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Abstract

The empirical Bayes estimators of treatment effects in a factorial experiment
were derived and their asymptotic properties were explored. It was shown that
they were asymptotically optimal and the estimator of the scale parameter had a
limiting gamma distribution while the estimators of the factor effects had a
limiting multivariate normal distribution. A Bootstrap analysis was performed to

illustrate the theoretical results empirically.
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Introduction

In our previous study [3], the empirical Bayes
estimators of the scale parameter and treatment effects
for a factorial experiment under an Inverse Gaussian
model were derived. To provide a concise background
for the sake of easier reference, let for each i and j, the
observations Y;; be a random sample from an Inverse
Gaussian distribution. That is,

f(yijk |‘9ij»/1)=
{4127y 3 37 exp{=A(y e —0;)7 12y 14 67 }

Vi oAby >0, izl j=lnd, k=lon.

Here the mean is modeled in terms of drift, i.e., the sum

of factor effects:

-
gz'j =Ht+a; +,Bj +7i >

Taking account of constraints imposed on factor
effects, the parameter vector @ , is defined as:

O =[pa,pB.7,Vis-Vial, a=lay,....a; ],
B=1B---Bral. vi =lrinse-svigali= Lo - L
Then the likelihood function is:

L(®,Aly)c A"'? exp{—n AL —20'd + @'M®]/2}

where
—1 2
Y=Y YigYmls 0 =X P,
X' = (X1 X g0es X ) s

D =diag{y | ,..c. V-Vt
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n I J
-1 e _
k=1 i=1 j=1
-1
Fiig =Y ijk

J n

r. =(nu>-1iz

i=l j=1k=1

ik = (nIJ)_1 r,

++

The following conjugate priors are used for 4 and
o®:

A0 Gamma(a,b/2) and (®|A)0 N (7,A7'A),
with
n=[m,m,...1n;1, A =diag{512,...,5121}.

The posterior means of 4 and @ provide the Bayes
estimators under squared error loss. The empirical
Bayes estimators are obtained by substituting the
estimators of hyperparameters (a,,b,) and (7,,A,) for
corresponding values in the Bayes estimators. These
estimators are:

Agpy =2k /10 (170)] (1.1)
with estimated variance

var(Z | y) = 4k /[0y (1)) =[Agp1 ' /o, (12)
and

@y, =7, = (nAM+1) ' (nAyd +7,), (1.3)
with estimated variance

var(@ | y) = [2(k DI, (1) ¥ - (1.4)

In (1.1) to (1.4),

ko =0.5(nl +2ay) , ¥y = (1AM +Ag) ™,

O1() = Py +by + 1A' T =175 ¥y 7y

Using the results given by Chhikara and Folks [2],
the moments of the marginal distributions of
Ry :Yi/;cl , and those of various means R; , R; , R ;.

and R are also obtained. It is known that:

-1 -1 -1,2
Vij :Z(Yijk _Yij. )~ A Xnoa s
k=1

Let ¥ and c be the sample mean and coefficient of
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variation of V/; . Then, for ¢ >2/(n —1) we obtain:
ay =[2(n —Dc? +n —=3]/[(n —1)c? 2],

by =2(ay -1V /(n—1),
and a, =b, =0 . Furthermore, in the two-way table of

. Let S2

observations, each cell has n replicates R ik i

S, S_? ,and §? denote the sample variances of R,

R, , R

l

;. and R ., respectively. By equating the
sample and theoretical moments, we will have:

Mo =";.=bo/2ay =), 1 10=11.—7.,
+r.

Mrvj,o =V =0 5 Mvig-1)+j,0 =15~ 1. ~T;.

(1.5)

Similarly, we obtain:
8Ly =2(ay —1)S? /by~ / nlJ
—bo[2(ay — 1)+ nlJ 1/ 2nlJ (ay —1)(a, —2),
5i2+1,0 =2(ay - I)Siz. by = (11,0 + 1 410)/ 1T — 512,0
—bo[2(ay —)+nJ ]/ 2nJ (ay —2),
512+j 0 =2(a _1)S,§' by = (171 +771+/,0)/”1 —512,0
—by[2(ay —1)+nl]/2nl (ay —1)(ay —2),
Or4i J-1)+j,0 = 2(ay _1)Si]2' /by
=M+ 11,0 ¥ M1 0 F Mrsi 1y )/ 1
—(512,0 +5z'2+1,0 +512+j 0)
—bo[2(ag —1)+n]/2n(ay —1)(ay —2).

