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Abstract 
Let { }; 1jX j ≥  be a sequence of weakly negative dependent (denoted by, 

WND) random variables with common distribution function F and let { }; 1j jθ ≥  

be other sequence of positive random variables independent of { }; 1jX j ≥  and 

[ ] 1jP a bθ≤ ≤ =  for some 0 a b< ≤ < ∞  and for all 1j ≥ . In this paper, we study 
the asymptotic behavior of the tail probabilities of the maximum, weighted sums, 
randomly weighted sums and randomly indexed weighted sums of heavy-tailed 

weakly negative dependent random variables, say, 
1
max jj n

X
≤ ≤

, 
1

n

j j
j

c X
=
∑ , 

1

n

j j
j

Xθ
=
∑ , 

and ∑
=

N

j
jj X

1
θ , respectively, where { };1jc j n≤ ≤  are n  bounded positive real 

numbers and N is a nonnegative integer-valued random variables, independent of 
iθ  and iX  for all 1i ≥ . In fact, for a large class of heavy-tailed distribution 

functions, we show that the asymptotic relations, 
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identical independent positive random variables, then we prove that 
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Introduction 

Many authors have extensively investigated the 

asymptotic behaviors of the tail probability of partial 
sums and weighted sums of independent heavy-tailed 
random variables. In recent years, Cai and Tang [2] 
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generalized the well-known max-sum equivalence and 
convolution closure of two random variables when they 
are independent and in follow of them Kiaw and Tang 
[11], Chen et al. [3] and Gluk et al. [9], have been 
provided asymptotic behavior of weighted sums of 
subexponential random variables and Large deviations 
of weighted sums and partial sums for negatively 
dependent (ND) random variables have been extended 
by Chen et al. [4], Tang [15] and for negatively 
associated (NA) ones, it is provided by Wang and Tang 
[16] and Lio [12]. In this paper we study the asymptotic 
behaviors of the tail probabilities, 
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i ii
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1
[max ]j jj n

P X xθ
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>  as x tends to 

infinity; where, { };1jc j n≤ ≤  are n  bounded positive 

real numbers and { }; 1j jθ ≥  is a sequence of positive 

random variables which are independent of the 
sequence { }; 1jX j ≥ , for a class of heavy-tailed 

distribution functions. In fact, for a large class of heavy-
tailed distribution functions, we show that the 
asymptotic relations, 
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hold as .x →∞  In addition, if ( )E N < ∞  and also 

{ }; 1j jθ ≥  is a sequence of identical independent 

positive random variables, then we prove that 

1 1
1

[ ] ~ ( ). [ ], .
N

j j
j

P X x E N P X x as xθ θ
=

> > →∞∑  

Throughout this paper, all distribution functions will 
be defined on [0, )∞  and ( ) ~ ( )f x g x  means that 
lim ( ) ( ) 1
x

f x g x
→∞

= . We denote the tail of distribution 

of F by ( ) 1 ( )F x F x= − , convolution of distributions F 
and G by *F G  and denote thn  convolution of F by 

( )nF  and ( ) ( )1n nF F= − . In the following, some well 
known classes of heavy-tailed distribution functions are 
listed. 

1. Dominated variation (D): The distribution function 
F belongs to D if for any 0 1t< < , 

( )limsup
( )x

F tx
F x→∞

< ∞ . 

2. Consistency varying tailed (C): The distribution 

function F belongs to C if, 

1

( )lim limsup 1
( )t x

F tx
F x↑ →∞

=  or 
1

( )lim limsup 1
( )t x

F tx
F x↓ →∞

= . 

3. Long-tailed (L): The distribution function F 
belongs to L if for any 0t > , 

( )lim 1
( )x

F x t
F x→∞

−
= . 

For more details about the heavy-tailed distribution 
functions, see [6], [1], and [10]. Moreover, as other 
classes of heavy-tailed distributions, we consider the 
following relation holds for the distribution functions, 

0

( ) .F u du
∞

< ∞∫  (1) 

It is easy to find some evidence for the relation (1) 
like the distribution functions that belong to the class of 
subexponential distribution functions that were defined 
in [5]. 
 
