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1. Introduction 
The problem of determining unknown parameters in 

a parabolic partial differential equation has been treated 
previously by some authors [2,4]. In some applications 
the boundary conditions are not all linear [3,6-9], and 
the diffusivity is not constant [1]. Moreover, it may 
happen that the source-function is also unknown and 
one has to determine it from some suitable overspecified 
boundary conditions [5]. 

A very powerful method for solving partial 
differential equations is reducing them to a system of 
integral equations [1]. 

In this paper, we consider the following inverse 
problem: 
Suppose T is a given positive constant, ({ ,xDT =  
) }Ttxt <<<< 0,10 , a is a given positive continuous 

function of time defined on the interval  with a 
positive minimum A, g and h are given piecewise- 

 

[ T,0 ]

Keywords: Parabolic equations; Inverse problems; Over-
specified conditions; Diffusivity; Volterra integral equations 
continuous functions, s is a given continuously 
differentiable function, and l is a given two times 

continuously differentiable function, each defined on 
appropriate domains. We are seeking the functions u, f, 
G and H such that satisfy the following conditions: 

( ) ( )( ( ) ( ))
Ttx

tftxutatxu xxt

<<<<
+=

0,10
,,,

 (1.1) 

( ) ( ) 10,0, ≤≤= xxlxu  (1.2) 

( ) ( ( )) TttuGtu x ≤≤= 0,,0,0  (1.3) 

( ) ( ( )) TttuHtu x ≤≤= 0,,1,1  (1.4) 

and the overspecified conditions: 

( ) ( ) Tttgtux ≤≤= 0,,0  (1.5) 

( ) ( ) Ttthtux ≤≤= 0,,1  (1.6) 

( ) Tttstu ≤≤=⎟
⎠
⎞

⎜
⎝
⎛ 0,,

2
1

( )tx,

 (1.7) 

It is clear that for any given functions f, a, g, h, s, G 
and H there may be no function u  satisfying all of 
the conditions (1.1)-(1.7). However, for any given 
piecewise-continuous functions f, g and h the problem 
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(1.1), (1.2), (1.5) and (1.6) has a unique solution ( )txu , . 
Now we give the following definition: 
If for some choice of the functions f, G and H the 

solution  to the problem (1.1), (1.2), (1.5) and 
(1.6) also satisfies (1.3), (1.4) and (1.7), then we call the 
quadruple (u, f, G, H) a solution to the inverse problem 
(1.1)-(1.7). 

( txu , )

A physical interpretation for such a problem arises 
from the one dimensional conduction of heat in a 
homogeneous bar of unit length, one end located at the 
origin, when the diffusivity is not necessarily constant, 
and the source-function is an unknown function of time. 
For given functions l, g, h, and s there exist suitable 
source-function f and suitable radiation terms G and H 
such that the overspecified problem (1.1)-(1.7) is 
satisfied. 

In section 2 we construct a system of Volterra 
integral equations equivalent to the direct problem and 
prove the existence and uniqueness of the solution to 
this system, then we prove the existence of solution to 
the original problem. The uniqueness of the solution 
will be considered in section 3. In section 4 we prove 
the stability of the solution. 

 
2. Existence  

In this section, we consider the problem of 
determining a solution (u, f, G, H) of problem (1.1)-
(1.7). For this purpose, we introduce the following 
transformation 

( ) ( )∫==
t

dyyatz
0

τ . (2.1) 

Since 

( ) ( ) 0>=′ tatz  (2.2) 

z is an increasing function of t, and has an inverse w. By 
inverse function theorem w is differentiable and 

( ) ( )( )[ ] ( )( )( )

( )
( )Tz

ta

wawzw

<<

==′=′ −−

τ

τττ

0,1

11

 (2.3) 

Now, putting 

( ) ( )( ττ wxuxU ,, = )  (2.4) 

we have 

( ) ( )( ) ( )( )( )
( )

( )

( ) ( ) ( ) ( )( ).,,

,1,, 1

ττ

ττττ

wfxUtftxu

txu
ta

wawxuxU

xxxx

tt

+=+=

== −

 (2.5) 

By putting the problem (1.1)-(1.7) in terms 
of  becomes 

)(1 TzT =
( τ,xU

( ) ( ) ( )( )

10,10
,,,

Tx
wfxUxU xx

<<<<
+=

τ
ττττ  (2.6) 

( ) ( ) 10,0, ≤≤= xxlxU  (2.7) 

