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Abstract

Multivariate reward processes with reward functions of constant rates, defined
on a semi-Markov process, first were studied by Masuda and Sumita, 1991.
Reward processes with nonlinear reward functions were introduced in Soltani,
1996. In this work we study a multivariate process Z(¢) = (Zl (),+,Z, (t)), 120,

where Z,(?),---,Z,(¢) are reward processes with nonlinear reward functions

P>, P, respectively. The Laplace transform of the covariance matrix, (%), is

specified for given p,,---,p,, and if they are real analytic functions, then the

covariance matrix is fully specified. This result in particular provides an explicit
formula for the variances of univariate reward processes. We also view ) (¢) as a

solution of a renewal equation.

Keywords: Semi-Markov processes; Reward processes; Laplace transform

1. Introduction
Let {J(¢),t>0} be a semi-Markov process with a
Markov renewal process {(J no Ly ), n=0,1, 2,...}. The
state space of {Jn} is assumed to be N = {O, 1, 2,...,},
see [1], [2] and [13] for more details. Based on
{J t,tZO}, a multivariate reward process may be
defined as Z(¢)= (Zl (t).Z, (t),...,Zp (t)) , where

z(0)= 2P T =T,)+ (V0. X (), (1.1

nT, <t

n+l

where X(?) is the age process. Each function p; in (1.1)

is called a reward function, and is a real function of two
variables; p; : NxR— R where p,;(j,r) measures the

excess reward when time 7 is spent in the state j. If
pi(j,7)=jr, i=1,..,p then the reward process Z(¥)
becomes the multivariate reward process treated by
Masuda and Sumita 1991. In the case that p is of the

form

(1.2)

k)= 3, ()",
n=1
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where g;,, i=1,---,m; are given functions, m; <o an
explicit formula for the mean vector EZ(t), t>0 is

given in [10]. Khorshidian and Soltani have treated the
asymptotic behavior of mean, variance and covariances
of univariate and multivariate reward processes as
t > o, see [5], [6], [10] and [11]. They have shown

that E Z(t)—> Cy+Cy(1), and Y (1) —> Byt +Byt’, as
t = o, and obtained the related coefficients explicitly,
in terms of moments of the semi-Markov matrix.

In this work we explicitly determine Y (z) the

covariance matrix of Z(¢) for each >0 as a solution

of a Laplace transform equation when p; are as in (1.2),
m; < oo and also view Z (t) as a solution of a renewal

equation for general We also determine the

Pi -
variances of univariate reward processes with nonlinear
reward functions.

For more details on semi-Markov processes see [1],
[2] and [13]. Concerning the asymptotic behavior of a
semi-Markov process see [3] and [4].

2. Notations and Preliminaries
Corresponding to a  semi-Markov  process
{J(£),t>0}, let Aij(x), measures the transition

probability from state i to the state j within the time
interval (0,x], i.e.,

A;(x)=P{J, 0 =j. Ty =T, <x|J, =i} .

n+l

Let a; (x) denote the density of Ay (x) and let

Ai(x): ZA;';'(X)’ Z,‘(x)z I_Ai(x)v

Py(t)=P{J()=j| J(0)=i}.

The Markov renewal function is denoted by

R(t)= Z:zoAk*(t) where  4**(¢) is the k-fold
convolution of A(t) by itself. The initial probability
vector is denoted by p(0) and the unit vector by e. The
joint distributions
{J(), x(t),t>0}
respectively, are given by

corresponding to the processes
and  {J(t), X(¢), Z(¢),t >0},

Gy(x.t)= plu(0) = j, X (1)< 20 (0) =1},

Fy (2.0) = plI(0) = J, X(6) < x, Z(0) < 24(0) =1,

y
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where by Z(¢t)<z we mean (Zl(t)Szl,...,Zp(t)Szp).

