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Abstract
Let φ: R0→R be a ring homomorphism and suppose that a and a0, respectively,

are ideals of R and R0 such that
0

R
a R a+

 is an Artinian ring. Let M and N be two

finitely generated R-modules and suppose that (R0,m0) is a local ring. In this note

we prove that the R-modules
0

0

0

( , )i
R a

R H M N
a

Ä  and
0

( ( , ))j i
a R aH H M N  are

Artinian for all integers i and j, whenever 0 0 0( )a a R m+ =I  and

0

0

dim( ) 1R
a R

£
I

.  Also  we  will  show  that  if a is principal, then the R-modules

0

0

0

( , )i
R a

R H M N
a

Ä  and
0

( ( , ))j i
a R aH H M N  are Artinian, for all integers i and j.

Moreover, we will show that if 0t ³  is the largest integer i such that ( , )i
aH M N

is not Artinian, then the R-modules
0

0

0

( , )q
R a

R H M N
a

Ä  and
0

( ( , ))p q
a R aH H M N

are Artinian, for 0dim 1R - 0dimp R£ £  and all q t³ . Also as a consequence of

this result we get that the R-modules
0

0

0

( , )c
R a

R H M N
a

Ä  and
0

( ( , ))j c
a R aH H M N

are artinian, for j=d, d−1, in which ( , )ac cd M N=  is the cohomological
dimension of M and N with respect to a. Our results recover the corresponding
known ones.
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Introduction
Generalized local cohomology was given in the local

case  by  J.  Herzog [6]  and in  the  more  general  case  by
Bijan-Zadeh [1]. Let R be a commutative Noetherian
ring with identity, a  an ideal of R  and let M , N  be
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two R -modules. For an integer 0i ³ , the i -th
generalized local cohomology module ( ),i

aH M N  is
defined by

( ), lim , .i i
a R n

n N

MH M N Ext N
a M¾¾®

Î

æ ö= ç ÷
è ø

With M R= ,  we  obtain  the  ordinary  local
cohomology module ( )i

aH N  of N  with respect to a
which  was  introduced  by  Grothendieck.  It  is  well
known that the generalized local cohomology modules
have some similar properties as ordinary local
cohomology modules. We recall some properties of
generalized local cohomology modules which we need
in this note. For any ideal a  of R  and two finitely
generated R -modules M  and N  the following
statements hold:

(i) Let 0 0N N N¢ ¢¢¾¾® ¾¾® ¾¾® ¾¾®  be an
exact sequence of R -modules,  then  we have  two long
exact sequences

( ) ( )

( ) ( )

0 0

0 1

0 , ,

, , ...

a a

a a

H M N H M N

H M N H M N

¢¾¾® ¾¾®

¢¢ ¢¾¾® ¾¾® ¾¾®

and

( ) ( )

( ) ( )

0 0

0 1

0 , ,

, , ...

a a

a a

H N M H N M

H N M H N M

¢¢¾¾® ¾¾®

¢ ¢¢¾¾® ¾¾® ¾¾®

of generalized local cohomology modules.
(ii) If N  is an a -torsion R -module, then for each

non-negative integer i  we  have ( ),i
aH M N

( ),i
RExt M N@ .

(iii) If N  is an a -torsion R -module, then, for any
ideal b  of R  and each i , we have

( ) ( ), ,i i
b a bH M N H M N+@ .
(iv) Let R ¢  be a second commutative Noetherian

ring with identity and let :f R R ¢¾¾®  be  a  flat  ring
homomorphism. Then we have an isomorphism

( ) ( ), ' ,i i
a aR R RH M N R H M R N R¢ ¢ ¢Ä @ Ä Ä .

(v) Let :f R R ¢¾¾®  be a ring homomorphism.
Suppose that M  and N  are  two R ¢  modules. Our
next example shows that the isomorphism

( ) ( ), ,i i
a aRH M N H M N¢@  is not hold in general.

