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Abstract

In this paper we define w-independent (a weak-version of independence),
Kronecker and dissociate sets on hypergroups and study their properties and
relationships among them and some other thin sets such as independent and Sidon
sets. These sets have the lacunarity or thinness property and are very useful
indeed. For example Varopoulos used the Kronecker sets to prove the Malliavin
theorem. In the final section we bring some examples and find w-independent and
dissociate sets on a compact countable hypergroup of Dunkle and Ramirez, the
dual Chebychev polynomial hypergroup, and some other polynomial hypergroups

from Lasser.
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1. Introduction and Notation

Hypergroups were introduced by Dunkl [2], Jewett
[10], and Spector [17] in early 70's, although some
similar structures had already been studied (see [15],
[1]). Since then some aspects of harmonic analysis on
groups have been generalized to hypergroups. Our aim
in this paper is to study some special subsets of
hypergroups and dual hypergroups that have lacunarity
or thinness property and have many applications in
harmonic analysis and related topics. In a series of
papers [19-21], Vrem has studied lacunarity on
hypergroups. Also C. Finet has extended some results
about Riesz, Nicely placed, Shapiro and Rosenthal sets
to the duals of compact hypergroups [4]. In this paper,
we introduce the notion of @—independent sets on
hypergroups which is the extension of both of

independent sets on hypergroups [21] and independence
property on groups. For a group G , a subset S of G
is called independent if for every distinct elements
X,,....x, of § and every integers k,,...k,, the

equation x,*..x " =e implies x;* =...=x % = ¢ [9].

For a compact commutative hypergroup K , a subset
E of ', the dual of K , is called independent by Vrem
[21], if 1¢ E and for any finite subset F ={&,....& }

of E :
(i) foreach Ee EVF, (F)N(&) ={1}; and

(¢1) forall y, e(fi) (@ =1.,n), {y}*..x{w, } is
asingletonin I".

Although such an independent subset of I" does not
necessarily belong to the center of hypergroup and in
the case of I" being a group this definition coincides
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with the definition of independent subsets of groups, if
I" is only a hypergroup the property (ii) of the above
definition is quite restricted. By an @ — independent we
mean an independent set which is not confined by (i)
(definition 2.2(a)). As in example 4.4, E ={0,—3} is an
o — independent subset of dual Chebychev polynomial
hypergroup of the first kind, and the center of this
hypergroup is {+L-1}. So in general an
w— independent set does not necessarily intersect the
center of the hypergroup. Theorem 2.9 implies that in
some hypergroups there are infinite @ — independent
sets that are not independent. Then @ — independence
property properly contains independence property (see
proposition 2.3).

One of the main results of the section 2 is that every
o —independent subset of I with elements of infinite
order is a Sidon set. (A subset £ < K is called a Sidon
set if there is a constant B  such that

zyer If ()< B If ||, for every E -polynomial f on

K [19]) In the sequel we define and study the
Kronecker sets on hypergroups and show that under
certain conditions, an @—independent set is a
Kronecker set. These sets have been defined and named
K, —sets by Hewitt and Kakutani [8] and then Rudin

called them Kronecker sets on groups [16]. In particular,
most recently & -Kronecker and 7, sets in abelian

groups have been studied in a series of papers [5-7]. We
go further and introduce dissociate sets on duals of
hypergroups and by using the Riesz products for
hypergroups [21] we are able to prove some results on
bounded dissociate sets. As a corollary we see that
every bounded strongly asymmetric dissociate set is a
Sidon set.

In the final section we bring some examples and find
w—independent and dissociate sets on a compact
countable hypergroup of Dunkle and Ramirez [3], the
dual Chebychev polynomial hypergroup, and some
other polynomial hypergroups from Lasser [13].

The main references for definitions and properties of
hypergroups are [10] and [1]; see also [14].