A vector (a)l,.. ® ) in R? is denoted by @. The

=0,
following Laplace transforms are of frequent use in
subsequent sections,

o0

@ (s)= J.e_sdiij (x),

eigg(k’x)fsdi,g- (x),

ij@,s):]o

_[eetars
Ej@’S)_'([e Aj(x)dx.

Throughout this paper a matrix with entries
y;ji,jeNis denoted by y=[y;] and a diagonal

matrix with entries y;ie N is denoted by
Yp = [5ijy j] .
The following formula is an important and

informative relation between
transforms, see [7], [10].

the given Laplace

Ov,0,5)=0(@,5) Ep(w,s+v)
(1-Cl@.(s)" Ep@.s+v))

Recall from [10] that in the univariate case the
Laplace transform of EZ ,(¢) when p(k,x)=kx" is

Q2.1)

given by

2
L(EZ (1)) = —p’(@%b:ﬁ

n—1

' - (=D ar, (s
=) O -als) (Z%
i=1 L

U —%(s))j e

Sn+1

where pp =[06y; k]; also when reward function is of the
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form (1.2), it has been shown that
L m
EZ,(0)=[ PO nE" (ppedr.  (22)
0 i=1
where gn(k), ke N, are the entries of the matrix

Ppm» H=1,..,m; and
E"(r)= j: X"G(dx,7). 2.3)

The Formula (2.2) enables one to compute the mean
of the cumulative reward up to time ¢, whenever the
reward function is a polynomial. Indeed if p satisfying

pli,t)= jp’(i,x) dx,

0(,0)=0 and (d/dx)p(i,x) exists, then Z(f) in (1.1)
can be written as

20)=[ 7' (J(s), X(s)) ds
0
which implies that
EZ(t)= j dsy. j G (dx,s)p'(j,x), 2.4)

JeNo

where E; denotes the conditional expectation given Jy=i.
Note that the Formula (2.2), will follow from (2.4).
The next section is devoted to the evaluation of

Z (¢) in the case that p is given by (1.2).

3. Covariance Matrix under Polynomial
Reward Functions

In this section we assume that

pille,x)=g;(k)x" ,i=12,.,p,

and by using (2.1) we obtain an explicit formula for
EZ,(t)Z (¢). First note that,

ot

o0

j e EWZ/(0)Z (1)}t = p'(0)

0 1 J

Ot = p'(0)(0,0,5)e,

0 cp(o a)s)|
0

3.1)
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Also it follows from (2.1) that
(0,0,5) = o(@,5)Ep(@.s).
Theorem 3.2. Suppose that
i=12,..,p, then
EZ,(t)Z (1) =
= PO)R0)* byt ale)* £ (s,

bt eV E" (0o Je
t

+ () ) O B (e ppipiy e,
0

pilk,x)=

gi(k)xn,-’

(3.3)

where E"(r) is given by (2.3) and p,,; =[5,,g;(k)].
Proof. Without loss of generality, we evaluate
EZ,(t)Z,(t). Differentiating of (2.1) gives that

00(0,w,5) Oo(w,s)

Ey(w,
Ow, Ow, p(@5)
+ O'(Cl),S) aE‘D(Q)ss) ,
- Ow,

and

0*®(0,0,5)  9°c(w,s)

EyH(o,
0w,0w, 0w, 0w, p(@.5)
N 0o (w,s) OE(w,s)
Om, Ow,
N 0o (w,s) OE ) (w,s)
0w, O
2
+O'((0,S) a ED(Q’S)
- 0w, 0w,
3.4
Also from (2.1),
o(w,s)=o(w,)C(w,s)+1,
which implies that,
oo(w,s) _ oo(w,s) Cl.5)+0(0.5) 0C(w,s) ,
Ow, Ow, - - Ow,
or
oo(w,s 1 0C(w,s _
00@5) _ (- (@, 22 (1 - a5,
Ow, 0w,

3.5)
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similarly
do(w,s) _ ([—C(Q,(S))A oC(w,s) =22 (1-C(, (S))7
0w, @)