(1.6)

Now, we arrange them as:
Mo =[M.0-M2.05--->M1y 0] and
Ay =diag {67,805+ o} -

The large sample properties of the empirical Bayes
estimators, Agz; and @y, are derived in section 2. In

section 3, the limiting distribution of an alternative
estimator of ® respective to a truncated normal prior is
studied. The findings from a limited Bootstrap study are
reported in section 4.
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2. Large Sample Properties

To establish the large sample properties of our
empirical Bayes estimators, we utilize the following
well-known facts. In deriving the estimates of the
hyperparameters we have used the sample means of
some random variables. Thus for large sample size, n,
all these means converge in probability to their
respective expected values. Their continuous functions
behave in the same manner, as well. Thus, we have:
Lemma 1. When n — o , we have:

ay—L—a, by—L>b, ky—L—>k,
o £ ”vAO . A9

which imply:
0,(m)—L=0, () .

Proof. These are the straight forward implications of
the weak law of large numbers. O
Consequently, we have:

Theorem 1. As n —>x, the Az —L—> Az, . More-
over, its asymptotic distribution converges to a gamma
distribution, i.e.,

Agpy ~ Gammalk ,0,(n)/2].

Proof. The first part follows from Lemma 1 and the
continuous nature of Az, as a function of (a,,b,) and

(79,4) -
To prove the second part, note that:

Aggy = 12[k + (ko =k )1/ Qy (MO, (6) 1 Q1 ()]

where by virtue of Lemma 1 and Slutsky’s theorem, the
first factor on the right hand side converges in
distribution to A,, the Bayes estimator of A, and the

second factor approaches in probability to 1. However,
in our previous study [3] it was shown that A;,, had a

posterior distribution of gamma as stated above. d
To make the above result more practical, we prove:
Corollary 1. For large n, the unknown parameters in the
limiting distribution of A, can be substituted by their

estimates, while the statement still remains valid, i.e.,
D
Agpy ——>Gammalk .0, () /2].

Proof. By Theorem 1, the asymptotic cumulant
generating function of gy, is:

C () =~k log[L-2it /0, ()]
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=—{(k —k0)+k0]log{1_L,Q1(ﬂo)}

O,(my) Oi(m)

which by Lemma 1 is asymptotically equivalent to:
C(t) =~k log[1-2it /Q;(n,)].
Hence the proof is complete. O
To obtain the asymptotic distribution of ® .5, , we

appeal to the multivariate central limit theorem along
with Slutsky’s theorem. Finally, at the last stage, we
apply the J-method to derive asymptotically equivalent
distribution. These techniques are well expounded by
Rao [5] and Serfling [6].

Let

Ry =[Ryjss Ry o sRyp 1 k=1,..

N/

By assumption R, are independent and identically
distributed random vectors with the marginal moments

ERy)=p=Xn+[b/2(a-DN1;;,

with p=[p,....p, ] and 1 =[L]1,....1].
Explicitly

Pij =X,~}fl+b/2(a—1)
=M A e T T0/2(@=1)
and
Var(R,) =2 =[b/2(a-D]{X'AX
+C+[b/2a@-a-2)E} (2.1)
with
C =diag {[X |7 +b/2@—2)],...,
[X [ n+b/2a=2)],....[X ;n+b/2(a-2)]}

and E=1,1),.
Now, it is obvious that all second moments are finite.
Thus, the multivariate central limit theorem applies to:

R.:n_liRk
k=1

=[Ry iRy reisRiy s Ry oo Ry Ry 1

That is,
SR - 2N O.). 2.2)

This leads us to the limiting distribution of 7, .
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Theorem 2. The asymptotic distribution of 7, is a
multivariate normal, i.e.,

NnUDAZ AT (7, -] —2—N (0,1),
where
n=UJ)"Ap—[b/2(a-1)]e.

Proof. From (1.5), it is observed that 7, is a linear
function of R., which can be written as:

Mo =) "AR .~[by 1 2(a, —1)]e (2.3)

where e =[1,0] is a column vector of order 1J, with a 1

in the first row, and zero elsewhere.