Notations. Let K be a locally compact Hausdorff
space. We denote by M (K ) the space of all finite

Borel measures on K, by M (K) the set of all
positive measures in M (K ), and by o, the Dirac
measure at the point x . The space K is a hypergroup
if there exists a binary mapping (x,y ) &, *5, from
K xK M*(K) the
conditions,

into satisfying following
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(1) The mapping (6,,9,) o, *6, extends to a
bilinear associative operator * from M (K)xM (K)
into M (K ) such that

[ faQuevy=] [ [ fd(S, *8,)du(x)dv(y)

for all continuous functions f* in C,(K).
(2) For each x,y € K, the measure S, *J, is a

probability measure with compact support.
(3) The mapping (u,v)+— w*v is continuous from

M*(K)xM *(K)
M " (K) being the cone topology.
(4) There exists eekK

=0 =0, %9, forall x e K.
(5) There exists a homeomorphism involution

x —x~ from K onto K such that, forall x,y ek,

we have (6, *J, )‘:§v, *6 _ where for peM(K),

into M *"(K); the topology on

such that &, *o,

p is defined by
[ f@du©) =] 1@ )dute),
and also,
e esupp (6, *o,)ifandonly if y =x",
where supp (6, *6,) is the support of the measure
5, %5, .

(6) The mapping
continuous from K xK

(x,y) > supp(o, *6,) s
into the space C(K) of
compact subsets of K, where C(K) is given the
topology whose sub-basis is given by all

C,, ={4eC(K):ANU #Dand 4 cV'}
where U, V are open subsets of K .

Note that 6, *&, is not necessarily a Dirac measure.
The Z(K)={x €K :
supp (6, *0,) is a singleton} is called the center of

set for al yek,

hypergroup. Then Z(K) with (x,y)—>x*y is a
locally compact semigroup and a group if K is
commutative (x *y =z means o, *6, =0., where
x,y €Z(K)). A hypergroup K is commutative if
0, %6, =0, %0, forall x,y in K . Let us first recall

some properties of locally compact commutative
hypergroups. Such a hypergroup K carries a left Haar
measure m such that 6, *m =m for all x e K [18].
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If x,yeK, for a Borel on K,

Flx*y) =Ide (5, *8,) . A complex-valued continu-

function f

ous function & on K is said to be multiplicative if
E(x xy)=&(x)E(y) holds for all x,yeK. A
multiplicative function & on K is called a character if

E(x7)=&(x) forall x in K . Thedual T=K of K

is the space of all characters of K . T" is not necessarily
a hypergroup. A hypergroup K is called strong if its
dual T is also a hypergroup with complex conjugation
as involution, pointwise product as convolution, that is

n)x(x)=[, &x)ds,*5,(8)

for all n,;gelf and x € K , and the constant function
1 as the identity element, and I =K , where T is the

dual of T'.
For pueM (K), the Fourier-Stieltjes transform 4

of u is defined by
&) =] E() ul). (£eT).

Similarly the Fourier transform f of a function
f eL'(K) is defined as

f@ =] &y @)m(),

where £eT.

Throughout this paper K is a compact commutative
strong hypergroup.

For a subset E of K, the closed subhypergroup
generated by E i.e., the intersection of all closed

subhypergroups of K contains E , is denoted by (E).
If x,yek and A,BcK we  denote

Gy y=supp(8, 8,), 4+ =] _, &30,
Y =fe}, &Y =G3efe¥t and L} =f Y for

a positive integer n . The sets of natural numbers,
integers, non-negative integers, non-positive integers,
and complex numbers with absolute value one are
denoted by N, Z, Z", Z  and T, respectively. Then
for every subset o(x) of n+n',

(B) =&} #&)" ol )" ()" in, e 2
neZ, keN, & eE}

Almost periodic functions on hypergroups have been
studied in [11]. We denote the set of all almost periodic

functions on m'eZ~ by k=m+m' and by
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eecf{x}" #{x}" the space of all bounded linear
operators on 4P (I") with strong operator topology. The
function n+n'>0 is defined by r,s , where 0<s <r
(n+n'=rk +s). ecfx}" *{x}" is not an algebra in
general. In fact if eec{x} *{x}" is a hypergroup
compactification of then (- +n')
+(—rm'+n)=s is an algebra and o(x) (for more
details we refer to [11]).

O0<s<r

2.s =0 Independent and Kronecker Sets

First we extend the usual definition of order of an
element of a group to elements of a hypergroup.