( ) ( )( ) 10,,0,0 TuGU x ≤≤= τττ  (2.8) 

( ) ( )( ) 10,,1,1 TUHU x ≤≤= τττ  (2.9) 

and the overspecified conditions 

( ) ( )( ) 10,,0 TwgU x ≤≤= τττ  (2.10) 

( ) ( )( ) 10,,1 TwhU x ≤≤= τττ  (2.11) 

( ) .0,,
2
1

1TsU ≤≤=⎟
⎠
⎞

⎜
⎝
⎛ τττ  (2.12) 

Now putting 

( ) ( )( ) 10, TwfF ≤≤= τττ  (2.13) 

and 

( ) ( ) ( ) 10
0,10,,, TxdFxvxU ≤≤≤≤+= ∫ τηηττ

τ
 (2.14) 

in terms of v we have 

( ) ( ) 10,10,,, Txxvxv xx <<<<= ττττ  (2.15) 

( ) ( ) 10,0, ≤≤= xxlxv  (2.16) 

( ) ( )( ) 10,,0,0 TvGv x ≤≤= τττ  (2.17) 

( ) ( )( ) 10,,1,1 TvHv x ≤≤= τττ  (2.18) 

( ) ( )( ) 10,,0 Twgvx ≤≤= τττ  (2.19) 

( ) ( )( ) 10,,1 Twhvx ≤≤= τττ  (2.20) 

( )( ) 10,,
2
1 Twsv ≤≤=⎟

⎠
⎞

⎜
⎝
⎛ τττ  (2.21) 

so v specially satisfies 

( ) ( ) 10,10,,, Txxvxv xx <<<<= ττττ  (2.22) 

( ) ( ) 10,0, ≤≤= xxlxv  (2.23) 

( ) ( )( ) 10,,0 Twgvx ≤≤= τττ  (2.24) 

( ) ( )( ) 10,,1 Twhvx ≤≤= τττ  (2.25) 

Now we extend the function l to a bounded and 
continuous function with the same name which has 
compact support, and put 

( ) ( ) ( )∫
∞

∞−
−= μμτμτ dlxkxp ,,  (2.26) )
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where ( )
⎭
⎬
⎫

⎩
⎨
⎧−=

t
x

t
txk

4
exp

4
1,

2

π
 is the fundamental 

solution of the heat equation. Since ( ) ( ),,, txktxk xx −=−  
the problem (2.22)-(2.25) has a solution of the form 

( ) ( ) ( ) ( )

( ) ( )∫
∫
−−+

+−−=

τ

τ

ηηψητ

ηηφητττ

0

0

,1

2,2,,

dxk

dxkxpxv
 (2.27) 

if and only if [1] 

( ) ( )( ) ( ) ( ) ( )∫ −+−=
τ

ηηψηττττφ
0

,12,0 dkpwg xx  (2.28) 

and 

( ) ( )( ) ( ) ( ) ( ) .,12,1
0∫ −+−=
τ

ηηφηττττψ dkpwh xx  (2.29) 

This is a system of Volterra integral equations of the 
second kind. Putting 

( ) ( )( )
( ) ( )( )

( ) ( )

( ) ( )
( )ηψ

ητητπ

ηψητ
ηφηψητ
ηψηφητ

⎭
⎬
⎫

⎩
⎨
⎧

−
−

−

−

=−
=
=

4
1exp

2

1
,12

,,,
,,,

2
3

2
1

2

1

xk
H
H

 (2.30) 

and noting that the relation ( ) αα <−1exp  is satisfied for 
any positive number α, we have 

( ) ( )( ) ( ) ( )( )
( ){ },,

,,,,,,

2121

222111

TTL
HH

ψψφφητ
ηψηφητηψηφητ

−+−≤

−
 (2.31) 

where 

( ) ( ) τηητ
π

ητ <<−=
−

0,2, 2
1

2
1L  (2.32) 

Now, since 

( ) ( ) ( 12122 2
1

2
1

2

1

4, τταττ
π

ηητ
τ

τ
−=−=∫ dL )  (2.33) 

α is an increasing function and 

( ) 0lim
0

=
→

τα
τ

 (2.34) 

the system (2.28), (2.29) has a unique and stable 
solution  [1]. Having found ( ψφ , ) φ  and ψ  we obtain 

( ) ( ) ( ) ( )

( ) ( ) ( )∫∫
∫

+−−+

−−=

ττ

τ

ηηηηψητ

ηηφητττ

00

0

,12

,2,,

dFdxk

dxkxpxU
 (2.35) 

and noting that , from (2.12) 
and (2.35) and (2.35) we find 

( ) ( ητητ −=−− ,, xkxk

( ) ( )( )

