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Abstract

We propose a wavelet based regression function estimator for the estimation of
the regression function for a sequence of p-missing random variables with a

common one-dimensional

probability density function.

Some asymptotic

properties of the proposed estimator based on block thresholding are investigated.
It is found that the estimators achieve optimal minimax convergence rates over
large classes of functions that involve many irregularities of a wide variety of
types, including chirp and Doppler functions and jump discontinuities.

Keywords: Block thresholded; Non-linear wavelet-based estimator; Rates of convergence;

Minimax estimation splines recieved

1. Introduction

Let (QQ,F,P) be a probability space. The random
variables we deal with are all defined on (Q,F,P). Let

N} denote the o -algebra generated by the events
{X,ed,,.X,€4,}

A sequence of random variables {X ,n >1} is said
to be p -mixing if

sup sup
m X eL,(N").Y €Ly (N,, )

|corr (X Y )|

=p(s)—>0, as s — oo

The problem of interest is the estimation of
nonparametric regression function

Ym:g(xm)—‘rgm’ mzllzl"'ln! (1.1)

where x, =2¢<[0,1] and the variables &, are p-

dependent random variables with a common one-
dimensional normal density function with zero mean
and variance o° and g belongs to a large function

class H (definition will be given in the next section).
Hall ez al. [8] considered model (1.1) when ¢,,...,¢

are independent, identically distributed (i.i.d.) normal
random variables with mean 0 and variance o”. They
introduced a local block thresholding estimator which
thresholds empirical wavelet coefficients in groups
rather than individually and showed that the estimators
achieve optimal minimax convergence rates over a large
class of functions H that involve many irregularities of
a wide variety of types, including chirp and Doppler
functions and jump discontinuities. Therefore, wavelet
estimators provide extensive adaptivity to many
irregularities of large function classes. Cai [1]
considered the asymptotic and numerical properties of a
class of block thresholding estimators for model (1.1)
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with i.i.d. Gaussian errors. He investigated the block
size and the thresholding constant such that the
corresponding block thresholding estimators obtain
optimal convergence rates for both global and local
estimation over a large classes of functions as in [8].
Doosti and Niroumand [7] considered a stochastic
regression model with pairwise negative quadrant
dependent noise.

Wavelet methods in nonparametric curve estimation
have become a well-known technique. For a systematic
discussion of wavelets and their applications in
statistics, see the recent monograph by Hardle et al.
[11]. The major advantage of wavelet method is ability
to adapt to the degree of smoothness of the underlying
unknown curve. These wavelet estimators typically
achieve the optimal convergence rates over exceptio-
nally large function spaces. For reference, see [4-6].
Hall and Patil [9,10] also have demonstrated explicitly
the extraordinary local adaptability of wavelet
estimators in handling discontinuities. They showed that
discontinuities of the unknown curve have a negligible
effect on performance of nonlinear wavelet curve
estimators.

This paper first establishes some necessary basic
mathematical background and terminology relating to
wavelets in Section 2. The main results are described in
Section 3.

2. Preliminaries

2.1. Wavelet Estimators

For any function f e L?(R), we can write a formal
expansion (see [3]):

f = Za’hvk ig.k + Zzﬂjxk'///'vk ’

kez jzigkez

where the functions

B, (x)=2°"p(2"x ~k)
and

v, (x)=2"y(@ x -k),

constitute an (inhomogeneous) orthonormal basis of
L?(R). Here ¢(x) and w(x) are the scale function and

the orthogonal wavelet, respectively. ¢(x) and w(x)
are bounded and compactly supported and [¢=1.
Wavelet coefficients are given by the integrals

= [f @), @)x, B =[f )y, .
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The orthogonality properties of ¢ and  imply:
J‘¢i0v.f1¢i0x.fz = 5/'1.1'2 !
(2.1)

iy T Jij2 !

I¢f0lel//ivfz =0, Vi, =i,

J‘l/lz‘l,jlyliz,jz =

where &, denotes the Kronecker delta, i.e., &, =1, if
i =j;and 5; =0, otherwise.

In our regression model, the mean function g is
supported on a fixed unit interval [0,1]. Therefore, we
confine our attention to the wavelet basis of [0,1]
intervals given by [2], that is, the collection of {g_
j=01..,2°"% i>i;>0, j=01.., 2/ -1}
forms an orthonormal basis of L*[0,1]. Since, in this
paper, we require vanishing moments up to N-1 for both
¢ and w (x'g(x)dx =0, k=12.., N-I;
fw(x)dx =0, k=12,..,N-1), the so-called

Coiflets will be used here. Hence, the corresponding
wavelet expansion of g(x), is

i

g(x)zzaio,jé'o,j +Zzﬂi,jl//i,j(x)l (2.2)

JeZ izigjeZ
where
o, =[g()g, ,x)de, B =[gt), dx.