Definition 2.1. Let o(x). If there exist n eZ* and
n'eZ such that o(e)=1 and o(x)=o0(x"), then we
define the order of o(a) =1 by

o(x)=min{|ln+n'|:neZ" n'eZ,
n+n'#0eecfxy *{x}}

Otherwise we say K has infinite order and denote
—.

Remark. As in the group case it is not difficult to see
that if neZzZ', n'ez, n+n'#0 and
ecfx} «{x}" then o(x) divides n+n'. For, if
o(x)=k (k is nonzero), then by above definition
there exist m € Z* and m'eZ" such that k =m +m’
and eef{x}" *{x}". If n+n'>0, then by division
algorithm there exist non-negative integers r,s such
that 0<s<r and n+n'=rk+s.  Since
ecfx}" +{x}" and eefx} ={x} we have
e A 4 B e R O L A S ) S
But 0<s<r and (—rm+n')+(—rm'+n)=s, so by
definition of o(x), s =0. Thatis o(x) divides n+n'.

Also we can easily see that o(e)=1 and
o(x)=o0(x"). But there are some differences too. For
instance, in the finite hypergroups 9.1B, 9.1C and 9.1D
of [10] we have o(a) =1, while a is not the identity e .

If K is a locally compact commutative group the
following definitions of @ — independent and Kronecker
sets correspond to the definitions of independent and
Kronecker sets in the group case given in [9].

Definition 2.2. (a) A subset E of K is called
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w—independent set if for every choice of distinct

elements x,,..,x, of E, non-negative integers
n,,...n, and non-positive integers p'y,...n's, the
inclusion e efo ¥ # o Frrr o P o P

implies e e{x . }" *{x,}"" (i =1....k ).
(b) A subset E of K is called a Kronecker set if for
every continuous function f on E with |f |=1 and

every ¢>0, there exists &eI' such that

fx)-Slx)l<e (x €E).

Proposition 2.3. Every independent subset of I" is also
o — independent.

Proof. Let E be an independent subset of T". Then
1¢ E , and for any finite subset F ={&,...,&, } of E :

(i) foreach £ E\F, (F)N(&)={1}; and

(i) forall v, (&) (i =L..k), {w}*.*{yw}
isasingletonin I".

Let Lle{&} +{E} . {5 ¥ & ¥"
ny,..n, € Z"and p'y...n'y € Z . Then for some
(unique) w, e{&Y =&Y (i =L..,k) we have
le{pd.*{y,} and by (i), {B={m}*..*{p,}.
For any subsets 4,8 of I', 1e A~ *B if and only if
ANB = [7, 41.A]. Hence v e{w,}*..x{y,},
and so by (i), y, =1. Similarly w, =1 for i =2,..,k

where

and the proof is completed. o
We have an interesting result on real hypergroups.

Theorem 2.4. For K := R or [0,1] let (K,*) be a
hypergroup  such that for every
supp (S, *5,) contains at most two points. Then (K, *)

contains an infinite @ — independent set.
Proof. In the case K =R, (K,*) is isomorphic to one

of the following hypergroups:

x,y ek,

(i)  cosh -hypergroup R* together with the
convolution defined by
5 %S = cosh(r—s) cosh(r +s)
" 2coshrcoshs "' 2coshr coshs

where r,s € R*, and identity as involution; or
(1) hermitian one-dimensional hypergroup (R*,*)
=15 +16.. ,[1, Theorem

= 2 Yr-s| 2 r+s !

with convolution o, *6,

3.4.28].
In the case K =[0,1], (K,*) is isomorphic to

(iii) the (double-coset) hermitian one-dimensional

Medghalchi and Tabatabaie

162

J.Sci. . R. Iran

hypergroup  ([0,1],*) with convolution given by

0,%0, =50, +30,,, Where rse[0]1], I[1,
Theorem 3.4.21].

Hence it is enough to establish the existence of
infinite @ — independent sets in these three hypergroups.