Hence  the  statement  (4)  (i)  in  section  2  of  [8]  dos  not
hold either.
Example 1.1. Let K  be  a  field  and  let x  be  an

indeterminate. Set [ ]R K xé ù= ë û ,
[ ]

( )2

K x
R

x

é ùë û¢ =  and

( )m x= . Since R ¢  is not regular, the projective

dimension R
Rpd
m¢

æ ö
ç ÷
è ø

 of R
m

 is infinite. Therefore, the

isomorphism , ,i i
mR R

R R R RH Ext
m m m m¢ ¢

æ ö æ ö@ç ÷ ç ÷
è ø è ø

 implies

that , 0i
mR

R RH
m m¢

æ ö ¹ç ÷
è ø

 for infinite values of i ; while

, , 0i i
m R

R R R RH Ext
m m m m

æ ö æ ö@ =ç ÷ ç ÷
è ø è ø

 for all 1.i >

In this note, we show that under some assumption,
generalized local cohomology modules are Artinian.
Throughout this paper R  and 0R  are two commutative
Noetherian rings such that 0R  is local with maximal
ideal 0m  and that there is a ring homomorphism

0: R Rj ¾¾® . We shall use M  and N  to denote two
finitely generated R -  modules. Furthermore, we
assume that a  and 0a  are ideals of R  and 0R ,

respectively, such that
0

R
a R a+

 is  Artinian.  An

interesting problem in commutative algebra is
determining when generalized local cohomology
modules are Artinian. In this note we are interested to
the following question: When the R -modules

( )
0

0

0

,i
R a

R
H M N

a
Ä  and ( )( )

0
,j i

a R aH H M N  are

Artinian?
There are several papers which answer this question

in graded case. To be more precise, let R  be  a
homogeneous graded ring with local base ring ( )0 0,R m
and let N  be a finitely generated and graded R -
module. Moreover let R + be the irrelevant ideal of R .
As shown by recent investigations, the R -modules

( )
0

0

0

i
R R

R
H N

m +Ä  and ( )( )
0

j i
m R RH H N+  are Artinian in

some special cases. For example, in [3,2.5], the authors
have shown that if ( )0dim 1R £ , then

( )
0

0

0

i
R R

R
H N

m +Ä  and ( )( )
0

j i
m R RH H N+  are Artinian

for all 0i ³  and 0,1j = . Also if M  is another finitely
generated graded R -module, then, in this specific case,

Zamani, in [12, 2.6], proved that ( )
0

0

0

,i
R R

R
H M N

m +Ä
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is Artinian for all , 0i j ³ .  On  the  other  hand,  in
[11,2.6], it has been proved that if R + is principal, then

( )( )
0

j i
m R RH H N+  is Artinian for all , 0i j ³ . Moreover,

for any ideal 0b  of 0R  with 0

0

dim 1
R
b

£ , the authors in

[7,2.5,2.1] showed that ( )( )0 0

j i
m R b RH H N

++  is Artinian

for  all  , 0i j ³ .
With the above notation assume that ( )Rc cd N

+
=  is

the largest integer i , such that ( ) 0i
RH N
+

¹ . Then, it is

proved in [9, 2.1] and [11, 2.8] that the R -modules

( )
0

0

0

c
R R

R
H N

m +Ä  and ( ) ( )( )0

0

dim R c
m R RH H N

+
 are Artinian

R -module.
The aim of this paper is to provide a partial answer to

the previous question in the non-graded case. We will

show that whenever 0

0

dim 1R
a R

æ ö
£ç ÷

è øI
 or a  is principal,

the R -modules ( )
0

0

0

,i
R a

R
H M N

a
Ä  and

( )( )
0

,j i
a R aH H M N  are  Artinian  for  all  , 0i j ³ . Also,

We will assume that the projective dimension of M  is
finite and that t  is the largest integer i  such that

( ),i
aH M N  is not Artinian. Then, under this

assumption, we will show that if
0dim 1R - 0dimp R£ £  then the R -modules

( )
0

0

0

,q
R a

R
H M N

a
Ä  and ( )( )

0
,p q

a R aH H M N  are

Artinian for all q t³ .
Of course the results of this paper recover the

corresponding previously known results as mentioned
above.

