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Abstract

Let R be a ring and V be a matrix valuation on R. It is shown that, there exists a
correspondence between matrix valuations on R and some special subsets
>(MVPR) of the set of all square matrices over R, analogous to the
correspondence between invariant valuation rings and abelian valuation functions
on a division ring. Furthermore, based on Malcolmson’s localization, an
alternative proof for the following result is presented. “There exists a natural
bijection between the matrix valuations on R and valuated epic R-fields.”
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Introduction

In the classical commutative and non-commutative
field theory, the equivalence of valuations and valuation
rings are considered as a natural base for the study of
these notions. In this paper we present a similar
equivalence for matrix valuations by defining MVPRs.

In a commutative ring R, the existence of a valuation
function on R is a sufficient condition for the existence
of a valuated epic R-field. Conversely, the restriction to
R of any valuation on an epic R-field is a valuation on
R. A generalization of this result for a non-commutative
ring R, based on Cohn’s localization [1] and using the
notion of matrix valuation, is given in [7] as: “There
exists a natural bijection between the matrix valuations
on R and the valuated epic R-fields.”

In this note we give an alternative simpler proof for
this result, which is based on Malcolmson’s localization

[5,6]. This proof gives the valuation on epic fields
directly and simplifies the computation. For an
extensive study of the notion of matrix valuation one is
referred to [2,3,8,9,10].

Definitions and Preliminaries

In what follows, R, M(R) and GL(R) will represent,
an associative ring with unit, the set of all square
matrices, and the set of invertible matrices over R.
respectively. A Krull valuation on R is a function v: R
— TU{w}, where T is a totally ordered abelian
additive group such that for all a,b € R,

v.l) v@b)=v(@)+ v(b),

v.2) v(a+hb) > min{v (), v(b)},

v.3) v(a)= w ifand only ifa=0.

Let D be a division ring, a subring R of D is called an
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invariant valuation ring of D if:

iy)deD =deRord ' eR,

ii) dRd '=R foralld e D.

The existence of this subring is equivalent to the
existence of a Krull valuation on D.

For any two matrices A and B over R we define the
diagonal sum of A and B as:

A 0
A®B= .
0 B

If A and B both are of size n x n, and agree except
possibly in the first column, say A=(A;AA;,...),
B=(B|,A3,As,...), then their determinantal sum with
respect to the first column is defined as: A V B = (A, +
By, Ay, A, ...). Determinantal sum with respect to other
columns or rows are defined similarly. A square matrix
A is said to be non-full if it can be written as A=PQ,
where P is an n x r,Q an r x n, and r < n; otherwise, A
is called a full matrix. In a division ring, full matrices
are invertible matrices and vice versa. A collection @

of square matrices over R is said to be a matrix ideal of
R if it satisfies the following conditions:

MI.1 g includes all non-full matrices.
MI2IfAB € p and if AV B is defined, then AV B

EP.
MI3IfA € p,then A @B egp forall B e M(R).
MI4A @1 epimpliesA € p .

Clearly a matrix ideal is proper if it does not contain
the element 1. A matrix ideal g is said to be prime if it

is proper and

MISA®Bep=>AecporBegp.

A matrix valuation on R is a function V on M(R) with
values in I'U { o } such that:

MV.1V (A ®B)=V(A) +V(B), for all AB € M(R).

MV.2V (AV B) >2min {V(A), V(B)}, for all A,B
€ M(R) such that A V B is defined.

MV.3V (A) is unchanged if any row or column is
multiplied by —1.

MV.4V(1)=0.

MV.5V (A) = o« for any non-full matrix A over R.

It is clearly seen that the axioms of prime matrix
ideal may be obtained by writing down the conditions
on the set =V ' (). We may note some
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consequences of MV.1-MV.5, which we use later.

MV.61If AV B is defined and V(A) = V(B), Then
V(AV B) =min {V(A), V(B)}.

MV.7V(A) remains unchanged
permutation of rows (or columns).