In the both hypergroups (i) and (i),
{r}y{s}y={r-sl,r+s} (r,s eR"). Then we can
gasily see that for every r,s eR",

{r}" ={0,2r,4r,..,mr} and {s}' ={s,3s,5s,...,n5}

and also O0e{r}" *{s} if and only if
Le{d. st 2,2}, where n,m are

odd and even integers, respectively. Similarly for m,

n odd, O0e{r}" *{s} if and only if
Le{l3..n,3.3 508 22, £} So if

at least one of the integers n,,...,n, is odd, we have
Oe{n}" =..x{r,} if and only if there exists
(a,....a, ) #(0,...,0) in Zsuch that a, +..+a,r, =0.

Therefore for any non-negative non-algebraic number
¢ eR and every distinct elements 7,..r, in

S ={¢.¢%¢%,. Y, 0e{r} «...+{r,}" if and only if
ny,...n, are all even. So 0e{r}" *..x{ }* implies
0e{n}",...0e{r,}*, and this shows that S s
@ — independent.

In the hypergroup (iii ) , every element of {r}" is of
the form a+br, where r €[0,1], ne Z*, abe Z
In general, every element of {rn}" *...x{r, }"* is a linear
combination of #,...,r, with integer coefficients. This
implies that for any non-algebraic 7 €[0,1] and odd
integer n we have 0¢{r}". Hence for every distinct
elements 7,...r, in T ={n,7°,n°,..} and integers
ny,enn, , 0e{n} = +{r,¥"* if and only if n,,...,n,
areall evenandso 0e{r,}" (i =1...,k ). Therefore T

is w— independent. i

Remark. The sets S and 7 introduced in the proof of
theorem 2.4 do not satisfy in the condition (ii) of
independent sets and so are not independent.

Theorem 2.5. Every @ —independent set £ <" with
elements of infinite order is a Sidon set.

Proof. We will prove the condition (v) of the
equivalence 2.2 in [19]. For this, let F ={y,...,», } bea
finite subset of E and consider
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f = Zleai}/i eTrig, (K), where a,,...,a, are complex
numbers and Trig,(K) denotes all the trigonometric
polynomials on E . Then by orthogonality of characters

- la, | K, if &=y, (i=L...;n),
AGIS .

otherwise,
where K, = .[de . We have
K, = [r()7(c)dm (x)

= [[&)dm (x)d 5, *5,() = (5, *5,)AB),

and so

7. =117 @ 1dm@) =3

la, |K, :
=Y la, .
=6, o)W =
PUt Al ZZRe(ai)ZORe(ai)’ A2 =zRe(ai)<0|Re(ai)|’

A= o dmla) and A =3 [Im (@) ]
Then

Dla, <Y |Re(a,)|+|Im(a,)|< 4max{A,,...A,}
i=1 i=1

Let 4, =max{4,,...,4,}, (proofs in the other cases
are similar). For i =1..,n, if Re(q,)>0 we take
x, =e.|If Re(a,)<0, since j;/l.dm =0 and 7, (e) =1,
there exists some v in K such that Re(y, (v))<0.
Choose x, e{v,v "} such that Im(a,) and Im(y, (x,))

have different signs. So if Re(q,)=0 then
Re(a,.y,(x,))=Re(a,),and if Re(a,) <0 then

Re(a[ e (x[)) :Re(a[ )Re(yi (xi))

—Im(a,)Im(y,(x,)) 2 0.
Hence
Al SR@(Zai ‘}/[ (x[))'
i=1
Claim: there exists an x K such that

vi(x, )=y, (x), forall i =1...k .

To prove this claim, first note that the function ¢
defined on (F) by (p(rf)zl_[f:l()/[ (x,))" ", where
AR Z- (i=1..,k)
Selny  *n¥ =¥ +{n ¥, is well-defined,

n, € n'i € and

163

because if for other integers m, € Z" and m'; € Z~
we also have ¢&e{y}™ *{71}'"'1*---*{7;{}"” *@k}m’k
then
16{71}"1 *{7/1}"’1 **{7k ¥ *{7k }n’k *{7/1}_”11
*{7/1}7”"1 * ~~*{7k j *{7k }w’k

SR P28 S V7 SR L (7 R 178
and then, since E is w-—independent, 1le
Ly #{y, y ™ for i =1....,k . Now because every

element of E is of infinite order, we have
m,—n';+m';—n, =0 for i =1...,k . In addition, for

given &n (Fy that &Ee{n}" *{n)".
L Y Y and neln Ly A Y

where and  p';,,m';€Z, we have

AU = VA S 7 SR VS R 78

and then

(& *n) = [p()d (5, *3,)(t)

in

+
n;,,m, eZ

k
= [T Gy meed (8, %8,)()
i=1

= H (7, (e ) rmsmems = o(E)p(n).