By using a similar method and formula (3.5) we
obtain that

2
Co@Y) _(;_cips)”
0w, 0w, -
{ aC(QaS) (]—C(CO S)il 8C(Q,s)
Ow, = ow,
12623 1 _ g,y 2C@5)
W, O
2
Lo C@s) }x (I-C(,5))™".
0w,0m, -
(3.6)
For p,(k,x)=g,(k)x",i =1,..., p, we have
ij ®,5) I RN ﬂdikj(x),
0
which implies
ij((_),s)=j efsdi,q(x).
0
Therefore C(0,5)=a(s) and
oC(w,s) |w:0 —( 1)n,+1pD-la( ,)(S)’
aa)l - ’
M|w:0 - (_1)"z+1 pD.za(nZ)(s), (3.7)
5602 - ’
where pp.; =[0,,g;(k)]. Also we obtain that
62C/c'(g)’s) n+n n+n
= (1) g ek ),
0w, 0w,
therefore
62C w,S n+n n+n
;)|Q=Q :(_1) 1+ ZpD:lpD:Za( 1+ 2)(S) .
0w, 0w,
(3.8)
On the other hand

176
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o0
[ @ik
Ej(@5)= [ &

0

A (x)dx,

- 1-a;(s)
giving that £,(0,s) = — or

Ep(05) =122 (3.9)
Also
OE (®,5) d" 1—a;(s)

J\= = (=1 ny+1 . J ,
—6(01 |Q,Q =D""g1()) 25" —

and therefore

6%@mbm=%{immw%@m

= l-|sn1+1—i
i= .

I —
PRI Mj

(3.10)
and
2 S .
~ A8y N Igl ()& (]')xn‘”?e_z‘i‘a)ig’ N
dw, 00, |
Aj(@ydx,
which implies that
2
OE @)
dwdw, '

dn|+n2 1 a - (S)

ds™tm s

D" g (g () ———

In the matrix form

azED(st) _
0w, 0w, 2=0
" (my + ) (=D ) (5)
Ppi1PDp:2 - PR
(I ~at py(5))
+(n1+n2)!W .
(3.11)

It follows from (3.5) and (3.7) that
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(I —a() (D" ppa™ ()T -a(s) ™,

(3.12)

similarly

(I =a(s) ™ (1) ppoa™ (s3I -a(s) ™"
Equations (3.6)-(3.8) give that

820-@9 S) _ _ -1 «

0w, 0w, - = ~a()
{ (_l)m +1 ija(nl ) (S)(I _ a(s))*l (_1)n2+1 ,DDzza(nz) (S)
+ (_1)nz +1 pD;Za(nZ)(s)(I _ a(s))*l (_l)nl +1 pD:la(n])(S)

+ (_1)n1+112+1 pD:lpDzza(nl-H’lZ) (S)} (1 _ a(s))*l.
(3.13)
Substituting (3.9)-(3.13) in (3.4) gives

D0, w, s)| _ (=D 1)"1““2

oo & (-ats)
{opaar ™ ()T ~a(s) " ppa %
[ ()T - () (1~ arp ()~ @™ (5)]
+ 2@ ()T = a(s) ™ ppy *
™ ()1 () (1~ ap () - ap™ (s)]
+ o Ppala ™ ()T~ a(s) (I ~ap(s)
B aD(n1+n2)(s):| }
+(D)" NI =a(9)) " ppaa™ ()T —a(s) ™ ppy
.
2

+(=D)"M (I —a(s) ™ ppaa™ ()T —a(s) ™ ppy x

mD ap ) | o, (= (s))}

g™t sM 41
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(”Zinzl(—n“a;’” () | (yymerty,

i!sn2+l—[

!<1—aD(s)>J

i=1 S”z +1

(I =a(s))" Pp1ppa X

(n, +n2)'( ) ap” (s)

n1+n2+l i
(I—ap(s))
—(}’ll +n2)!W .
(3.14)

Now note that for m=n, ,n, ,n +n,,
[ - ae) ™ a0 -ap ™ )]e=0

Therefore multiplying (3.14) in unit vector e provides

0*®(0, w,s)

| -0 €=
owdw, '