CJ (A oJ
=V = V(A) + V(B) for
B D B

any C,D of appropriate size.
MV.9V (AB) = V(A) + V(B) for square matrices A,B
of the same order.

under any

A
MV.8V
0

Malcolmson’s Method

A brief review of Malcolmson’s method is useful. A
pair Q = (X,S) is called a prime pair if Xis a
multiplicative set of matrices and S is a proper matrix
ideal on R, such that if ABeM(R) and A@B €S, A
€ X, then BeS. In this case X and S do not contain any
matrix in common. Given a prime pair Q = (Z.,S),
denote by Tq the set of all triples (f,a,x) of matrices over
R, where ae £ (say of size n x n), fis 1xn and X is nx1.
Define a relation ~ on Tq by requiring (f,a,x) ~ (g,by), if
and only if

a o0 X
0 b -yleS.
f g 0

The relation ~ is an equivalence relation. Denote the
set of equivalence classes, Tq /~ by Rq. Denote the
equivalence class of (f,a,x) by (f/a\x), and define:

NN
(flaxx) + (g/b\y) = ((f g)/ \l D,
0 b)ly

o 0
(fla\x).(g/b\y) = ((f 0)/ A\
0 b y

— (fla\x) = (f/a\-x).

Define a map E: R— Rgq such that E(r) = (1/1\r) for
r e R. The above definition of operations gives rise to a
well-defined ring structure on Rq, with additive and
multiplicative identities E(0) and E(1), in which E is a
ring homomorphism. If  is a prime matrix ideal of R,
denote by — g the set M(R)\ o , which is multiplicative

and the pair Q=(— , ¢ ) is a prime pair. In this case Rq
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(or R, for simplicity) will be a division ring and

0
(flax)™" = ((0 1)/(a X]\( J).
f 0) (-1

Hence R has an epic R-field as a subset of Rq
generated by the image of E.

Results

1. Identifying Matrix Valuation Pseudo Rings
(MVPRs)

Let V be a matrix valuation on a division ring D and
let =, ={AeM(D):V(A)>0}.
This subset of M(D) has the following properties:

(1) it contains all non-full matrices.

2)1€ 3.

(B)ABeL, = A®Bel,.

(4) ABeZX, and AVB is defined = AVB eX,,. (¥)
B)YABl X, = Ael,.

(6) AcGL(D)= AeXyor Alel,.

It is possible to obtain some other properties of X,
but they are not essential in our present study. Now,

suppose that there exists a subset X of M(D), which has
the above six properties, then the following also hold:

(7) A®BeX=B®Ack
(8) AB are of the same size and A®BeX
= ABeX.

(9) AcT < B® A® B 'eX forall BeGL(D).

One can obtain these last three conclusions by
invoking the kind of arguments used in [1.p.396].

In the following we introduce a method which shows
that, given such a subset X on M(D), there exists a
matrix valuation V on D such that Z,, =3. We do this in

seven steps:

(). Define the following relation on GL(D).

A~B<:>;=,E 523, where ZzDetA,

/3 = DetB,

or

Where “Det” denotes the Dieudonne’ determinant [4,
p-133-140]. This relation is an equivalence relation. Let
the set of all individual classes be S = GL(D)/~.
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(). The following operation, similar to diagonal
sum, on the elements of S gives a well defined group
structure on S. This group is commutative.

SxS
([AL[B]

- S

- [A®B]

(1). LetH = { Ae GL(D); A,A~! €T } and let L=H
/ ~ . Then the group (L,®) is a subgroup of (S,®).

(IV). Now consider the factor group I' =S/L with
the induced operation, which is an abelian group.

F=S/L={[A]®L; [AleS},

I'xI”
([A]@ L,[B]® L)

- r

— [A®@B]®L.

(V). The abelian group I' with the following relation,
is a totally ordered group.

Forall [A][B]eT,[A]=[B] © A®B'eX

The proof of (V). It must be shown that this is, a
well-defined, total relation that admits the following
conditions: transitivity, equality and consistency with
the group operation.

