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Abstract
Let {X I 21} be a sequence of weakly negative dependent (denoted by,

WND) random variables with common distribution function F and let {6’/ iJ 2 1}

be other sequence of positive random variables independent of {X 52 1} and

Pla<®, <b]=1 for some 0 <a<b <oo and forall j >1. In this paper, we study

the asymptotic behavior of the tail probabilities of the maximum, weighted sums,
randomly weighted sums and randomly indexed weighted sums of heavy-tailed

weakly negative dependent random variables, say, max X i Zc X ZGJX i
I<j<n - ;
j=l Jj=1

N
and ZH_/X
J=1
numbers and N is a nonnegative integer-valued random variables, independent of
6, and X, for all i >1. In fact, for a large class of heavy-tailed distribution

; » respectively, where {cj;ls Jj Sn} are n bounded positive real

functions, we show that the asymptotic relations,

I<j<n

Plmax0,X , >x]~ P[Z@J.Xj >x]~ Z;P[anj >x],
J= J=

hold as x — c. Finally, if E(N)<o and also {Q/.;j 21} is a sequence of

identical independent positive random variables, then we prove that

N
P[Y 0,X,>x]~E(N).P[6, X, >x], as x—> .
J=1

Keywords: Weakly negative dependent; Heavy-tailed; Asymptotic behavior; Weighted sums

asymptotic behaviors of the tail probability of partial
sums and weighted sums of independent heavy-tailed
Many authors have extensively investigated the random variables. In recent years, Cai and Tang [2]
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generalized the well-known max-sum equivalence and
convolution closure of two random variables when they
are independent and in follow of them Kiaw and Tang
[11], Chen et al. [3] and Gluk et al. [9], have been
provided asymptotic behavior of weighted sums of
subexponential random variables and Large deviations
of weighted sums and partial sums for negatively
dependent (ND) random variables have been extended
by Chen et al. [4], Tang [15] and for negatively
associated (NA) ones, it is provided by Wang and Tang
[16] and Lio [12]. In this paper we study the asymptotic

behaviors of the tail probabilities, P(}." ¢, X, >x),
P(ZII_V:]@[X, >x) and P[Elji)’sﬁij >x ] as x tends to

infinity; where, {c sl < n} are n bounded positive
real numbers and {9/ iy 1} is a sequence of positive

random variables which are independent of the

sequence {X )2 l} , for a class of heavy-tailed
distribution functions. In fact, for a large class of heavy-

tailed distribution functions, we show that the
asymptotic relations,

Plmax6, X, >x]~P[Y 6.X, >x]

<j<
1<j<n I

n

~YPl0,X, >x],

j=1
hold as x — . In addition, if £(N)<o and also
{0}.; j 21} is a sequence of identical independent

positive random variables, then we prove that

N
P[Y.0,X,>x]~E(N).P[6X, >x], a5 x — 0.
j=l
Throughout this paper, all distribution functions will
be defined on [0,0) and f (x)~g(x) means that

limf (x)/g(x)=1. We denote the tail of distribution

of Fby F(x)=1-F(x), convolution of distributions F

and G by F*G and denote n” convolution of F by
F™ and F™ =1-F™ _ In the following, some well
known classes of heavy-tailed distribution functions are
listed.
1. Dominated variation (D): The distribution function
Fbelongs to D if forany 0 <t <1,
F(tx)

limsup—=——=< o
X —>® X)

2. Consistency varying tailed (C): The distribution
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function F belongs to C if,
lim limsup Ii(tx ) =1 or limlimsup Ii(tx ) =1.
M e F(X) e F(x)

3. Long-tailed (L): The distribution function F
belongs to L if forany ¢ >0,

im £ D _

— 1.
X >0 F(x)

For more details about the heavy-tailed distribution
functions, see [6], [1], and [10]. Moreover, as other
classes of heavy-tailed distributions, we consider the
following relation holds for the distribution functions,

Fu)du <. )

St—8

It is easy to find some evidence for the relation (1)
like the distribution functions that belong to the class of
subexponential distribution functions that were defined
in [5].

Definition 1. The random variables X ,,...,X , are said

to be weekly negatively dependent (WND) if for each
n andall x,,...,x , there exist some C >1 such that

Frre, G ) SC T T, (61) @

The class of WND random variables is well defined
and a large class of these random variables can be
found. Some of them are presented in the following
example.