A is an 1Jx1J block matrix defined by the following
vectors and sub-matrices. Let 0,, and 1,, be m-vectors of
zeros and 1’s, respectively. Define E; as a matrix of
order (I-J))xJ with 1; in the i-the row and 0

elsewhere. Let

A =1E —1_plj,i=L...I-1,and A; =115,

and

B =J[L0,_,1-1_1}.

Then, A has the following structure which is
conformable to left multiplication with R.,

, 1 .1 .1 1
A Ay o A Ay A
B B - B : B B
g-»B -B - -B -~ -B -B
-B (/-)B-- -B -~ -B -B
A =
B B - (I-DB-- -B -B
B B - -B --(I-DB -B
| B B -~ -B - -B (I-1)B

Since in (23), by/2(a,-1)—L—b/2(a-1), it
follows that

o = (L))" AR.~[by / 2(ay —1)]e —2—

(IJ) " AR.=[b /2(a -1)]e ,
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Thus, by Slutsky’s theorem the result follows. O
Now, we are able to find the asymptotic distribution

of @y, .

Theorem 3. The empirical Bayes estimator
Dpg; = (MAM+1) ' (nAd+77)
has a limiting multivariate normal distribution, i.e.,
n (W T2 (@, - @y ]—2> N (0,1),
with
®,, =(MAM +I)'(nAd +7) and
Y =(mAM+1) (AT AYDAM +1)7".

Proof. First, we employ the Cramer-Wold device,
Serfling [6]. Note that by Lemma 1, for large n,

(MAM+D) =n(A,—-AM
+(nAM +1)—"—(nAM +1I)
and
(nAyd+1,) =n(A, —A)d
+(nAd + 17)) —2—>(nAd + 77,)
Applying Slutsky’s theorem at this stage, we have
@y, =[n(Ay —A)M + (nAM + I)]_l[n(AO ~A)d

+(nAd +175)]—2—[nAM +1]"'[nAd + 7, ] ,

which is a linear function of 7, whose asymptotic
distribution is normal. Thus, the result follows from
Theorem 2. O
In the above results, A and Y are unknown, making
the theorem of limited use in practice. It will be more
useful, however, if the replacement of A and Y by their
estimates Yy and Ay can be justified. This is what we
have in
Theorem 4. The empirical Bayes estimator

@y, = (MAM +1) ' (nAd +77,)

has an asymptotic multivariate normal distribution with
mean @y, and variance

Yo =0AM+D) (AT, A)DAM+I)".
That is,
(N[0T P [@pg — @y 1—2 N (0,1).

Proof. By the consistent nature of Ay and Y, it is
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obvious that (L ;- )—=—0 . Thus,
D=2 )+ 2 T (@45, - @]

2 s )T @, — @5, ]

which completes the proof. O

3. The Case of Restricted Prior

In our previous study [3], a univariate normal
distribution truncated from the left at zero was used as
an alternative prior for x4 which is a positive parameter.
Thus,

a4 (u|2) e AP [SN@] ! exp{-A(u—m)* /257 }

o [N(D)] ' q, (1| 4)
/13519771’/'[ >0 )

where N(7) is the value of the standard normal
distribution function at 7 = 2" %5y

This modification of the previous prior renders a
posterior for (@ |A,y) as:

qy (@[ 24,y) < [NE] ' q, (@] 24,), 3.1)

where &=E(u|A,y)/Var(u|4,y) and q,(®[4,y)

is the posterior corresponding to the unrestricted prior
studied in section 2.
Using the partitions

q) =[,u,(I)2] s 77 :[7/17”2] b 77* :[771*977;];
and

|:1//11 \I’12:|
‘I’ =
Y ¥

in the well-known identities
¥y =%y _\I’Zl‘//l_ll\lllz and |T| =¥y |T22.1| >

We are able to decompose the quadratic form in the
exponent of the posterior (3.1). Hence, we obtain the
marginal posteriors q,(x|y) and q,(®,|y) whose
means provide the Bayes estimators of x4 and ®,,
respectively. To obtain the empirical Bayes estimators,
we need some sort of estimates to replace for # and A in
the Bayes estimators.

To estimate the hyperparameters of the truncated
normal prior for u along with those related to @, , we

again apply the method of moments on R.. This
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procedure, which has been detailed in our previous
study [3], leads to

ER.)=¢=p+kd1;;,
Var (R)=n"'Q=n"[X—kE+k,I]
with

k =0.82[b(a—0.5)/a]"?,
k, =k&,[n, +k&,—b /(a—-1)(2a-3)],
and

ky,=k&b/(2a-3).