Results
We keep the previous notations and hypothesis and

we prove that certain quotients and sub-modules of the
generalized local cohomology module ( ),i

aH M N  are
Artinian. We begin this section by the following two
lemmas which are needed in the sequel.
Lemma 2.1. (i) ([12, 2.2]) Let b  be an ideal of R  such

that R
b

 is Artinian. Then ( ),i
bH M N  is Artinian for all

0i ³ .
(ii) ( [ ]3,2.2 ) Let A  be  an  Artinian R -module and

let 0M  be a finitely generated R 0-module. Then the

R -module ( )0
0 ,R

iTor M A  is Artinian for all 0i ³ . £

Lemma 2.2. Let i  and j  be two non-negative integers.
Then

(i) ( )
0

0

0

,i
R a

R
H M N

a
Ä  is  Artinian  if  and  only  if

( )0

0

0

0

,i
R a

a R

R NH M
a N

æ ö
Ä ç ÷ç ÷Gè ø

 is Artinian, and

(ii) ( )( )
0

,j i
a R aH H M N  is  Artinian  if  and  only  if

( )0

0

,j i
a R a

a R

NH H M
N

æ öæ ö
ç ÷ç ÷ç ÷ç ÷Gè øè ø

 is Artinian.

Proof. Consider the exact sequence

( ) ( )0

0

0 0a R
a R

NN N
N

®G ® ® ®
G

. Application of

the functor ( ),i
aH M -  to this exact sequence induces

the following exact sequence

( )( ) ( )

( ) ( )( )

0

0

0

1

, ,

, ,

i i
a a R a

u i i
a a a R

a R

H M N H M N

NH M H M N
N

+

G ¾¾®

æ ö
¾¾® ¾¾® Gç ÷ç ÷Gè ø

which in turn, yields two short exact sequences

( )0 ker , Im 0i
au H M N u¾¾® ¾¾® ¾¾® ¾¾®

and

( )
0

0 Im ,

ker 0

i
a

a R

Nu H M
N

co u

æ ö
¾¾® ¾¾® ç ÷ç ÷Gè ø

¾¾® ¾¾®

Now we will use these exact sequences to prove (i)
and (ii).

(i) The above short exact sequences induce the exact
sequences

( )
0 0

0

0 0

0 0

0

0

ker ,

Im 0

i
R R a

R

R R
u H M N

a a

R
u

a

Ä ¾¾® Ä

¾¾® Ä ¾¾®

 and
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( )

0

0

0 0

0

0 0
1

0 0

0 0

0 0

, ker Im

, ker .

R
R

i
R a R

a R

R R
Tor co u u

a a

R RNH M co u
a N a

æ ö
¾¾® Ä ¾¾®ç ÷

è ø

æ ö
Ä ¾¾® Äç ÷ç ÷Gè ø

Note that, in view of 2.1 (i), ( )( )0
,i

a a RH M NG  is

Artinian for all 0i ³ . So, keru  and co keru  are
Artinian and the assertion follows immediately from the
above exact sequences by 2.1 (ii).

(ii) Again, consider the previous short exact
sequences. It should be noted that if A  is  an  Artinian
R -module and b  an ideal of R , then ( ) 0i

bH A =  for
all 1i ³ . Application of the functor ( )

0

j
a RH -  induces

the exact sequences

( ) ( )( )
( ) ( )

0 0

0 0

1

ker ,

Im ker

j j i
a R a R a

j j
a R a R

H u H H M N

H u H u+

¾¾®

¾¾® ¾¾®

and

( ) ( )

( ) ( )

0 0

0 0

0

1 ker Im

, ker .

j j
a R a R

i i i
a R a a R

a R

H co u H u

NH H M H co u
N

- ¾¾® ¾¾®

æ öæ ö
ç ÷ ¾¾®ç ÷ç ÷ç ÷Gè øè ø

Now, since keru  and co keru  are Artinian, the
result follows from these exact sequences. £

The next theorem recovers the results 2.1 and 2.5 of
[7] and 2.5 of [3].
Theorem 2.3. Let ( )0 0 0a a R m+ =I  and

0

0

dim 1R
a R

æ ö
£ç ÷

è øI
. Let i  and j  be two non-negative

integers. Then the R -modules ( )
0

0

0

,i
R a

R
H M N

a
Ä  and

( )( )
0

,j i
a R aH H M N  are Artinian.

