defined isometry on Ax. Since A
includes K(E) for every z € E we have 6., € K(F) hence
0..€ Ax. But 0, ,(x) = <x,x >z =z. So z € Ax and since
K (E)E =Ehence [4x ] = E. Thus u, can be extended

to a unitary on E.

u; (ax)=u; (ax)=a" (a)x .

To justify group properties of u, consider uy(ax) =
oo(a)x =x and

<u, u, (ax), bx>=<u, (ax),u_, (bx)>

=<afa)x, a_(b)x >=<a_(b*) a,(a)x , x>
= <o (b* aiy) (@) X, x >=<u_(b* o (@)x) , x>

=< b* at+s(a)x s u*—s (Hx,x) x>=< b* aH—s(a) X,
as(gx,x) x>

=<b* anda) x,x>=<a,la) x, bx>=<u. (a),
bx>.

for each a, b€ A. Since [Ax] = E, then u,, =
Strong continuity of , follows by:

ey (@) —ax || = (e (@) =a)x] <[l (a)=al|lx]|

U; U.
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Therefore u, is a Cy-group of unitaries on E. Finally
for each a,b € 4

u,au; (bx ) =u,ac;" (b)x
=q, (aa;l (b ))x
=a, (a)(bx)
It follows from the density of [4x ] in E that , (a)

.
=uau, .0

Theorem 3. Let 4 < L(E) be a C*-algebra including

K(F) and there is x € E with <x,x>=1 and «a be an auto-
morphism on 4 such that a(6,,) = 6,, where <y, y >=1.

Then there is a unitary operator u in L(E) such that
a(a) = uau*, (a € A).

Proof. Define for each a€ 4, u(ax) = a(a)y. The
proof of Theorem 2 we have:

b as | =lla(a) = (@0, , 5] @0, |
(e (@, . =l (e, oo . | =l
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So u is well-defined isometry on Ax. Since 4 C K(E),

[Ax] = E. So u is an invertible isometry on E with

inverse 1 '(ay) = @ '(a)x. Hence u is a unitary operator.
Now

uau” (by ) =uaa™ (b)x
=« (aoz"1 ( ))y
— a(a)(by)

which implies that uau™ = a(a) on Ay. The density of

(bed)

[4y ] in E completes the proof. O
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