(-1 (I = a(s)™" ppoa" ()T —a(s)) ™" ppy
n—1
1 W= aD(s»j
5 :

"+l
+(=D)" (T —a(s) " ppga™ ()T —a(s) ™ ppa *

m!(=1'a,”(s)

_ 2n1+1
D

Sl e 6), ypnn, U=an) ),
o st s+l )7
~(I=a(s)” ppaPpa *
i (n, +n) (=) @, (s) (L= |
i-1 lgMtnatl=i ghrm )T
(3.15)
Using the equation
(-D)"m a’"*lcb(v,g,s)l _
s v 0
m-l 1 i (i) J—
_ m! ap (s apls
(I=ap(s) I(Z Cre O 2ol
0 ils s
in (3.15) we obtain that
2
0> ®(0,w,5) | oo €= (D" (T — () ppy x
ow, 0w, $

177
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CI)(v 0,s)
—llv 0Pp1€

(m)
a2 (s)
ov

n

L ”S—Z(I —a(s) " ppy

om” d)(VOS)l

(m)
a ™ (s)
al‘lz

-0Pp2€

+(=1)

w1 1y 1y 30,0, s)l

1P Do e
Gyt v=0PD:1PD:2 &

(3.16)

Now note that

SU—a) ! = L[RO).

pD:ia(n’)(S) = L[(_ 1)”i pD:itnia(t)]s i=12

n 9" 00@.5)
aum—l

Therefore by (3.1) and (3.16),

(-1) L[E™ ().

|u:0 -

o* CD(O ®,5)
0w 0w,

= mp (OL[RQ)] L{ppt™a)|L[E™ (1)) ppae

+m p'(0)L[R(1)] L[PD:ztnza(t)]L[Enl_l(t)]/?mé

LIEZ,(1)Z,(1)] = p'(0) | w0 €

t _
+(ny +ny )P’(O)LUO gt (T)df} Pp1Pp:2€

giving the result.
Corollary 3.17. Let

pi(k’x) = gi(k)xni >

then the covariance matrix of Z(t) = (Z,(t),...

given by z (t): [Zy (t)l,jl

£=(p1""’pp) >

»Zp(1) is

where
Zij (t)=P'(O)R()* (”‘/PD:itn' a(t)* BV (t)pD:j
+ nipD:jtn/a(t)*Eni_l ([)pD:i jg

t
o+ )p O B @ drppyppye
0
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- ninj (p,(O)I;En'l (T)pD:ni dfgj X

(p'(O)f; EV (r)pD;n,dfzj

Corollary 3.18. Let Z p(t) be a one-dimensional

reward process corresponding to p(k,x) =kx", then

Var(Z,,(t))= 2np'(0) (R(t)* ppt"a)*E" (1) pp

t
+ J.EZ”’1 (r)drpzDJg
0

2
t
—{np’(o) I E" N (t)dzpp, EJ :
0
Theorem 3.19. Let
p(k,x) =" g, (k)x",r=12,.., p, then

EZ,(1)Z,()= p'(O)R()*

m, mg ) )
3N (opyit'alt)* JET 0)ppy

i=1 j=1

+ (Pt at) EE ()P )

LYY+ ) j EY (@) epp,ippge.

[y

(3.20)
where pp.., =042, (K], n=L..m., r=12,..,p.
Proof. Let p,,(k,x)=g,,(k)x", then p,.(k,x)

=Z:’;l poak,x). If Z, (tH)yand Z,(f), are the reward

processes and p,(.,.)

in p; Lemma

associated with  p,,(.,.)
respectively, then by the linearity of Z,

4.1 in section 4, it follows that Z,(¢)= Z

therefore

(t) and

=1 m

EZ,(02,0)=3 3 EZ,()Z,().