Proof. Let 0

0

dim 0R
a R

æ ö
=ç ÷

è øI
.  We can easily  show that

0a R a a+ = . So, by 2.1 (i), the R -module

( ),i
aH M N  is Artinian; therefore the claim follows in

this case. Now, let 0

0

dim 1R
a R

æ ö
=ç ÷

è øI
. If 0 kera jÍ ,

then 0 0a R = . Hence R
a

 is an Artinian ring and there is

nothing to proof in this case. So let 0 kera jË . In view
of lemma 2.2, we may assume that N  is an 0a R -
torsion free R -module. Hence, there is an element

0x aÎ  such that

( )
( )

( )
0

0 0
0

0 0( ) ker ,
R

R
Rq Ass N q Assh

a R

x q R q j
Î Î

Ï
I

U I U U U

in which,

( ) ( )0 0

0 0 0
0

0 0 0

: dim 1R R
R R RAssh q Ass

a R a R q
ì üï ï= Î =í ý
ï ïî þI I

.

It is straightforward to see that xR a+ 0a R a= + .
Now it follows from the isomorphism

( )( ) ( )( )
0

, ,j i j i
a R a xR aH H M N H H M N@  that

( )( )
0

,j i
a R aH H M N 0=  for  all 2j ³ . Therefore, we

may assume that 1j £ . Since x  is a non-zero divisor
on N , we have an exact sequence

( )

( )

1 , ,

, ,

i i
a a

x i i
a a

NH M H M N
xN

NH M N H M
xN

- æ ö¾¾®ç ÷
è ø

æ ö¾¾® ¾¾® ç ÷
è ø

of generalized local cohomology modules. Set
( ): ,i

aL H M N= . It should be noted that, by 2.1 (i), the

R -module , ,i i
a a Rx

N NH M H M
xN xN+

æ ö æ ö@ç ÷ ç ÷
è ø è ø

 is

Artinian for all 0i £ . So, it follows from the previous
exact sequence that both of the R -modules 0 :L x  and

L
xL

 are Artinian. Now we apply the functor

( )
0

0

0
R

R
a

Ä -  on the exact sequence 0 L¾¾®

0x LL
xL

¾¾® ¾¾® ¾¾®  to  see  that  the R -module

0 0

0 0

0 0
R R

R R LL
a a xL

Ä @ Ä  is Artinian. On the other hand

there is an exact sequence 0 ¾¾®
( ) ( ) ( )

0 0 0

0 0 00 : x
a R L a R a RH x H L H L¾¾® ¾¾®  Which,  by

[4, 7.1.2] shows that ( )
0

0
a RH L  is Artinian.

Finally in order to complete the proof, we only need
to show that ( ) ( )

0

1 1
a R xRH L H L@  is Artinian. To do

this, consider the well-known exact sequence
( ) ( )10 0v

xR x xRL L L H L¾¾®G ¾¾® ¾¾® ¾¾® ¾¾®
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to obtain the isomorphism ( )1

Im
x

xR
LH L

v
@ . Therefore,

in  view  of  [4,  7.1.2],  it  is  enough  for  us  to  show  that

Im

0 :
xL
v

x  is Artinian. Let
( ) Im

: 0 :
xL

xR v

Lf x
L

¾¾®
G

 be a

map which is such that ( )( )xRf l L+G Iml v
x

= +  for

all l LÎ . It is easy to see that f  is an R -epimorphism

and that
( )

ker
xR

Lf x
L

æ ö
= ç ÷ç ÷Gè ø

. Moreover
Im

0 :
xL
v

x  is  a

homomorphic image of the Artinian R -module L
xL

and the proof is complete. £
The next theorem shows that if the ideal a  is

principal, then the assertion of the above theorem holds

without any restriction on 0

0

dim R
a R

æ ö
ç ÷
è øI

. The following

lemma is needed in the proof of theorem 2.5.
Lemma 2.4. Suppose that the ideal a  is principal. Then

( )
0

0

0

i
R a

R
H M

a
Ä  and ( )( )

0

j i
a R aH H M  are Artinian

R - modules for all non negative integers i  and j .
Proof. Let y aÎ  be  such  that a Ry= . Note that if