( ) ( ){ }∫

∫
−⎟

⎠
⎞

⎜
⎝
⎛ −+

⎟
⎠
⎞

⎜
⎝
⎛−=

τ

τ

ηηψηφητ

ττηη

0

0

,
2
12

,
2
1

dk

pwsdF
 (2.36) 

and since 

( ) ( ) ( ) ( )∫∫ −−=−
∂
∂ τ

η
τ

ηηητηηητ
τ 00

,, dzxkdzxk  (2.37) 

differentiating (2.36) with respect to τ, using (2.26) and 
integrating by parts we find 

( ) ( )( ) ( )

( )

( ) ( ){ }∫

∫
−⎟

⎠
⎞

⎜
⎝
⎛ −−

′′⎟
⎠
⎞

⎜
⎝
⎛ −−

′′=
∞

∞−

τ
η ηηψηφτμ

μμτμ

τττ

0
,

2
12

,
2
1

dk

dlk

wwsF

 (2.38) 

and so 

( )
( )

( )

( ) ( )

( ) ( ) ( ){ }
( )

.,
2
1

,
2
1

1

0∫

∫
−⎟

⎠
⎞

⎜
⎝
⎛ −−

′′⎟
⎠
⎞

⎜
⎝
⎛ −−

′=

∞

∞−

tz
dtzk

dltzk

ts
ta

tf

ηηψηφη

μμμ

η

 (2.39) 

Moreover from (2.36) we find 

( ) ( ) ( )

( )( )

( ) ( )

( )τ

ηηφητητ

ττ

ηηψητηττ

τ

τ

,

,
2
1,2

,
2
1

,
2
1,12,

0

0

xp

dkxk

wsp

dkxkxU

+
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛ −−−−

+⎟
⎠
⎞

⎜
⎝
⎛−

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛ −−−−=

∫

∫

 (2.40) 

thus 

( ) ( )( ) ( )
( )

( )

( )

( )( ) ( )
( )

( )

( )( ) ( )tstzxp

dtzktzxk

tzp

dtzktzxktxu

tz

tz

++
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛ −−−−

⎟
⎠
⎞

⎜
⎝
⎛−

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛ −−−−=

∫

∫

,

,
2
1,2

,
2
1

,
2
1,12,

0

0

ηηφηη

ηηψηη

 (2.41) 

finally from (1.5), (1.6) and (2.41) we obtain 

)
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( )( ) ( )( ) ( )
( )

( )

( )

( )( ) ( )
( )

( )

( )( ) ( )tstzp

dtzktzk

tzp

dtzktzktgG

tz

tz

++
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛ −−−−

⎟
⎠
⎞

⎜
⎝
⎛−

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛ −−−=

∫

∫

,0

,
2
1,02

,
2
1

,
2
1,12

0

0

ηηφηη

ηηψηη

 (2.42) 

( )( ) ( )( ) ( )
( )

( )

( )

( )( ) ( )
( )

( )

( )( ) ( ).,1

,
2
1,12

,
2
1

,
2
1,02

0

0

tstzp

dtzktzk

tzp

dtzktzkthH

tz

tz

++
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛ −−−−

⎟
⎠
⎞

⎜
⎝
⎛−

⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛ −−−=

∫

∫

ηηφηη

ηηψηη

 (2.43) 

If we assume that both of functions g and h are 
bounded and invertible on , then putting 

 and , equations (2.42) and (2.43) 
yield, respectively 

Tt <<0
( )tgm = ( )thn =

( ) {
}

{
}

)))((,21()))((,0())((
)()))((,21(

)))((,0(2

)()))((,21(

)))((,1(2

111

1

))((

0
1

1

))((

0
1

1

1

mgzpmgzpmgs
dmgzk

mgzk

dmgzk

mgzkmG

mgz

mgz

−−−

−

−

−

−

−++

−−

−−

−−

−=

∫

∫

−

−

ηηφη

η

ηηψη

η

 (2.44) 
and 

( ) {
}

{
}

)))((,21()))((,1())((
)()))((,21(

)))((,0(2

)()))((,21(

)))((,0(2

111

1

))((

0
1

1

))((

0
1

1

1

nhzpnhzpnhs
dnhzk

nhzk

dnhzk

nhzknH

nhz

nhz

−−−

−

−

−

−

−++

−−

−−

−−

−=

∫

∫

−

−

ηηφη

η

ηηψη

η

 (2.45) 

The above discussion shows the existence of the 
solution to problem (1.1)-(1.7) under the assumption 
that g and h are invertible. 