Example i) Suppose that the random vector (X ,Y )
have joint half-normal distribution, then

f(x,y)

2 2
= exp| — X +y~ =2pxy };
1= p’ [ 2(1—,02){ }

x,y >0,
fi(x)= zexp{—lxz}i =1,2.
T 2

If -1<p<0, then X and Y are ND random

variables (see [7]). Moreover,

S &x,y)
F1x) ()
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1 ,02 2 2 P }
= expq— x"+yH)+ Xy
1-p { 2(1-p*) 1-p’

So, X and ¥ are WND with C =1/[1-p” .
ii) Let (X,Y ) be two random variables with joint
distribution function F(x,y) belongs to family of

bivariate distributions of Farlie-Gumbel-Morgenstern
(FGM). Then the joint density function of (X ,Y ) is as

follows,
S y)=£6),0)0+a(l-2F(x)(1-2F,(y )];

X,y €R, -1<a<l.

Where F, and F, are marginal distributions of X and ¥

respectively. (For more details see [13]). Therefore, the
random variables X and Y are WND with C = 1+|a|.

Moreover, we know if —1<a <0, then X and Y are
ND. (see [7]).

In particular if F,(x)=1-(a/a+x )ﬁ x>0,i=12
(X ~ Pareto(a,f) where a>0 and [ is positive
integer), then F, eC < D)L . For these examples it is

easy to see that the condition (1) holds.

The following Lemmas are important technical tools
in the proof of our results. Since the proofs of these
Lemmas are easy, we omitted them.

Lemma 1. Let X ,...,X, be WND random variables
with joint distribution function F(x,...,x,) and
marginal distributions F(x,),...,F, (x,), respectively.
If A,(),....h, () are monotone measurable functions,

then
i. The random variables &, (X,),....h, (X ,) are

WND.
ii. Forall x,...,x, €R,

F(x,x,,...x, ) SCJ]F(x,)
and
F(x,%,,..x,) SCJ[F ).
i=1

Lemma 2. Let {a,} and {b,} be two sequences of

positive real numbers, then

n

Zaf

— a. .
LSmax{—’;z :1,...,n}
n
b
i=1

Lemma 3. Let X be a random variable with distribution
function F and c¢X with distribution function F', where
¢ is a positive constant, then

i. FelL ifandonlyif F'eL

ii. FeD ifandonlyif F'e D

Results

In this section, first we present the following Lemma
and Theorems to be used in the proof of our main
results. Then, we derive the asymptotic behaviors of the
tail probabilities of weighted sums of WND random
variables. In fact, we prove some equivalence
statements for tail probabilities.

Lemma 4. Let X, and X, be two WND random

variables with common distribution function F € L , if
F satisfies in condition (1), then for all x >20>0,

lim lim jMdF(u) - 0.
DX SO " F(x )
Proof. We can write

)j‘}':(x —u) YCF(x —u)

oo dF(u):‘I o) dF ()
© F(x —u)
+xL—f(X) dF ) (3)

T F(x —u) —
< j WdF(u)+F(x -v),

v

and , for any x > 2v , we get

T)F(x —u)dF (u) =Tﬁ(u)df(x —u)

v v

X+

< jﬁ(u)df(x —u)=1,.

Now, let
© w (n+)h
[=[Fadu=Y [ F@du.
0 n=0 " pp
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hiﬁ(nh)zhiﬁ(nh +h)<I

n=l n=0

) &
<h)F

n=0

(nh) < .

Since F(nh +h +0) < F(u) < F(nh+v) for u €[nh
+v,nh +h +0], we can write,

No-1

> Fl(n+Dh+0){F(x =(n+1)h —v)~F (x —nh-v)}

1(n+)h+v

_z j Fl(n +Dh +0]d F(x —u)

n=0 " phtv

N,-1 (n+)h+v

D)

n=0

F@)dF(x —u)=1,

nh+v

Noy-1 (n+l)h+v _ _
<y j Flnh +0]dF (x —u)
n=0  phtv

=3 Finh +0){F (x —(n +h—0)=F (x =nh—0)},

n=0

where N =[x /h]. Then we get

11
F(x)
Ny-1 Tiv _ _ F(x —nh —
ZF[nh 0] F(x (iz +Dh-v) F(x _nh v) .

F(x) F(x)
Since F €L, then when x tends to infinity, for all

values of nand v,

F(x —=(n+Dh-v) F(x —nh-v)
F(x) F(x)

tends to zero. Therefore for sufficient large x and for
any ¢ >0, we have,

No=l o
K,<—='—<e) Flnh+v]<e) F(nh)<eM.
F(x) n=0 n=0
The final inequality is valid by (4). This and (3)
complete the proof. |