First we check that ">" is well-defined. Let
[A]=[A"],[B]=[B'] and [A]>[B] By definition

[A]®L=[A1®L, which implies [A]®[A]®L=L

or [A@A'1®@L=L. Therefore [A®A!]eL or
equivalently A®A’'eHand this implies that
A®A-",  A'T®AeX  Similarllyy, B®B'I,

B! ®B'eX. Now, if [A]>[B], then A®B ' eX,
therefore A®B'®B®B''ex and then
B'®A®B'®Becyx, which implies B '@®AeX
Bl@ADA DA ES, AN®B ez
consequently mzﬁ

or S0, and

For the consistency with the group operation, note

that by “consistency” we mean: if [A]=[B] and
[CleT, then [A]®[C]=[B]®[C]. So, let [A]=[B]
then B'®Aex. Since  C eGL(D) and

B'®OA®C®C ey, then AGCO®C!®Blex,

this implies that [A@ C]>[B @ C], as desired.
The rest properties can be proved in a similar way. [
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(VI). The function V on M(D) defined as follows, is a
matrix valuation on D.

M(D) — T[U{x}
V: A > m
non— full - 0

The proof of (VI). We will check all of the MV.1-
MV.5 conditions of the definition of matrix valuation,
as follows:

MV.1 V(A® B)=[A® B]=[A]®[B]=V (A)@V (B).

MV.2 V(AVB)=[AVB]>min {V (A),V(B)}.
For, we consider the following cases:

1. A and B are full matrices which are invertible over
a division ring. If AVBis nonfull, then the claim is

clear, so let AVBis full. If mﬁﬁ, then m:min

{V(A),V(B)} and we must show that [AVB]>[A] or
equivalently (AVB)® A~' e X or equivalently.

(AGAHYVBOA e (%)

(Note that [A]<[B], implies B® Al e =, so by (*)

Properties of X the relation () is true.)

2. One of the two matrices, say B, is non-full but A is

full, so B® A~! is non-full and hence is in Z, so (%)
is true.

3. Both matrices are non-full. Since D is a division
ring, AVBis also non-full, hence the claim is true
obviously.

MV.3 This condition is true by definition of S given
in (I).

MV.4V(1)=[1]®L=L=0.

MVSIf A s
definition.

non-full, then V(A)=ow by

O

(V). Clearly we have £ =%, .

Now, following the terminology of [1], we define:

Definition. For any ring R if a set £ < M(R) has the
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first five conditions in (x), we call it a Matrix Pseudo
Ring (briefly MPR). Reasonably any matrix pseudo ring

with the sixth condition in () could be called a Matrix
Valuation Pseudo Ring (MVPR).
To sum up, we have proved that:

Proposition 1. There is a 1-1 correspondence
between matrix valuations and MVPRs on a division
ring D.

Note: In the above proposition, to obtain a matrix
valuation, it would be possible first to restrict X to D
which is a non-invariant valuation ring on D, and then
extend its corresponding valuation to a matrix valuation
on D by Theorem 1 of [7]. But by this method we do not
get necessarily the same matrix valuation corresponding
to X . Furthermore, the following proposition can not be
drawn by this method.

Now let R be a ring embeddable in a division ring D.
If £is an MVPR on R, we can consider M(R) as a
subset of M(D). Then by the same process as steps (I)-
(VI) and by the restriction of Dieudonne’ determinant to
GL(R), we obtain its corresponding matrix valuation V
on R. Consequently we have:

Proposition 2. There is a 1-1 correspondence
between matrix valuations and pseudo matrix valuation
rings on any ring embeddable in a division ring.

The following theorem states a generalization of the
above propositions.

Theorem 1. There is a 1-1 correspondence between
matrix valuations and MVPRs on any ring.