i=1 =1

Now apply Formula (3.3) in Theorem 3.2 to
conclude the result.
Corollary 3.21. Let
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P x) =" g, (x",  r=L..p,

then the covariance matrix of Z(z)= (Z1 (), Z,, (t))is

,,,,,

m, m

D (=P O)R@)* [Z D Poyit'alt)* JE (6)pp.y

i=1 j=I

+ pD:Ajtja(t) *iEi_l (t)pD:rij €

ml‘ m.Y t . .
+ E(O)Z Z(Z + ])J. EH]iI (T) dTpD:ripD:Ajg
i=l j=1 0

- (J‘ p’(o)i iEi_l (T)pD:ri ng] x
0

i=1

Up’(O)ZS‘, JE N (0)pp.ged TJ :

0 i=1
Corollary 3.22. Let Z,(¢) be a univariate reward

process corresponding to p(k,x) = Z;nz \&n (k)x",then

var(z,(1))=2p'(0)R(1)* ipp;itia(t) *JET (0)pp e

i,j=l1

m m ]
+ PO Y+ N[BT @)dppppye
0

i=1 j=1

t m 2
—( [ p'<0>ZiE"‘1(r)pDz,-gdr] -

0 i=l1

4, Covariance Matrix Under Real Analytic
Reward Functions
Lemma4.l. Let (J,,7,) be a recurrent Markov-

with state space N. Suppose
a univariate reward process

renewal process
Z,t), t=0, is
corresponding to a reward function o, given by (1.1).
Then the following holds;

(1) Z(?) is linear in p for each ¢, i.e.,
Zp 1P 2 (t):Zp 1 (t)+Zp 2 (t)a

(i) If puT p,asm — oo, then EZ, (t) > EZ,

(¢) for each ¢,
(iii) If the state space is a finite set then the
conclusion of part (ii) is satisfied even if the sequence of

Khorshidian and Soltani
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reward functions only converges.

Proof. Part (i) is immediate from (1.1). For (ii) note
that it follows from the assumption that

Z, (Do = ZJ[1), for every given ¢ and every o for
which Sup , T, (») >t . Since the semi-Markov process
is assumed to be recurrent the later event occurs with
Therefore  Z, (T Z(f) with
probability one. The desisred result follows by applying
the Monotone Convergence Theorem. For part (iii), let

Max C,(t) = Max{p(k,x), 0<x<t, keN},

probability  one.

then for each given 7, C,, (¢) converges to C¢) and
therefore is bounded in, p n ie., C, (6)<M(¢) for all
m. Thus it follows from (1.1) that

Z, 0)<C, ON@O+)<M@)N(@)+]), 4.2)
where N(?) is the number of renewal epoches in [0,f].
The argument given in the proof of (ii) and (4.2) make it
possible to apply the Dominated Convergence. Theorem
to conclude the result. The proof is complete.

Theorem 4.3. Suppose a univariate reward function
p(k,x) assumes a series representation of the form

x20,

plh,x) =Y (k) 2",

n=1

where g,(.), n=1,2.... are nonnegative functions. Then

EZ,(0=[ P(OE,(7) edr, (4.4)
0
where
E,(r) = [ G(dxz)(d /dx)yp (x) (4.5)
0

and p (kx), ke N are the entries of the diagonal matrix
7 p (%)

Proof. Let p,,(k,x)= z:’:lgn (k)x", m=1, and let
Z,, (t) be the reward process corresponding to o
through (1.1). It follows that EZ, (f) can be expressed
by (2.2). But
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m

Z nEn_l (T)pD:n = J i nx”‘lG(dx, T),DD;n

n=1 0 n=1

G(dx,r){(d /dx)i LD x"}

n=l1

0

= G(dxs T)(d/dx) Y Dum (.X)

!
I

where y.,(x)is the same as y,(x) with p replaced
by p,. Now (d/dx)p, (k,x) 1 (d/dx)p(k,x), as
m — o , which gives that

[G(ax.)d/dx) yp,, (01 [Glax,o)d/dx) yp (x)
0 0
for each 7, giving that
t
Lim,,_,, EZ, ()= j P(O)E, (r)edr. (4.6)
0