Definition 1. The random variables 1, , nX X…  are said 
to be weekly negatively dependent (WND) if for each 
n  and all 1, , ,nx x…  there exist some 1C ≥  such that 

1 , , 1
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The class of WND random variables is well defined 
and a large class of these random variables can be 
found. Some of them are presented in the following 
example. 

 
Example i) Suppose that the random vector ( , )X Y  
have joint half-normal distribution, then 

( , )f x y  

 { }2 2
22

2 1exp 2 ;
2(1 )1
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If 1 0ρ− < ≤ , then X  and Y  are ND random 
variables (see [7]). Moreover, 
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So, X and Y are WND with 21 1C ρ= − . 
ii) Let ( , )X Y  be two random variables with joint 

distribution function ( , )F x y  belongs to family of 
bivariate distributions of Farlie-Gumbel-Morgenstern 
(FGM). Then the joint density function of ( , )X Y  is as 
follows, 

1 2 1 2( , ) ( ) ( )[1 (1 2 ( ))(1 2 ( ))];f x y f x f y F x F yα= + − −  

 , , 1 1.x y R α∈ − ≤ ≤  

Where 1F  and 2F  are marginal distributions of X and Y 
respectively. (For more details see [13]). Therefore, the 
random variables X  and Y are WND with 1C α= + . 
Moreover, we know if 1 0α− < < , then X and Y are 
ND. (see [7]). 
In particular if ( )( ) 1 , 0, 1, 2iF x x x iβα α= − + > =  
( ~ ( , )X Pareto α β  where 0α >  and β  is positive 
integer), then iF C D L∈ ⊂ ∩ . For these examples it is 
easy to see that the condition (1) holds. 

The following Lemmas are important technical tools 
in the proof of our results. Since the proofs of these 
Lemmas are easy, we omitted them. 
 
Lemma 1. Let 1, , nX X…  be WND random variables 
with joint distribution function 1( , , )nF x x…  and 
marginal distributions 1 1( ), , ( )n nF x F x… , respectively. 
If 1(.), , (.)nh h…  are monotone measurable functions, 
then 

i. The random variables 1 1( ), , ( )n nh X h X…  are 
WND. 

ii. For all 1, , nx x R∈… , 
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Lemma 2. Let { }na  and { }nb  be two sequences of 
positive real numbers, then 
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Lemma 3. Let X be a random variable with distribution 
function F and cX with distribution function F ′ , where 
c is a positive constant, then 

i. F L∈  if and only if F L′∈  
ii. F D∈  if and only if F D′∈  

Results 

In this section, first we present the following Lemma 
and Theorems to be used in the proof of our main 
results. Then, we derive the asymptotic behaviors of the 
tail probabilities of weighted sums of WND random 
variables. In fact, we prove some equivalence 
statements for tail probabilities. 
 
Lemma 4. Let 1X  and 2X  be two WND random 
variables with common distribution function F L∈ , if 
F satisfies in condition (1), then for all 2 0x υ> > , 
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We have, 
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Since F L∈ , then when x tends to infinity, for all 
values of n and υ , 
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tends to zero. Therefore for sufficient large x and for 
any 0ε > , we have, 
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The final inequality is valid by (4). This and (3) 
complete the proof. ■ 
 
Theorem 1. Suppose that 1X  and 2X  are two WND 
random variables with the distribution functions 1F  and 

2F , respectively, where ; 1, 2iF L i∈ = . If 1F  satisfies 
in condition (1) and 2 1sup ( ) ( )

x
F x F x < ∞ , then 
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Since 2F L∈  and 1F  satisfies in the condition (1), 
hence Lemma 4 implies (5). Moreover, for any 0x >  
we have, 
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The second inequality is valid by Lemma 1, then 
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This completes the proof. ■ 
 
Theorem 2. Let 1X  and 2X  be WND random 
variables with common distribution function F L∈ . If 
F satisfies in condition (1), then 

1 1 2 2 1 1 2 2( ) ~ ( ) ( )P c X c X x P c X x P c X x+ > > + >  

                                                    ,as x →∞  (6) 

where 1 20 ,a c c b< ≤ ≤ < ∞ . 
 