Proof. Let R be any ring and ¥ be its MVPR, which
is a proper subset of M(R). X contains all of the non-full
matrices, hence it contains the least matrix ideal
containing non-full matrices. In other words, this matrix
ideal is a proper matrix ideal. Hence, the result follows
by Proposition 2 and Theorem 7.4.8 of [1]. Noting (VII)
above, the other side is clear. O

2. An Alternative Proof for the Extension Theorem of
Matrix Valuation.

In this section we give an alternative proof for the
extension theorem of matrix valuations, based on
Malcolmson’s method of localization.

Theorem 2. Let R be a ring, then each matrix
valuation V on R determines an associated epic R-field
K with a valuation v; and conversely, every epic R-field
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K with a valuation on it, arises from a matrix valuation
on R. This correspondence between matrix valuations
on R and valuated epic R-fields is bijective.

Proof. Let K be an epic R-field and v a valuation on
it. We can form the associated matrix valuation V on R,
simply by defining V(A) = v(DetA"), for all
AeGL(R)and V(A)=w, for all Ae M(R)\GL(R);
where f: R — K is the canonical epimorphism, A' is the
image of A by f and “Det” denotes the Dieudonne’
determinant, as in [7]. Conversely, let V be a matrix

valuation on R, then the set ¢ =V !(0)is a prime

matrix ideal on R, so there is an associated epic R-field
K> [see 1, p. 404]. We directly extend V to a valuation

von K, based on Malcolmson construction for Ke-
Define v: K, ->T'U{ex}, by

f 0
v(f/a\x):V( J—V(a).
a X

Then v is a Krull valuation on K. In what follows,

we check the three necessary properties. First the
multiplicative property.

(i) Multiplicative property of “v”:

v ((f/a\x).(g/b\y))

a —-xg) (0
=v((f 0)/ )
0 b y

f 0 0
a —-xg
=V|ia -xg 0=V
0 b
0 b y
f 0 0)1 0 0
=Vla x 0|0 -g 0|-V(@)-V(b)
0 0 1)A0 b vy
f o g o
=V +V -V(a)-V(b)
a x b vy

=v(f/a\x)+v(g/b\y).

Also
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a X 0
v(f/a\x)™ =v((0 1)/{1c OJ\[ 1J)z—v(f/a\x).

(ii) The function “v” is well defined:

First, note that (f/a\x) = (g/bly) is equivalent to
(flax)(g/b\ly)" = (1/1\1). Therefore, it is sufficient to
prove that v(f/a\x) = 0, for (f/a\x) = (1/1\1). By definition

a 0 x
it means that (f,a,x) ~ (1,1,1), thus |0 1 -1 |ep.
f 1 0
This by MV.3 and MV.7 implies that the matrix
-1 f 0
A= 0 a x| belongsto ,hence V(A)=o.But
I 0 1
0o f 0 -1 f 0
we have A={0 a x|V| 0 a x|, therefore by

MV.6
0o f 0 -1 f
0
VIO a x[=V|0 a x|orV =V (a).
a x
1 0 1 0 0 1

Otherwise a € g, which is a contradiction.
(iii) Additive property of “v”:

First, note that if v(f/a\x)>0,
v((f/a\x)+(1/1\1))=>0. For, we have

{a OJ {XJ
v((f 1)/ A
0 1)1

then

f 1 0
a o0
=V|ia 0 x|-V .
1
0 1 1
And since
f 0 1 f 0 0 f 0 1
a x 0]=

This by MV.2 implies that
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f 1 0 f 0 1
Via 0 x|=V|la x 0 1

0o 1 1 0 1 1
2

f o0
>min {V V(a)}=V(a), 3.

a x

4.
which admits the claim. Now, let v(f/a\x)
<v(g/b\vy), then 5.
v((f/a\x)+(g/b\y)) 6.
=v((f/a\x)((A/1\D+(f/a\x)"1(g/b\y))
=v(f/a\x)+v((1/1\)+(f/a\x)~' (g/b\y)) ;
>v(f/a\x) '
=min{v(f /a\x),v(g/b\y)}, .
and this completes the proof. O 9
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