Theorem 1. Suppose that X, and X, are two WND
random variables with the distribution functions F, and
F,, respectively, where F, e L ;i =1,2. If F, satisfies
in condition (1) and sup]*:2 (x) / I*T‘1 (x) < oo, then

PX, +X,>x)~PX,>x)+P(X,>x) asx - o,
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Proof. By assumption of supfz(x )/fl(x)SK <o and

Lemma 1, for every v >0 ,Xwe get
H(x)=PX,+X,>x;X,<v)
+P(X,+X,>x;0<X, <x)+P(X,>x)

v

cj " (x u)dF(u)+ch(x —u)dF,u)+F, (x)

o

F(x —u)

<CF,(x - u)+F(x)xc1<j dF,(u)+F,(x)

<{F(x)+F )}

{HCKJ‘_F(X( )u_) KM}V{—CFZF()(C _)U)}},

where x vy =max{x,y}. So

lim limsup—= Hx) %)

w0 F(x)+E(X)

Since F, e L and F, satisfies in the condition (1),
hence Lemma 4 implies (5). Moreover, for any x >0
we have,

PX +X,>x)=PX ,>x)+P(X,>x)

+P(X | +X,>x ;X <x; X ,<x)-P(X ,>x;X,>x)
2P(X >x)+P(X,>x)-P(X >x;X,>x)

2P(X >x)+P(X,>x)-CP(X ,>x)P(X,>x).
The second inequality is valid by Lemma 1, then

PX,+X,>x)
PX,>x)+P(X,>x)

>1+o(l).

This completes the proof. ]

Theorem 2. Let X, and X, be WND random

variables with common distribution function F € L . If
F satisfies in condition (1), then

P X, +c,X,>x)~P(c X, >x)+P(c,X,>x)
Q)

as X — o,

where 0<a <c,,c,<b<o.

Proof. Let ¢, =1, then Lemma 1 implies that X |,c,X,
and ¢,X, are WND. Suppose that F' be distribution
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function of ¢,X, and 0 <c, <1, we get Since the argument is similar, we omitted it.
Moreover, applying Lemma 1, we get

m+1 m+l

P(ZC[XI. >x)2> ZP(C[X,. >Xx)
i1 i-1

supﬁ_'(x)zsu P(C2X2>x)$
« F(x) + PX,>x)

>

therefore, Theorem 1 implies that ZZP( ¥ X )
- ¢, X, >x;c. X >x
P(X,+¢,X,>x)~P(X,>x)+P(c,X, >x) i

as x — oo. @) zrfP(c[Xi >x) (12)

i=1

-2 > CP,X,>x)Pc,X, >x)
PX,+c,X,>x)=Plc, X, +X,>x") i)

Now, suppose that, ¢, >1, by (7) we obtain

~P(c, X, >x")+PX,>x") (asx — ) ~mz+:1P(c.X.>x) &5 oo

=P(X,>x)+P(c,X,>x), =

N 11) and (12 lete th f.

where ¢, =1/c, <1. Therefore, for any ¢ €[a,b] we ow (11) and (12) complete the proo "
have Theorem 4. Let X,,X,,...,X, be WND random

PX, +cX,>x)~PX,>x)+P(c X,>x) variables, then

as. X = ®) P(maxX[>x)~ZP(Xl.>x) as x — o,
1<i<n P
Moreover, for every c,,c, €[a,b], by (6) we get -
Pl X, +c,X,>x)=P(X,+cX,>x") Proof. Using Lemma 1, for every x >0, we have

~P(X,>x")+P(cX,>x") (as x - ) P(max X, >x):P(U(X,- 1))

i=1

=P(c X, >x)+P(c, X, >x).