When the sample mean R. and the sample variance T
are substituted for the respective theoretical moments,
we obtain the following system of equations in # and A:

R.=Xn+[b,/2(ay —D]ky61,

T =X~k oE+k,,l, (3.2)

where the subscript 0 in the above quantities indicates
the respective estimated values obtained by using a, and
by in place of a and b, respectively. Upon solving the
system of equations (3.2), we arrive at:

7=XX)"[XR~(r_-n)ey],
and

A=(XX) "' XTXXX)"!, (3.3)
where
T =[2(ay —1)/by T +[ky o —1/(ay —2)JE~k, I} - Dy,
with

D, =diag {X{,n+[by / 2(ay ~D] .. X}; 7

+[by ! 2(ag —=D)],.... X5y +[by / 2(ay —1)] }.

Having found these estimates, we define the
alternative empirical Bayes estimates relative to the
truncated prior as:

Appa =2k, /Q1(’_7)’

with the estimated variance

3.4

Var(dgy, | ) = 4ko 10, ()] -

For the factorial effects, we have the alternative
estimator

Dy, = '7* = (”ZM+I)_1(”Zd+5) . (3.5
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Now, similar to the case of unrestricted prior, the

asymptotic distributions of Agzz and ®gz, can be
derived.
Corollary 2. The asymptotic distribution of the
empirical Bayes estimator Azp, relative to the restricted
prior for x4 and an unrestricted prior for @, is a gamma
distribution, i.e.,

A s —2—>Gammalk,,0,(17)/2].

Due to similarity with Corollary 1, the proof is
omitted. d
For the factorial effects, firstly we need to find the
limiting distribution of 7 . To this end, note that by the

multivariate central limit theorem, we have:
Jn (@) [R-c]—25 N (0,1) . (3.6)
Similar to the case of the unrestricted prior

n=J)"AR.~[by/2(ay ~1)+k,5,]e ,

where A and e have been defined in (2.3). Thus, with
regard to (3.6), Lemma 1, and consistency of o, it
follows that:

Jn () AQAY [ -n—2—>N (0,1) .

Now, we can obtain the limiting distribution of ®;,,
as stated in
Theorem 5. As n — oo, the empirical Bayes estimator

@y, converges in distribution to a normal vector, i.e.,
Vi (L) AQAT [ @5, — By, 1—"—N (O.1)
with
@y, =5 +0.21[(k —0.5)w0(me k1Y,

where W is the first column of .

Proof. The proof is similar to the proof of Theorem 3.
O

Theorem 6. In Theorem 5, the unknown variance Q can

be replaced by its estimator €= 2o~k E+k,l,
while its statement still remains valid. That is,
Vi (IH[AQAT 2 [® ) — @, 25N (0,1) .

Proof. The proof is similar to the proof of Theorem 4.
O

4. A Bootstrap Study

In order to verify the performance of our estimators
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empirically, a small scale Bootstrap analysis is
considered. It is performed on a set of data which has
been the subject of analyses by Ostle [4], Shuster and
Muira [7], and Achcar and Rosales [1]. The estimates
reported by Meshkani [3] show that the interaction
effects are negligible. Therefore, assuming a
nontruncated prior for the main effects, a two-factor
model without interactions is considered for the
Bootstrap analysis. The Bootstrap samples of size n=10
are chosen from the observations of each treatment
combination. They were repeated for B=100 times. The
Bootstrap distribution of Agp; of (1.1) and those of the
elements of @z, of (1.3) are computed and plotted.
Only Three plots of distributions are reported in Figures
(4.1) to (4.3). We observe that Az follows a gamma
distribution and u=¢, and S, =¢, have normal

distributions. These findings are in good agreement with
our theoretical results. Furthermore, utilizing the
quantiles of the Bootstrap distribution, the 95%
confidence intervals are constructed which are only
reported for A, u and f;.

A€[0.95, 3.23], pe[1.10, 1.42], and p; €[0.17,

0.27].

40

30

20 M

10

{

o s v %

—L
D

Figure 4.1. The Bootstrap posterior distribution of Agp; .
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Figure 4.2. The Bootstrap posterior distribution of 1 =g .
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