The result follows by applying (4.6) and Lemma 4.1
(ii).
Lemma4.7. Let (J,,7,) be a recurrent Markov-
renewal process with state space N. Suppose
ZO)=(Z(V),...,Z,(t)), t=0, is a reward process
corresponding to a multi-dimensional reward function
pP=(p1,.... pyp) given by (1.1). Then the followings

hold;
WO)If pmT prasm—y o, then

EZlZn() — EZ(DZ(H) V1,

(ii) If the state space is a finite set and EN*(f)< o

then the conclusion of (i) is satisfied even if the
sequence of reward functions only converges.
Proof. For (i) it follows from Lemma 4.1(ii) that
Zw(Zen(6) T Z(£)Z(£) with probability one. The desired
result follows by applying the Monotone Convergence
Theorem. For part (ii), it follows from the proof of
Lemma 4.1 (iii) that

Zym(DZ,3, (1) < M (OM ()N (1) +1)* (4.8)

where N(¢) is the number of renewal epochs in [0, 7],
and M,(), r=1--,p, are some constants. The

argument given in the proof of (i) and (4.8) together
with the assumption that EN*(t) < make it possible to
apply the Dominated Convergence Theorem, which
gives the result. The proof is complete.

Theorem 4.9. Suppose

Khorshidian and Soltani
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prk,x) =Y g, (k)x", r=1-,p,

n=l1

where g, (k) , ke N arenonnegative, then
EZ,(0Z,(t) = p' (R *( 7, (Da(t) * E (1)

+7,(Dal)*E, (1) e
+POfE, (@) edr, (4.10)
0
where

° d
E, (7)=|G(dx,7)—,(x),
I|). dx

En(0)= [ Glaso) Sy, (o, (o)
0

and p, (k,x) are the entries of the diagonal matrices

yr(x)a 7’:1,"',}7.

Proof. Let

pl’m(k%x)zzgm(k)xny le, r=1,---,p,

n=1

and let Z,(f) be the associated reward processes. It
follows from Theorem 3.19 that EZ.(f) Zs(f), can be
expressed by (3.20), but

Z Z Ppyit' * JE' (D) ppge

=1 j=1

= z pD:riti * Z jEj_l (t)pD:sjg

i=l j=1

X m
= Y @Oa®)* [ D jx " Gldx,ppye
0 J=l

J=1

:7,m(t)a(t)*j Gldx,0)Y. jx/ " ppye

0
@) | Gl Ly, e
rm > d sm —_

0 X

where y,,, (x) is as y,(x) with p,,, (kx) replaced by
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p, (kx). Now 4 Ly (k%) ) 4 p,(k,x)  which
dx dx

implies that 7, (x) T 7, (x) . Thus

- f P <°>I G D)y (7, (e

0

J Gwny, 01 { Gl 2, (3.

0

Therefore as m — o« ;

ZzpDzritia(t) * jEj_l (t)pD:sjg

i=1 j=1

= <t)a(r)*£ G(dx,t)%nm (e

T r.(Dalt)*E (t)e . (4.11)

Similarly as m — o0 ;

D2 pogt’ a®*iET () ppe Ty (Da()*E,(t)e

i=1 j=1

On the other hand

S+ p <0>j E™ @) ppyippgdre

i=l j=I

= j POY Y (+ NE @ppippydre

i=l j=1

- j P (0)jG<dx O i+ DX piyppgdre

i=l j=1

t © m ) m A
= jp’(O)I G(dx, T)Zix“lpD:”-ijpr:derg
0 0 i=1 j=1
j P (0)jG<dx 03 o nZ i dre
i=1

- j P <0>jG<dx Wom ()= {ym (x)jdre

*f p (O)f Gdx,7)—- {7,m(x)}7sm (x)dre

Now 7, (X)) g (X) Ty, (x)y,(x) which is also real
analytic with positive coefficients, therefore