Hence ¢ is a character on (F). Since K is also a

hypergroup and K=K, K separates the elements of
(F). Therefore there exists an x eX such that

7, (x)=o(y,) =y (x,) and the claim is proved.
Thus Re(z;:la,. 2, (x))=Re(f (x)) and then

uful£4~Re(f(x))£4-\f(x)|§4-||f||m. o

Theorem 2.6. Suppose I'* is a hypergroup. Every finite
®—independent subset £ of I' that generates I and
has no element of finite order is a Kronecker set.

Proof. Let f be a function on £ with |f |=1 and

E ={&,...& }. Since T is generated by E , for every
& el there existintegers n, € Z*, ', €2 (i =1...,k )
such that &e{&}" ={&y  *..+{&E 1 ={& ¥ . We
define ¢:T —>T by ¢(&) =Hf:1f (&))" . Note that
o(&)=1f (&) for i =1...,k . If also for other m, eZ*,
mi€Z (i=L..k), &e{&} +{&y .. +{5¥"
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#{& 3" then in the same way as the function ¢
defined in the proof of theorem 2.4, ¢ is well-defined.

Also 1) is multiplicative. Because if
Se{ay &y +. LY &Y and pe{g}™
Hay e LG Y {6 where  nm, €77,

n'i-m'i € Z~, then
{8y &y ..
*{gk }nk +my, *{égk },,’,ﬁrm’;. ,

and therefore

wlexm) = J.{e’}*{r/} 0(7)d (6;*5,)(7)
=iy LI @76, %0))

= Hf (&) = p(&)en).

Since T'“ is a hypergroup, AP(T") is an algebra and
AT*)=C(") [11]. So T* = AAI*)) = ACT*))
(for a commutative Banach algebra 4, A(4) denotes

the maximal ideal space of A ). Therefore for every
e>0 there  exists x,eK such  that

10(E) & (v, <& (i =Lk ). o

3. Dissociate Sets

Dissociate sets are weak versions of independent sets
that were introduced in [9] for characters group of a
compact abelian group. We generalize this concept for
duals of compact hypergroups and give some results on
hypergroups. Throughout this section K is a compact
and strong hypergroup ( that is, I' is also a
hypergroup). A subset £ of I' is called bounded if

{K,:y<E} is bounded, where K’ :_[y;?dm . The
subset £ is called symmetric if £ ={y:ye€E}, is
called asymmetric if 1¢gF£ and yeE with y=y
imply ¥ ¢ E , and is called strong asymmetric if for all
yekE wehave y=y% and y ¢ E . Obviously strongly
asymmetric implies asymmetric.

Definition 3.1. A subset £ of I' is said to be
dissociate if 1¢ E and for every distinct elements

VsV €E
@) =¥

is a singleton for each
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&€, L1}

(i) for each n,eZ* and
n,+n'; €{0,xL,+2} (i =1..,k), if
Dy Y+ ¥ then
(i =1...,k);

(zii) E is asymmetric.

n', el with
le{n}"
le{r ¥ +{n 3"

Remark. As in the example 4.4 a dissociate set dose not
necessarily belong to the center of the hypergroup.
Moreover if K is a compact abelian group then the
definition of dissociation given above corresponds to
the usual definition of dissociation in groups. For s >0
and any subset N of T" not containing 1 define

R(N.»=2(]s)

weB

where the sum is over all asymmetric subsets B of
NU{y:yeN} with card(B)=s . Asubset E of T
is called quasi-independent if for every finite subset A4
of E, R (4,1)=0 for s =12,... [21]. Suppose E isa
dissociate subset of I and N =E\{y:y=y}. For
s =12,... we put

REN.N=>.(]5))
B yeB
where the sum is over all the subsets B of
NU{r:yreN} with cad(B)=s and could be

repeated in HweB 5, up to 2. Obviously R?(N,1)=0

for s=212,... Thus every strongly asymmetric
dissociate set is quasi-independent. Also we can easily
see that every independent set is a dissociate set. So our
definition of dissociation has the same position as
dissociation does in groups.