 
3. Uniqueness 

To prove the uniqueness, we consider again, the 
problem (1.1)-(1.7), and suppose this problem has two 
sets of solutions (u1, f1, G1, H1) and (u2, f2, G2, H2). Then 
the equivalence of the problems (2.22)-(2.25) and the 

system of integral equations (2.28), (2.29), and the 
uniqueness of the solution to this system of integral 
equations proves that  and  [1]. 
So we must only prove the uniqueness of G and H. For 
any 

021 =−uu 021 =− ff

Tt ≤≤0 , we have 

( )( ) ( )( ) ( ) ( )

( ) ( ) 0,0,0

,0,0

21

2
2

1
121

=−−

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

−⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=−

tutu

t
x

uGt
x
uGtgGtgG

 (3.1) 

and 

( )( ) ( )( ) ( ) ( )

( ) ( ) 0,1,1

,1,1

21

2
2

2
121

=−−

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

−⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=−

tutu

t
x

uHt
x

uHthHthH

 (3.2) 

So G1 and G2 are equal on the range of g. Similarly 
H1 and H2 are equal on the range of h, and the 
uniqueness of the solution to (1.1)-(1.7) is proved. 

 
4. Stability 

In this section we prove the stability of the solution 
to (1.1)-(1.7). Suppose that (u1, f1, G1, H1) and (u2, f2, 
G2, H2) are solutions to (1.1)-(1.7) for the given data (l1, 
g1, h1, s1) and (l2, g2, h2, s2), respectively. Then (2.41) 
yields 

( ) ( ) ( )( )

( )
( )

( )
( ){ }

( ) ( )0
21

0
21

0
21

0
21

21

2

4,, 2
1

T

TzTz

ssll

Tztxutxu

−+−+

−+−

≤−

∞

ψψφφ
π

 (4.1) 

Similarly we have 

( )( ) ( )( ) ( )( )

( )
( )

( )
( ){ }

( ) ( )0
21

0
21

0
21

0
21

2211

2

4
2
1

T

TzTz

ssll

TztgGtgG

−+−+

−+−

≤−

∞

ψψφφ
π

 (4.2) 

and also 

( )( ) ( )( ) ( )( )

( )
( )

( )
( ){ }

( ) ( )0
21

0
21

0
21

0
21

2211

2

4
2
1

T

TzTz

ssll

TzthHthH

−+−+

−+−

≤−

∞

ψψφφ
π

 (4.3) 

where for any bounded function h belonging to 
( )[ ]α,0nC  we define the functional norm 

( ) ( )( )∑
= ≤≤

=
n

k

k

z

n zhh
0 0

sup
α

α  (4.4) 
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and also for any bounded  function l defined on 
 we define the functional norm 

nC
( ∞−∞, )

( ) ( )( )∑
= ∞<<∞−

∞ =
n

k

k

z

n zll
0

sup . (4.5) 

So from the stability of the solution to (2.28) and 
(2.29) we deduce the stability of the solutions for u, G, 
H. 

Finally we note that for any nonzero x and any 
positive t the relation 

( ) 3
70,
x

txkt <  (4.6) 

is satisfied [9]. Specifically for 2
1=x  we obtain 

560,
2
1

<⎟
⎠
⎞

⎜
⎝
⎛ tkt  (4.7) 

So if a(t) has a positive minimum A on , from 
(2.39) we have 

Tt ≤≤0

( ) ( ) ( )

( )
( )

( )
( ){ }

( ) ( )2
21

1
21

0
21

0
21

21

1

1120

∞−+−+

−+−

≤−

llss
A

Tztftf

T

TzTz ψψφφ  (4.8) 

and the stability of the solution to (1.1)-(1.7) is proved. 
We summarise the above results in the following 

theorem: 
Suppose l is a two times continuously differentiable 

function which is defined on , a, s, g and h are 

given functions on 

10 ≤≤ x

Tt ≤≤0 , g and h are piecewise-
continuous, s is continuously differentiable, and a is a 
continuous function which has a positive minimum A. 
Then there exist unique functions u defined on DT, f 
defined on Tt ≤≤0  and unique functions G and H, 
where the domains of G and H include the ranges of g 
and h, respectively, and satisfy the problem (1.1)-(1.7). 
Moreover this solution is stable. 
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