2i ³ , then ( ) 0i
aH M = . So we assume that 1i £ . The

case 0i =  is obvious, since
0

0
0

( )
( )

a

a

H M
a H M

 is a finitely

generated R -module which is annihilated by some
power of 0a R a+ . Let 1i = . In view of [4, 2.1.7], we

can replace M  by
( )a

M
MG

; and hence we may assume

that y  is a non-zero divisor on M .
Now, the short exact sequence 0 ¾¾® M

0y MM
yM

¾¾® ¾¾® ¾¾®  provides an exact sequence

( )10 y
a

M H M
yM

¾¾® ¾¾® ¾¾® ( )1
aH M 0¾¾® ,

which in turn, yields the exact sequences

( )

( )

0 0

0

10 0

0 0

10

0

0

R R a

y
R a

R RM H M
a yM a

R
H M

a

Ä ¾¾® Ä

¾¾® Ä ¾¾®

and

( )( )

( )( )

0 0

0

1

1 .

j j
a R a a R a

y j
a R a

MH H H M
yM

H H M

+

æ ö
¾¾®ç ÷

è ø

¾¾®

Since the modules
0

0

0
R

R M
a yM

Ä  and
0

j
a R a

MH
yM+

æ ö
ç ÷
è ø

are Artinian, we can use the above exact sequences and

[4, 7.1.2], to see that the R -modules ( )
0

10

0
R a

R
H M

a
Ä

and ( )( )
0

1j
a R aH H M  are Artinian for all 0j ³ . £

The next theorem improves [11, 2.6].

Theorem 2.5. Suppose that the ideal a  is principal. Let
,i j  be non-negative integers. Then the R -modules

( )
0

0

0

,i
R a

R
H M N

a
Ä  and ( )( )

0
,i i

a R aH H M N  are

Artinian.

Proof. Let y aÎ  be such that a Ry= .The case 0i =

is trivial. Let 1i =  and
( )
( )( )0

,
:

,
R

a R

Hom M N
T

H Hom M N
= . In

view of [4, 2.2.17], we have an isomorphism
( )

( )( )1
,

,R y
a R

Hom M N
H Hom M N

T
@ ;  so  that,  by

2.4, the R -modules
( )

0

0

0

,R y
R

Hom M NR
a T

Ä  and

( )
0

RHom ,
( )yj

a R

M N
H

T
 are Artinian for all 0j ³ . On

the other hand in view of [5, 2.2 and 2.5(i)], we have an
exact sequence

( )
( )

( )

1

1

,
0 ,

, ,

R y
a

R

Hom M N
H M N

T

Ext M Na

¾¾® ¾¾®

¾¾®

which in turn yields the exact sequences

( )
( )

0 0

0

10 0

0 0

0

0

,
,

Im

R y
R R a

R

Hom M NR R H M N
a T a

R
a

a

Ä ¾¾® Ä

¾¾® Ä

and
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( ) ( )( )

( )

0 0

0

1,
,

Im

Rj j
a R a R a

j
a R

Hom M N y
H H H M N

T

H a

æ ö
¾¾®ç ÷

è ø

¾¾®

for all 0j ³ . Since Ima  is a finitely generated and a -
torsion R -module, we can deduce from the above exact

sequences that the R -modules ( )
0

10

0

,R a
R

H M N
a

Ä  and

( )( )
0

1 ,j
a R aH H M N  are Artinian for all 0j ³ . Now, let

2j ³ . The module M  can be included in an exact
sequence 0 0K F M¾¾® ¾¾® ¾¾® ¾¾®  of finitely
generated R -modules, in which F  is  free.  Note  that

( ), 0i
aH F N =  for  all 2i ³ . So, application of the

functor ( ),i
aH N-  to  this  short  sequence  induces  the

isomorphism ( ) ( )1 , ,i i
a aH K N H M N- @  for  all 3i ³ .