An empirical wavelet expansion based on term-by-
term thresholding is given by

gx)=>a 4.,

jez (2.3)

+ZZZ:B"JV/M (x)](ﬁij >cntlogn),

izigje
where 6711 =n Zm Ym¢i,j (x,), Bl, = n_lzmyml//i,j
(x,), c is an appropriate threshold constant, and
i,>i, IS a truncating point. Note that here; a
thresholding decision is made about each term in v .

In block thresholding, the integers ; are divided
among consecutive, nonoverlapping blocks of length /, ,
say B, ={j :(k -1/, +v +1<j <kl +v}, -o<k
<o, where v is an arbitrary integer. (It simplifies
notation a little if we take v =0 which we shall do.) In
this approach, all terms involving the functions v, for
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j €B, are included in or excluded from the empirical
wavelet transform. This leads to the estimator,

g(x)= z&fo,/¢io,/

jeZ

i1 (2.4)

+Zz(zﬁ,j‘/’f,j (x ))I(EU >cn™h),

i=igkeZ (ik)

where ¥, denotes summation over ; €B, , and B,
is an estimator of the “average” value of g’ for j B, .
Let ¥, and W, be the spaces spanned by {¢,, j € Z}
and {y,, j €Z}, respectively, and let Proj, (.) and
Proj, () be the projection operators on these spaces. If
i <i, and f eV, then the coefficients of Proj, (f')
and Proj, (f) may be computed from the values of
Ifé, . jeZ, using "subband filtering schemes”
discussed by [3], chapter 5. Define

Gl.1 = ”_miym%,m-
b
Let the coefficients 0?1.']. and Bw. be given by
Projy, G)= A1,
je
and

Proij (Gil) = Zaio,j¢iu,j ,
JjezZ
and put B, , =1%,,82, . In this notation our wavelet
estimator of g is
g=24a,,4,,
jez
f-1 (2.5)

+ZZ(Z&',/‘V/1‘,/ (x ))I(éﬂ- >cn’1)_

i=igkeZ (ik)

Choice of i,,i,,/, and ¢ will be discussed in next
section.

2.2. The Class of Functions, H

Given 0O<s,<s,<N and y,C,C,,C,v 20,

we shall define a class of functions H=
H(s,,s,,7.C,,C,,C4,N v).

Definition 2.1. For given constants 0<s,<s, <N,
let H=H(s,,s,,7,C,,C,,C,,N,v) denote the class of
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functions g such that for any i >0 there exists a set of
integers S, for which the following is true:
card (S,) <C,2"7 and

1. For each j €S, there exist constants
a,=g(j12"),a,,...,ay , such that

N-1

lg(x)—Da,(x =27 /) |<C,2™™ forall

1=0

x eljl2,(+v)I2];
2. For each J &S, there  exist  constants

a4 :g(] /2[)!(111---;(11\/,1 such that

N-1

lg(x)—Da (x—2" /) |<C,27 forall
1=0
xeljl2.G+v)I2].

The function class  H(s,,s,,7.C;,C,,C5,N v)
contains the Besov class B % (C,) as a subset for all

s, <s,,7 >0 and with C, >0 depending on the choice

of the other constants. Furthermore, as pointed out in
[8], a function geH can be regarded as the

superposition of a smooth function g, from the Besov
space B;: with a function g, which may have

irregularities of different types, such as jump
discontinuities and  high-frequency  oscillations.
However, the irregularities of g, are controlled by the

constants C, and y so that they do not overwhelm the
fundamental structure of g . We refer to [8] and [1] for

more discussions about the function classes H.

Since our wavelets' support is contained in the
interval [0,1], we confine attention to the function space
H withv =1.

The following lemma which characterizes some
properties of the wavelet coefficients of g e H, is due to

[8], Proposition 3.1.

Lemma 2.1. For every function g eH(s,,s,,r,C,,
C,,C,,Nv) and our selected Coiflets, the wavelet
coefficients of g, denoted with «; ; and B, , have
following properties:

| ﬁz/ <y |, Clzii bt ifj €S,,

1B, Ky L C,27 2 ifj ¢S,
27 (j 12) g}, €27 if e,

| a;

la, , =27"g (j12') I ¢], C,27" 2 ifj ¢,
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3. Main Results

Our main theorem provides an upper bound to
convergence rates uniformly over functions in H. Since
the bound is of the same size as the minimax lower
bound, then it is optimal.