The following interesting theorem is an extension of
[6, 37.14] to hypergroups, with completely different
technique.

Theorem 3.2. Let E be a strongly asymmetric
dissociate subset of " bounded by D, and g be a

complex-valued hermitian function on
O=EU{y:y€E} such that for every yeF,

| g (7)< 55 . Then there exists a measure M "(K)
such that 2(1) =1 and z(y) =g (y) forall yeE .

Proof. The function h:0 —> C defined by
h(y)=K,-g(y), is clearly  hermitian  and
|h(P)ISK, 55 <5 (7€0). The  equalities
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+h()y +h()y=1+h )y +h(7)y =1+h(¥)y +h(7)7,
and inequalities |2 (7)y +h(»)y)I£2|h(y) €1 imply
that 1+4(¥)y +h(y)y is real and non-negative. For a
finite asymmetric subset A4 of QO we define
P, =HM Q+h(7)7 +h(y)y). Then P, is real-
valued and non-negative and by [21]
P=> C.y, where C (=3, (], )
(HWGB 8,)(7)) (the last sum ranges over all subsets B
of 4).

For distinct elements p,,...,y, € £ and numbers
.o, e+l let y={nF**.x{y }* . If also
for other distinct elements 7,...,7, € E and numbers

t

B B e{+L -1, we have y ={n}* *..+{n,}" , then
le{p Yo *..«{y ¥ Y= +{nY". If for an
index j, 7, €{y.. .}, 1e{n, 3" andso n, =1, a
contradiction. Hence y, ’s are unique. Now let 7, =y,
(i =L..,k). Since F is  dissociate  and
a, — B €{0,2L+2} (i =L....k ), Le{p,} +{r,}" . If
a =L =-1 (similarly if g =Lea, =-1) then
le{y,}={r,} and so y, =¥, a contradiction because
E is strongly asymmetric. Hence ¢, ’s are also
unique. For  y={n¥*. .. x{y }* have
C,(N=h(p)"..h(r)" and so p,(»)=C, (17
=h(y)*..h(y,)* K,'. By relation (22) in [21]
p,0=C,@®=1. For other y ’s, p,(»)=0. Since
By s nave [}3.m] =[5,
:jK,SAdm =p,®=1. If E is finite we put
pu=P.m and if E is infinite we consider the set
{P,m :finiteA c E}. With directing this set with
inclusion,

weB

we

non-negative  we

h(n)® . h(p )™ K5 if y={n e oy, 3=,
lim, 5 ,(7)= 1 if =1

0 forothers.

By Alaoglu ’s theorem the net {P,m :finitt A C E}
has a weak*-cluster point ¢#eM "(K) and so for a
subnet {z,} of {P,m}, w*-lim_ u, = . Finally

i) = 7a p=tim, [7d u, =im_ 4, () =
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h(r)® . h(r )" Kb if y={des o{y, J,
1 if y=1

0 for others.

In particular i(y)=h(y)K,' =g(y) forall yeE .o

Corollary 3.3. Every bounded strongly asymmetric
dissociate subset £ of I" isa Sidon set.
Proof. Let g be a complex-valued function on FE

bounded by C. Take a real number D greater than
2C-sup,.; | g(y)|. Then D™-Re(g) and D™ Im(g)
are functions on E satisfying in the hypothesis of
theorem 3.2. So there are 4,4, e M *(K) such that
i,=D"-Re(g) and g,=D"-Im(g) on E . Thus
(D -y +iD-,L125=g on E . Now by theorem 2.2 of
[19] E is a Sidon set. o

Another proof for corollary 3.3 follows from
corollary 4.4 of [21].