Therefore, in order to complete the proof, it is enough

for  us  to  show  that ( )
0

20

0

,R a
R

H M N
a

Ä  and

( )( )
0

2 ,j
a R aH H M N  are  Artinian  for  all 0j ³ . By

repeating the above argument, we obtain the exact
sequence

( ) ( ) ( )

( ) ( )

0 1 1

1 2

, , ,

, , 0.a

a a a

a

H K N H M N H F N

H K N H M N

b¾¾® ¾¾®

¾¾® ¾¾® ¾¾®

If we break this sequence in two exact sequences

( )10 ker , Im 0aH M Nb b¾¾® ¾¾® ¾¾® ¾¾®

and

( )10 Im , ker 0aH F N cob b¾¾® ¾¾® ¾¾® ¾¾® .

then we get the following exact sequences

( )( ) ( )

( )

0 0

0

2 1 2

3

, Im

ker

j j
a R a a R

j
a R

H H M N H

H

b

b

+ +

+

¾¾®

¾¾®

and

( )( ) ( )

( )

0 0

0

1 1 1

2

, ker

Im .

j j
a R a a R

j
a R

H H F N H co

H

b

b

+ +

+

¾¾®

¾¾®

As ker b  is finitely generated and a -torsion, it
follows, from 2.1 (i), that the R -module ( )

0
kerj

a RH b

is  Artinian  for  all 0j ³ . On the other hand,

( )( )
0

2 1 ,j
a R aH H M N+  and ( )( )

0

1 1 ,j
a R aH H F N+  are

Artinian; so that ( )
0

1 kerj
a RH co b+  is too. Finally, we use

the exact sequence 0 kerco b¾¾® ¾¾® ( )1 ,aH K N

( )2 , 0aH M N¾¾® ¾¾®  to obtain the exact sequences

( )

( )

0 0

0

10 0

0 0

20

0

ker ,

, 0

R R a

R a

R R
co H K N

a a

R
H M N

a

bÄ ¾¾® Ä

¾¾® Ä ¾¾®

and

( )( ) ( )( )
( )

0 0

0

1 2

1

, ,

ker .

j j
a R a a R a

j
a R

H H K N H H M N

H co b+

¾¾®

¾¾®

Now, since the assertion is true for 1i = , it follows

that the R -modules ( )
0

20

0

,R a
R

H M N
a

Ä  and

( )( )
0

2 ,j
a R aH H M N  are  Artinian  for  all 0j ³ , as

required. £
The following example, which has already been

presented in [3], shows that the R -modules

( )
0

10

0

,R a
R

H M N
a

Ä , ( )( )
0

0 2 ,a R aH H M N  and

( )( )
0

2 1 ,a R aH H M N  are not Artinian in general.
Example 2.6. Let K  be a field and let , ,x y t  be
indeterminate. Let [ ]( )0 ,

,
x y

R K x y= ( )0 0,m x y R=

and [ ]0 0R R m t=  be  the  Rees  ring  of 0m . Set

( ): ,a xt yt R= . In view of [3, 4.1 and 4.2] the R -

modules ( )
0

10

0
R a

R
H R

a
Ä  and ( )( )

0

0 2
a R aH H R  are not

Artinian. Also, the example 2.9 of [12] shows that
( )( )

0

2 1
m R aH H R  is not Artinian, in this specific case.

The next theorem is an improvement of [9, 2.4].
Theorem 2.7. Let 0dimR d=  and 0t ³  be an integer
such that the R -module ( ),i

aH M N  is Artinian for all

1i t³ + . Then the R -modules ( )( )
0

,p q
a R aH H M N  and

( )
0

0

0

,q
R a

R
H M N

a
Ä  are Artinian for all q t³ .

Proof. First, consider the spectral sequence

( )( ) ( )
0 0

,
2 : , ,p q p q p q

a R a a R ap
E H H M N H M N+

+= Þ .
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Whenever 1d p d- £ £  and q t³ ,  it  is easy to see

that
,

, 2
p q

p q EE
L¥ @  for some Artinian submodule L  of

,
2
p qE . Also ,p qE¥  is a sub-quotient of the Artinian R -

module ( )
0

,p q
a R aH M N+

+ . Therefore, ,
2
p qE =

( )( )
0

,p q
aa R

H H M N  is Artinian.