Where ¢’ =c, /c, . This completes the proof. L] 2) P(X, >x)=-2 >, P(X, >x;X, >x)
i=1

i#j

>.C.P(X,>x)P(X, >x).

i#j

The.:orem 3 Let XI,X.Z,.:.,X.H be WND random > ZP(Xi >x)_z
variables with common distribution function F €C . If sy
F satisfies in condition (1), then for any positive real ‘
numbers g and b such that 0 <a <b <0, Applying Lemma 2 we get

DD CPX, >x)P(X, >x)

i#j

P(ic[X,. >x)~iP(c,.Xl. >x) as x > . (9)

i=1 i=1

where a <c, <b;i =1,...,n. :O(ZP(X,->X)) as x —> oo,
i=1

Proof. We prove (9) by induction approach. For n =2,

Theorem 2 implies (9). Now suppose that for any

m =2

Therefore

P(maxX, >x)> > PX, >x).
<i<n il

P()cX,>x)~) P(c,X,>x) (10)
iZl IZ:; Moreover, it is easy to see that for all x >0,

holds when x tends to infinity. Geluk et al. [9], show

that, when (10) is true for every x >0, then P(max.x, >x)<YPX, >x).
- i=1
m+1 m+1
P(ZC,-Xi >x)< ZP(C[.XI. >x) as x > oo, (11) This completes the proof. |

i=l i=l
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Theorem 5. Let X ,X,,...,X, be WND random
variables with common distribution function F e€C ,
which satisfies in the condition (1). Moreover, if
6,.0,,...,0, are random variables independent of
X, X,,...,X, and P(a<6 <b)=1;i=1,...,n for

some a and b such that 0 <a <b <o, then

n

P(max6.X, >x)~ D POX,>x)
<i<n =

(13)
~P() 60X, >x),

i=1

when x tends to infinity.

Proof. Applying Theorem 4 we get

i=1

P(ie,.X,. >x)=E, {P(i@){i > x |Q)}

~E€{iP(6?iX,. >x |Q)} (as x — o)

i=1

=Y £,[P@OX, >x[0)]

=Y P@X, >x)

i=1

This gives the second relation in (13). For the first
one, applying conditional expectation role and Lemma
1, for every x >0 we have

P(max§ X, >x)>Y P(6X, >x)

I<i<n y
i=1

-3 > POX,>x;0,X,>x)

i#j

(14)

=S P@O.X,>x)
i=l

“2 > Ey, [POX >x:0,X >x6,,0,)]

i#]

ZiP(HI.X,.»c)

i=l

~Y > C.E, [POX,>x[0)]E, [P©O,X,>x|0,)]

i#j

:znlp(e,xi >x)=» > .C.P(6.X,>x)P(0,X ;>x).

i#j

The inequality is valid by independence of X, and
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6, . Now applying Lemma 2, we get
D> CPOX,>x)POX,>x)

i%j
=0(Q P(0.X, >x)) as x > .
i=1

Substituting this in (14), we obtain

P(max0.X, >x)ZZP(6’l.X,. >x) as x —>o.
I<i<n ol

This completes the proof. |

Theorem 6. Let {X i 21} be a sequence of WND

random variables with common distribution function F,
which satisfies in condition (1) and let {Hj 3j 2 l} be a

sequence of identical positive random variables which is
independent of {X )z 1} . If N is a nonnegative

integer-valued random variable independent of sequence
{X/.;j 21} and {Q/;j 21} with £(N ) <o, then,

N
P(Q.6X,>x)~EN P(6X,>x) as x —>o.
i=l
Proof. Using Theorem 5, for every x >0 we have

{P(i@)ﬁ >x|N)}

N
PO6X, >x)=E,

i=1

~E, {ip(e,.xi >x|N)} (as x — )

e [Eros o)

i=1

_Y S POX, >x)P(N =k)

k=0i=1

:Zw:P(Q.XI. >x)i P(N =k)

=S POX, >x)P(N 2i-1)

i=1
—P(6X,>x)EN.

This completes the proof. ]

Corollary 1. Under the assumptions of Theorem 6, if
P(6 =1)=1 forall i 21, then

PO X, >x)~ENP(X,>x) as x —>o.
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Discussion

Let {X,,n>1} be a sequence of independent

random variables with common distribution function F,

n

then condition F(xl,...,xn)SC.H F. (x,) can be

i=1" 1
replaced by F(x,,....x,)=]]_F(x,). Thus,

above Theorems, Lemmas and Corollaries are true in
this case, particularly; Theorem 1 in [8] and Theorem
3.1 in [15] are special case of Theorem 1 and Theorems
3,4, 5, respectively.

all
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