Proof. Let 1 1c = , then Lemma 1 implies that 1 2 2,X c X  
and 2 2c X  are WND. Suppose that F ′  be distribution 
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function of 2 2c X  and 20 1c< ≤ , we get 
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therefore, Theorem 1 implies that 
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where 3 21 1c c= ≤ . Therefore, for any [ , ]c a b∈  we 
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Where 1 2c c c′ = . This completes the proof. ■ 
 
Theorem 3. Let 1 2, , , nX X X…  be WND random 
variables with common distribution function F C∈ . If 
F satisfies in condition (1), then for any positive real 
numbers a and b such that 0 a b< ≤ < ∞ , 
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Proof. We prove (9) by induction approach. For 2n = , 
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holds when x tends to infinity. Geluk et al. [9], show 
that, when (10) is true for every 0x > , then 
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Since the argument is similar, we omitted it. 
Moreover, applying Lemma 1, we get 
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Now (11) and (12) complete the proof. ■ 
 

Theorem 4. Let 1 2, , , nX X X…  be WND random 
variables, then 
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Proof. Using Lemma 1, for every 0x > , we have 
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Applying Lemma 2 we get 
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This completes the proof. ■ 
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Theorem 5. Let 1 2, , , nX X X…  be WND random 
variables with common distribution function F C∈ , 
which satisfies in the condition (1). Moreover, if 

1 2, , , nθ θ θ…  are random variables independent of 

1 2, , , nX X X…  and ( ) 1iP a bθ≤ ≤ = ; 1, ,i n= …  for 
some a and b such that 0 a b< ≤ < ∞ , then 
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when x tends to infinity. 
 

Proof. Applying Theorem 4 we get 
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This gives the second relation in (13). For the first 
one, applying conditional expectation role and Lemma 
1, for every 0x >  we have 
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The inequality is valid by independence of iX  and 

iθ . Now applying Lemma 2, we get 
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Substituting this in (14), we obtain 
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This completes the proof. ■ 
 
Theorem 6. Let { }; 1jX j ≥  be a sequence of WND 

random variables with common distribution function F, 
which satisfies in condition (1) and let { }; 1j jθ ≥  be a 

sequence of identical positive random variables which is 
independent of { }; 1jX j ≥ . If N is a nonnegative 

integer-valued random variable independent of sequence 
{ }; 1jX j ≥  and { }; 1j jθ ≥  with ( )E N < ∞ , then, 
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⎣ ⎦
∑  

          

1

0 1

1 1

1

1 1

( )

( ). ( )

( ) ( )

( ). ( 1)

( ). .

N

N i i
i

k

i i
k i

i i
i k i

i i
i

E P X x

P X x P N k

P X x P N k

P X x P N i

P X x EN

θ

θ

θ

θ

θ

=

∞

= =

∞ ∞

= = −

∞

=

⎡ ⎤= >⎢ ⎥
⎣ ⎦

= > =

= > =

= > ≥ −

= >

∑

∑∑

∑ ∑

∑

 

This completes the proof. ■ 
 
Corollary 1. Under the assumptions of Theorem 6, if 

( 1) 1iP θ = =  for all 1i ≥ , then 

11
( ) ~ . ( ) .N

ii
P X x EN P X x as x

=
> > → ∞∑  
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Discussion 

Let { }, 1nX n ≥  be a sequence of independent 
random variables with common distribution function F, 
then condition 1 1

( , , ) . ( )n
n i ii

F x x C F x
=

≤ ∏…  can be 

replaced by 1 1
( , , ) ( )n

n i ii
F x x F x

=
=∏… . Thus, all 

above Theorems, Lemmas and Corollaries are true in 
this case, particularly; Theorem 1 in [8] and Theorem 
3.1 in [15] are special case of Theorem 1 and Theorems 
3, 4, 5, respectively. 
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