Next  we prove  that ( )
0

0

0

,q
R a

R
H M N

a
Ä  is Artinian

for all integer q t³ . To this end, it should be noted that

the set ( )
0

0

0

,q
R R a

RSupp H M N
a

æ ö
Äç ÷

è ø
 consist entirely of

finitely many maximal ideals of R . Therefore, in order
to  prove  the  assertion,  it  is  enough for  us  to  show that

( )
0

0

0

,q
R a

m

R H M N
a

æ ö
Äç ÷

è ø
 is an Artinian R m-module for

all ( )
0

0

0

,q
R R a

Rm Supp H M N
a

æ ö
Î Äç ÷

è ø
. On the other

hand, by the flat base change theorem, it is easy to see
that, without lose of generality, we can replace R , M
and N , respectively, by ,m mR M  and mN  and hence
we assume that R  is local. Now, we proceed by
induction on : dimn N= . If 0n = , then ( )a N NG = .

So for each 0l ³ , ( ) ( ), ,l l
a RH M N Ext M N@  is  a

finitely generated R -module which is annihilated by
some power of a .  Therefore, there is nothing to prove
in  this  case.  Now assume that dim 0N n= >  and that
the result has been proved for any finitely generated R -
module of dimension 1n - .

By Lemma 2.2, we can assume that ( )
0

0a R NG = ; so

that there exists an element 0x aÎ  such that

( ) ( )0 ker
Rq Ass Nx q R jÎÏU I U . Hence x  is a non-zero

divisor on N  and dim 1N n
xN

= - .  Also,  we  can  use

the exact sequence 0 x NN N
xN

¾¾® ¾¾® ¾¾®

0¾¾®  to see that ,a
Na M t
xN

æ ö £ç ÷
è ø

.  Now,  from  the

exact sequence ( ) ( ), ,q x q
a aH M N H M N¾¾® ¾¾®

( )1, ,q q
a a

NH M H M N
xN

+æ ö¾¾®ç ÷
è ø

 we deduce the short

exact sequence

( )
( )

( )1 ,

,
0 ,

,

0 : 0q
a

q
a q

aq
a

H M N

H M N NH M
xNxH M N

x+

æ ö¾¾® ¾¾® ç ÷
è ø

¾¾® ¾¾®

which yields the following exact sequence

( )
( )
( )

0
1 0

0

0 0
1 ,

0 0

0

0

,
,0 :

,

, .

q
a

q
aR

R qH M N
a

q
R a

H M NR RTor x
a a xH M N

R NH M
a xN

+

æ ö
¾¾® Äç ÷

è ø

æ ö¾¾® Ä ç ÷
è ø

Let q t³ . Then as a sub-module of ( )1 ,q
aH M N+ ,

the R -module ( )1 ,
0 : q

aH M N
x+  is  Artinian  and  so  is

( )
0

1
0

1 ,
0

,0 : q
a

R
H M N

RTor x
a +

æ ö
ç ÷
è ø

 by 2.1(ii). Also using the

inductive hypothesis, the R -module ,q
a

NH M
xN

æ ö
ç ÷
è ø

 is

Artinian. Now, it follows from the previous exact

sequence that
( )
( )0

0

0

,
,

q
a

R q
a

H M NR
a xH M N

Ä @
0

0

0
R

R
a

Ä

( ),q
aH M N  is Artinian. £

The cohomological dimension ( ),acd M N  of M
and N  with respect to a  is  defined  as

( ) ( ){ }, sup 0 : , 0i
a acd M N i H M N= ³ ¹  with  the

convention  that  sup  is  taken  in { }0N +¥U  and

supj = -¥ . Note that if ( )Rpd M  is finite, then, by an

easy induction, we can show that ( ),acd M N < ¥ . The
example 1.1 shows that if we delete the assumption

( )Rpd M < ¥ , then it may happen that

( ),acd M N = +¥ .  Next,  we  prove  that

( )( )
0

1 ,d c
a R aH H M N-  is an Artinian R -module. Also our

next corollary recovers [11, 2.8] and [2, 2.3(b)].
Corollary 2.8. Suppose that ( ),ac cd M N=  is finite
and 0dimR d= . Then the R -modules

( )
0

0

0

,c
R a

R
H M N

a
Ä  and ( )( )

0
,j c

a R aH H M N  are

Artinian for , 1j d d= - .
Proof.  It  is  clear  that,  for  all 1i c³ + , the R -module

( ),i
aH M N  is Artinian. Therefore the result follows

immediately from theorem 2.7. £
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