7Ny, @7, 0}
and hence by the Monotone Convergence Theorem
i d i d
[ G0~y ()7 T [Glax.2)—{y, ()7, (0}
0 X 0 dx

Therefore

m m ‘
z Z @i+ j)p'(O)J E™ (D)dtpp.,iPp.ge
0

=1 j=1

_ jp (O)I G(dx, z') {7% ()7 o (X)}dz'e

0 p’(O)IE,S(r) edr. (4.12)
0

By passing through the limit in (3.20) and then
substituting (4.11) and (4.12), we arrive at (4.10). Thus
the desired result is obtained.

Corollary 4.13. Suppose that the reward function of a
p-variate reward procees admits the power series
representation

p,(k,x)= Z::l g, (K)x", r=1--,p,
then the covariance matrix of Z(t)=(Z(¢),...,Z » (¥) is
given by Z(t) = er(t) , rs=1-,p,

> (0= ORO*(r,0)a()* E (1)
+7,(a(t) *E, (1)) e

+P'(0) j E,. (r)edr

t t
—[P'(O)JE” (r)ger[P'(O)fEmu)ger
0 0

181



Vol. 14 No. 2 Spring 2003

Corollary 4.14. Let Z,(1) be a one-dimensional
reward  process plk,x) =

> g, (k)x", then

corresponding  to

Var Z ,(1) = 2p'(0)R(@) * y (a(t) * E , (1)

+ P'(O)I Epz (r)edr
0

2
t
| PO[E (t)edr|
[ 07 J

where

K d
E ()= '([ G(dx, T)E}/z(x).

5. A Renewal Theory Approach

In this section we use the renewal theory to obtain
Z(t) for a more general function p, (k,x), rather than

analytic functions. By conditioning on the first renewal
epoch, in the univariate case, we obtain that

E,Z(1) = (1= 4;() p(i, )

+ ZjAg(dx)(p(i’ X)+E;Z(t~ x))

JeNo

= (1= 4,(0)p(i.1)+ [ 4,(dx)p(i, %)
0

+ >[4y (@0)E Z(t-x)

JeNo

= o(i,t)+ ZJ-AU-(dx)E Z(t-x)

JeNo

where E; is the conditional expectation given J(0)=1i.
The above equation has the form

f=g+Axf,
g(i,0) = (1= 4,()p(i, 1)+ [ 4, (d0)p(i, )
0

and has the solution

Khorshidian and Soltani

J.Sci. . R. Iran

E,Z(t)= sz,.j(dx)g(j,t—x), .1

JeNo

which provides a formula for E,Z(¢). The behavior of
E,Z(t), t— oo, is completely specified in [11]. In the

multivariate case, by conditioning on the first renewal
epoch one obtains that

Eer(t)Zs(t) =

= (1 - At(t))pr(l’t)pv (ist)
+ sz,.j(dx)x
JeNo

Ei{p,(i,x)+ Z,(t—=x)}{p, (i,x) + Z,(t— x)}

= (1= 4,0)p, (0P, (1) + [ 4,(d)p, (%), (i, %)
0

+> j A,-j(dx){p,(i,x)EjZS(t—x)+ p,(i,x)E er(t—x)}

JeNo

+ > [ 4;@0E, {Z.(t-x)2,(t-x)}

JjeNo

= 2,0+ Y. [ Ay (@)E {7, (t-)Z, (1~ )},

JeNo

The equation given above is a Markov renewal
equation with

gVS (l7t) =

= (= 4,)p, (0P, (1) + [ 4,(d)p, (%), (i, %)
0

+ 3 [ 4@, (. 0E 7, 6= x)+ p, (0 E, Z, (- )]
JjeNo

and has the solution
t
EZ,(0Z,() = ) [ Ry(d0)g, (j,t=x). (5.2)
JeNo

The Z(t) and its asymptotic behavior may be

specified by using (5.1), (5.2) and the Markov Renewal
Limit Theorems (due to Cinlar). We expect the exact
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