Let ¢ be a Coiflet, and w the associated wavelet,

with Daubechies number N and support contained in the
interval [0,1]. Define the indices i, and i, in terms of

N by 207t <pt@¥ <2 gnd 207 <y <2, Assume
that the errors &, in the model at (1.1) form the p -
mixing sequence of random variables which

Zp(k) <o

and identically distributed as normal N (0,0%). Put
I, =1 =(logn)* foreach i, and assume that ¢ > 4857,

0<s,<s,<N and 0<y <37 ; and that for all >0,

C _ 0 (}’l 1/(2S2+l)*}//(25'1+1)+5)
3= .

(Recall that ¢ is the threshold constant in the
formula for g .) We call these conditions (C). Hall ez al.
[8] considered model (1.1) and provided the following
theorem when ¢,,...,¢, were independent, identically
distributed (i.i.d.) normal random variables with mean 0
and variance o°. Here we extend their results when
variables ¢, forma p -dependent processes.

Theorem 3.1. If conditions (C) hold, and if the
estimator ¢ is as defined at (2.5), then for each

C,,C,>0 there exist a constant K =K (s,,5,,7,
C,,C,V ,N,v)>0 such that

SupgeH(sl,sz,y,Cl,Cz,V,N W) J.E(g,\ _g)z £ nm(K +0(1))

Proof. The proof of this Theorem is similar to that of
Theorem 4.1 of [8]. The difference is that we consider
the errors {¢,, m>1} to be a p-mixing process,

instead of i.i.d. random variables in their paper. Hence,
several technical difficulties have to be overcome.

We will break the proof of Theorem 3.1 into several
parts.

Part (a). Properties of the projection operator. As in [8]
page 42, there exists small number r, -, such that

iym 1
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a, = .[g ()4, (x )dx

1/2J' (

Loz M
= nl Zg (_) _rilm "
n

Y p(y )y (3.1)

Thus, we have

é.()=Ya,

m=1

+r,,)a,, (x)+n

iym

-1/2
zgm allm (X )

m=1

In similar way, we may write for every integer
0<i <iy,

Proj, (G,)=(B, +u, +U, v, ),

jeZ

PrOjVio (Gil) = Z(aio.i +vio./

jez

iy W (),

where u, and v, , are real numbers,

l n
Uy, =—=>8, <b,.W, >
ij /n ~ m im l//j
(3.2)

"oJ' \/725 <¢l1m'¢lol >

m=1
In the above, <f,g >=[fg is the inner product

in L°([0,1]) . In this notation, we may write

By Parseval's

PIDITEDINN

ig<i<iyjeZ jez

rlm ’l//u >
identity,

= Zr[lzm *
Hall et al. [8, p.43] showed that
z iym < Cn%’

and

3.3)

|M,~j Iscz—i(xlﬂ/Z). (34)

Because of the compact support of our wavelets,
there are at most 2"~ none zero terms of < ¢y >
I=12,..,n,andalso <¢,,

At last, let's calculate the variance of U, and V/, .

W >, 1=12,..n
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EUUZ ZE(gm)<¢1m’l//U

n =1

2 n-1 n
+= (ZZE&,{@ <B Wy > <bywy )

n o=k

2 pp?ut

=T+ 2% (k)

n =i

(3.5)

[z < ¢i1r 'l//[j ¢ 1(r+k)? l//U >]
r=k

2 2 n-
o’ 20° it

<—+ Zp(k)

n n

1
=0().
n
Similarly, we have
2 1
EV.. =O(;) (3.6)

Therefore, U, and V, ~ are both normally

distributed with zero means with variance o /n .
Part (b). Decomposition of the quadratic risk.
Observing that the orthogonality (2.1) implies that

E|§—g|§=T1+T2+T3+T4, (3.7
where
T=22.5
i=ijjeZ
T, = ZE(&[” —&; )? = E?PFO]’V‘O (éil _g)?g’
jez

T, =S SEUB, >0 (B, -5,

i=igkeZ (ik )
i-1
= ZZE{I(BI,( >n C)Z(ul/ _Ul,) }
i=igkeZ (ik)
i-1 R
T,=Y >P(B,<n'c)> S
i=ighkeZ (ik )

The remainder of the proof consists of bounding
T,..T,.
Bound for T;: By Considering Equation (5.5) of [8]
T,=0(n™"). (3.8)

Bound for T,: From the definition of ¢, ;, (3.3) and

Doosti and Niroumand
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(3.6), we have

201 201

_ 2 2
T3 - zvfoj + ZEVfof
=0 i=0

25y

<Cn® 4 pitig? (3.9
=0(n*).
Bound for Tj;:

-1

T, =Y SE{UB, >n'e)Y w, -U,)’}

i=igkeZ (ik)

< 223 SE{(B, >nc)YU}

icigkez (i) (3.10)
-1
+22 ZE{I (B >n C)ZMU
i=igkeZ (ik)
=2, +2T;

It follows from (3.3) that

ip-1 ip-1 257

T,)'< ZZZMUZ < ZZuUZ <Cn?", (3.11)
i=ig k (ik) i=ig Jj

Thus, we only need to bind 7, . Let i —1 denote the

integer part of the base-2 logarithm of »"*:™: thus,
27 is of the optimal order for a bandwidth in kernel
estimation of a function of known smoothness s,. Put

By =17 (B, +uy)’,
length. As in [8] page 44, we may split 7,/ into several
parts:

where [ =/, denotes block

Ty =Ty +Tg +Ts +Ts,, (3.12)

where

Ty = iZE{[ (éik > ”710)2(][,2-}7

i=igkeZ (ik)

ip-1

=y ZE[I(B >ne)[(B, >(2n)"c)D U/,
i=i+lk €S, (ik')

-1

=y ZE[[(B >ne)[(B, >(2n)"c)D U,
i=i+1k &S, (ik)

ip-1

=> ZE[I(B >ne)[(B, <(2n)7¢)Y U]
i=i+lkeZ (ik )

From (3.5), we have
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Ty < ZZZE(U,, )

i=ig k (ik)

SC}fliZ’zil

i=ig j=0

(3.13)

=0 (n*").

By considering Equations (5.10) and (5.11) of [8]
page 45 we have

T, =0(n™"), (3.14)

33 :O(nﬁ)- (3.15)

By Lemma 3.1 below, we can show that for all
A>0,

=0(n™"). (3.16)

Lemma 3.1. Let the integer n be large enough. Then

for all integers i,k , and forall t >0,

P{ZU; > In(L+t)2 <e ™2
()

Proof. Let A={a=(a,...q))eR’ : ¥} a’ =1} Note
that for all integer i and % , we have

QU 12=sup Za U,. (3.17)

i) ach j=1
Consider  the centered  Gaussian  process
{Z (a),a € A} defined by Z (a) =3} _a,U, . Firstly, by

the Cauchy-Schwarz inequality, Jenson's mequallty and
(3.5), we have

E(supZ (@) < E{QU2)"
ach 21 (3.18)

<(lo?In)"2

Secondly, for every a € A, we have

E(Z(a)) = ZafE(U;)

-1 1
+22 Z a,a,EU,U,)

J=lk=j+1

(3.19)

=J,+J,.

By an argument similar to that for proving (3.5), we

Doosti and Niroumand
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can show the following inequalities:

1)1

!
=2 < B 2y >
= =l

n -

J, <

1
<LoSuy,” (3.20)
n j=1
1 !
<— a
2 !
‘]2 S_Z Za‘/a/
=V
n-1 n
{z z p(mz_ml)
my=lmy=my+1
<¢[1mll//[j >< ¢i1m2l)yij’}
2 !
<=ya? (3.21)
nja

{i Zn: p(my,—m,)

my=lmy=my+1

< ¢[1mll//[j >< ¢i1m2l//ij}

-0,

In deriving the first inequality, we have used the fact
that ¢ and y are supported on [0,1]. Again (3.20) and

(3.21) together yield

D? =supE(Z (a)*) = 0(—)

achA

(3.22)

Now we denote m =E(sup,_, Z (a)). It follows

from Borel's inequality, (3.18) and (3.22) that for all
u>2m,

(u —m)
2D’

P{sup Za U, zu}<exp{-

aeA =1

}
(3.23)

2

2t

<exp{- ZZ

The lemma follows on taking u? = it*c* I n .
Bound for T, As to the last term, we may write
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i-1

T, <Y S P(B, <n’cand B, 22n7c)Y

i=igk S, (ik)

+ Z ZP(b;[k <n’'cand B, > Zn’lc)Zﬂ;
i=ighk S, (i)
i' ~

+ ZZP(Bfk <n“cand B, < Zn’lc)Zﬂ;
i=igkeZ (k)
i1 .

+ > > P(B, <n’'cand B, <2n7'c)) 3
i=i'+lkeS, (ik)
i1 .

+ z ZP(B,.k Sn_lczp’;
i =i'+1k ¢S, (k)

=Ty +T 5 +T 3 +Ty +T .

As in [8] page 47 we could show

I o
w=0(n""),
(7o
T,=0(n""),
VR

Ty=0(n""),
(7o
T, =o(n**"),
25y

Ty =0(n>").

This in conjunction with (3.8)-(3.16), gives Theorem
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