Corollary 3.4. Let E " be a strongly asymmetric
and dissociate set, bounded by C. Then g:E —>C is
bounded if and only if g is the restriction to £ of a

bounded positive-definite functionon T".
Proof. Suppose g is bounded and put ki =

C-sup{g(»)|:ycEP g . Then | h(y) |<e and by
theorem 3.2. there exists an veM "(K) such that

h(y)=0(r) (r<E). Therefore g(y)=i(y) (y<E)
where u=2C-sup{g(y)|:y€E}v, and since the
Fourier transform of the measure u is bounded and
positive definite on I', the corollary is established. (The
other part of the corollary is plain.) o

4. Examples

Example 4.1. Fix a prime p and let A  denote the
ring of p -adic integers. Every x €A, has a unique
expansion x =x,+x,p+x,p>+.. Where x, e
{0,...,p-1 (i =0,12,...), we refer to §10 of [9] for
details. For G =A , the group of p -adic integers, and
H ={x €A, :x,#0}, the group of units in A , the
countable compact hypergroup G” is homeomorphic
to Z. , the one-point compactification of Z*. Then Z
is a hermitian hypergroup with oo as identity and with
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the following convolution,

0, %0, =0, for m #n and,

min{m,n}
-2 > 1
5,%6,=0=20,+ X =4,
p-1 k=n+1 P

Then for every m Z* and every integer n > 2,
{m}' ={m,m +Lm+2,...,0}.

If m;,m,eZ" and m, <m, then for all integers
n>22, ooe{m} *{m,}={m,m +1..,0}.  This
implies that the only @ — independent subsets of Z' are
singletons. In addition o e{m} " *{m¥ ={m} implies
that forevery m € Z*, o(m)=1.

We can identify the dual hypergroup 7. with

{r,:n=012.3}, where y, is a function on Z
defined by

1 ifm=>norm=cw,
-1 .
X, (m)=3—— if m=n-1
p-1
0 ifm<n-2.

We haVe anm :Zmax(m,ﬂ}’ and

1 n-1 p_2

2 k—n
A=At P 2,
p"p-)"° ; Yop-l

7. is hermitian and so every subset of 7' s
asymmetric and satisfies the condition (i) of definition
3.1, because for distinct elements y, ..., 7, €z, We

have

If O<n, <n, then

XO € {/Z)zl}*{ln2}2
= Y o 2o 20, =00 2000 2,3 but
%o 211, } Hence the only dissociate subsets of 7

are singletons.

The following example comes from [13].
Example 4.2. Let (a,),.y.(c,),.x be sequences of
non-zero real numbers and (b,),., be a sequence of

real numbers with the following properties,

a,+b, =1

Medghalchi and Tabatabaie
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a,+b, +c, =Ln =1

Let (R,),.y, beapolynomial sequence defined by

Ry(x) =L R,(x) ==

2

(x _bo)s

R,(x)R, (x)=a,R, ,(x)+h,R

n-'n

(x)+c, R, (x), n>1.

Then we have

n+m

R,(x)R,(x)= Y g(n,m;k)R, (x),

k=ln—-m|

where g(n,m;k)eRforall |n—m|<k <n+m . Ifthe
coefficients g (n,m;k) satisfy

gn,m;k)>0foralln,m € R
and|n—m|<k <n+m (p),

then (Np,*) is a discrete commutative hermitian

hypergroup (called a polynomial hypergroup) with
convolution

n+m

511 *é‘m: Z g(n’m’k)sk

k=|n-m|

For details one can consult to [12].

Now fix ab>2 and put aq =1 a =12,
c,=%ta,=%c,=4,a,=c,=3 (n23), b, =0
(neNg). By recursion formula there exists an
orthogonal  polynomial (7, (x;a,b)),.y, satisfying

property (g ). Using formula (1) of [12] g(n,m;k) ’s
can be computed and so that

{0+{n}={n} (n 20),
G{n}={n-Ln+1 (n21),
{2y+{n}y={n-2,n,n+2} (n>2),
+{n}={n-3n-Ln+Ln+3} (n23),
{GB={n}={n-4n-2n,n+2,n+4} (n>4),
{my{n}=n-mn-m+2,n-m+4,n+m-4,
n+m-2,n+m} (n>=m =5).
Therefore

{3 ={0,2,4,....n} (n even),

{1y ={L3,5,...n} (n odd),
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{2V ={0.2,4,...2n} (n>2),
By ={0,2,4,...,3n} (n even),
Y ={L35,....3n} (n odd),
{4y ={0.2,4,...4n} (n>2),
{5¥ ={0,2,4,....5n} (n even),
{5y ={L35,...51} (n odd),

{6} ={0,2,4,...6n} (n>4),

{6F ={2,4,6,8,10,12,14,16,18} ,
{6} ={0,2,4,8,10,12},

{7y ={0,2,4,...,7n} (n >4 even),
{7¥ ={3,5,...,7n} (n >3 odd),

{7¥ ={0,2,4,10,12,14},

Then for every odd n N, the hypergroup (Ng,*) is
generated by n , because

ne{ny; n-2n+2e{ny; n-4n+de{ny
L2n-1e{n}y"?; 2n+1le{n}*™* For n even we have
2e{n¥,4e{n},6{n}’,... and this implies that for
every even numbers k,n there exists an m such that
k e{n}". Then by the following remark the only
o — independent subsets of (Ng,*) are singletons.

Remark. Let (K,*) be a discrete commutative
hermitian hypergroup and let 4 — K . For every x #e
in (4)14, the set 4U{x} is not - independent.
Because x (4)\4 implies that there are a,,...,a, €4
and n,,..,n, €Z* such that x #qa, (i =1..,k) and

x efay *..{a, ¥ . So ee{x}{a}" *.x{a }"
andby x #e, A U{x} is not »— independent.

Example 4.3. In some hypergroups (Ng,*) such as

Chebyshev polynomial hypergroup of the first kind and
also cosh -hypergroup on  No, we  have
{m}s{n}={n—-m|,n+m} (m,neNy) [1]. So for
every n €N,
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{nY ={n,3n.,5n,....,kn} (k odd) and {n}*
={0,2n,4n,...,kn} (k even).

Then 0e{n} *{n¥ =} (kez', k'e Z,
n=0) implies that £k —k' and so k +k' is even. So
the order of every element of Np except 0 is 2. Let A be
an o —independent subset of Ng and n,,n, be distinct
elements of 4. Then there are p,q eN such that

ged(p,g) =1 and 7t =+ and without lose of generality

we may suppose that p is odd. The proof of theorem

2.4 implies that 0 e{n,} *{n,}" , while
0¢{n,}’, a contradiction. Hence

o — independent subsets of N, are singletons.
In the following example we find o — independent
and dissociate sets that are not singleton.

the only

Example 4.4. Let G =T, the unit circle group, and
H ={id,r}, where id(x)=x and z(x)=x (x €T).
Then G” =[0,7] and if we replace [0,7] with [-11]
by transformation cos @ = x then [-1,1] is a hypergroup
such that its structure is given by

. o + L o
C 2 wfehey) 2 Twa e

In fact it is dual Chebyshev polynomial hypergroup
of the first kind [1]. The hypergroup [-1,1] is hermitian

and so the orders of it’s elements are at most two. For
every x e[-11], ¥ ={L2x*-13, H¥=
fo,4x%-3x}, {0p+{r}={tV1-x?} and {-D*{x}=
{=x}. Also in particular {0} ={L -1} for n =0 even,
{0} ={0} for n odd, {3} ={L3} for all n>2,
{1} ={&} for n even and {-1}' ={-1} for n odd.
Then 0(0)=0(-1)=2 and o(3}) =1. If 1e{0}" *{5}"
then m,n >1 and n iseven. So 1e{0}" and 1e{3}".
Therefore E ={0,% is
x,y €e[-11], {x}+={y} is singleton if x =+1 or
y =%1. Then the subsets of the form E ={Lx} or
E ={-1x} satisfy the condition (i) of definition 3.1.
We have {1} *{x}" ={x}" for n -even and
{0 =}y ={~+ :t e{x}"} for n odd. So if we take
x €[-11] such that —1g{x}" for all m eZ", then
E ={-1Lx} (x #1) is a dissociate set because for n

o, *0

X ¥y

w— independent.  For
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odd 1e{-1}" *{x}", and for n even le{-1}" *{x}"

implies 1e{-1}" and 1le{x}". For instance
E ={-17} is dissociate.
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