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Abstract

Let {X,} be a sequence of arbitrary random variables with EX =0 and

EX? <o, for every n>1 and {a,} be an array of real numbers. We will obtain
two maximal inequalities for partial sums and weighted sums of random variables

and also, we will prove complete convergence for weighted sums Z?:l aX;,

under some conditions on &, and sequence {X,,n >1}.
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1. Introduction

The concept of complete convergence of a sequence
of random variables was introduced by Hsu and Robins
[4], as follows. A sequence {X,6,n=1} of random

variables converges completely to a constant a (denoted
lim,_ X, = a,completely), if

n

> PIIX, -4 >¢] <= forall & > 0.

n=1

From then on, there are many authors who devote the
study to the complete convergence for partial sums and
weighted sums of independent random variables such as
Taylor [13], Hu et al. [6], Sung et al. [11], Weideng and
Zhengran [15] and Sung [12]. Several authors extended
this convergence to partial sums and weighted sums of
negatively dependent and negatively associated random
variables namely Liang and Su [10], Liang [9], Huang
and Xu [5] and Amini, and Bozorgnia [1]. In this paper

first, we prove two maximal inequalities for partial
sums and weighted sums of arbitrary random variables
and then present various conditions on {a;} and

{X,} for which zj”:l a,;X; converges completely.

In addition we consider {X,,n=>1} as a sequence of
random variables with zero means such that

P[IX, |>x] < Mj:‘”e'ﬂzdt, 1)

for all n and all x >0, where M and y are positive

constants. Hanson and Wright [3], obtained a bound on
tail probabilities for quadratic forms in independent
random variables using condition (1). Wright [16]
proved that the bound established by Hanson and
Wright [3] for independent symmetric random variables
also holds when the random variables are not symmetric
but condition (1) is valid.
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Definition. ([2]) The sequence {X,,n>1} of random

variables is said to be pair-wise negative dependent
(PND) if for every x;, x; eR

PIX; <x;, X; <x; 1<PIX; <x; JPIX; <x; 1.

Lemma 1. ([2]) If the sequence {X,,n=>1} is PND,
then
EQX; X)) <E(X;).E(X;) forall i=j.

Lemma 2. If Z~N(0, 1), and X satisfies (1), then there
exists A such that

EX? <A’EZ”.

Proof. By condition (1), we get

EX? = J'OMZXP[le > x]dx
+o0 +o0 —yt2
< MJO ZX(IX e dt)
:Mjmtze*y‘zdtsz?Ezz,
0

WM Yz

2y

Where <A<,

Slow

Lemma 3. ([8]) The sequence {X,,
almost surely if and only if

. I>€]=0,

n>1} converges

IlmP[sup|X

n—w

for every ¢ > 0.

Theorem 1. ([7]) If {(X,.F,),n>1} is a non-
negative sub-martingale, then
E (max X , )"<( )"EX , when p >1.

0<k <n

2.The Maximal Inequalities

In this section, we prove two maximal inequalities
and extend Kolomogorov’s convergence criterion of
strong law of large numbers and we obtain some other
useful results.

Theorem 2. Let {X,

random variables with E(X,) = 0,

,n>1} be a sequence of
EX?

< o,
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n>1, then for the given ¢ >0,

32 9
P[ max|S, |>¢]<— (D> 0;)° )
1<k<n & =
Kk
Where S, => X and o; =4/var(X ;).
i=1
Proof. Set =Y. Xi and S, X
where X" = max{0, X} and X~ = max{0,-X}.

Since E[S,, |F,;1=S,,,, ae. and E[S, |F,;1=S,.,,
a.e. hence the sequences {S, ,F,,n=1} and
{S,,,F,,nx=1} are nonnegative sub-martingales
where F, = o(X,, - ,X,) for all n>1, where
o(X,,X,,..X ) is the smallest sigma filed
produced by X, ,X,,...,X Then, we get by
Markov’s inequality and Theorem 1 for p =2, that

P[ maxS1k > €] <iE[max S, 17

k=<n &2 1<k <n
4ESI 4

———(Za )’

the last inequality is true by the following statement

ES?, <Zak DI oy —(ZO‘k)

i#]

forall ¢> 0,

Similarly, one can show that

4 n
P[ EL%S“ >¢] Sg—Z(ZGj )?

Combining  these  two inequalities  and
IS,|<S,, + S,,,we obtain
&
> < > —
PLmax|S, [>¢] <P[maxs, >-]
&
+Pmaxs,, >7]
s3—§(201)2 forall ¢> 0,
& j=1
The following corollary is an extension of

Kolomogorov’s convergence criterion of strong law of
large numbers for arbitrary random variables.

Corollary 1. Let {X,

i) If Z o,

,N>1} be as in Theorem 2.
then the series > " X

<00,
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converges a.e.

i) If 7

hold.
1 n
—>X,—>0 ae. a n-oow, (3)
b, =
and
s, 1)
E|sup—— | < forall 0<p<2 4
nx1 n

where {b,} is a sequence of positive increasing real
numbers such that

b, »» as n—o.

Proof.
i) By applying Lemma 2, Theorem 2 and Lemma 3,
we have

P[Suplsm-k _Sn| >8] =
k>1
limP[sup|S,., -S,| >¢]
M-®1<k<m
<—( Z ), forall £>0,

j=n+1

o, <o, it follows that

Since Z

lim P[sup|S,., -S,| >¢]=0,
m—ow k>1

n+k

this completes the proof.

X
i) Taking Y, = b” , we get (3) and (4) by

n

Keronecker’s Lemma, Lemma 3 and Theorem 2.

Corollary 2. Let {X,,n>1} beas in Theorem 2.
i) If " o, <o, then for the given & > 0 and for

a > 0, the following statements hold

ZnZ“ZP[max|Sk|>n g] <0, (5)
n=1

and
Zn“ 2 P[sup| > g] <, (6)
n=1 k=n K¢

i) If Y " n’“(Z Nd )2<oo,forsome B> 0,

then for every ¢ > 0,

313

ZnﬂP[max IS, [>nel<wo  foralle> 0. (7)
n=1
. . n 1*&2ﬂ
In particular, if ijlo— =0 (n ), for some
B> 0 and a > 1, then we can obtain (5).
i) If  {X,} satisfies condition (1), then

Zjl ;= 0(n),andfor 0 << 1, we have

ZnﬂZ(ZO. )2 <o

n=1

Theorem 3. Let {X,,n>1} be an arbitrary sequence
of random variables with E(X,) = 0, EX? <oo,n>1.
Suppose that {a . ,1<j<n,n>1} be an array of real
numbers, then

nj?

Pl @%|Tk| >¢g]<

3 o 8
—Qla, lo;)? forall &> 0,
=
where T, = > " a, X,.
Proof. Set T, =Y la,IX; and T, =
>0 lag X, . Since E[T,|F,1=T,, . ae and

E[T,, [Foa 12 Ty, ae. it follows that the sequences
{T,, . F,,nx1} and {T, ,F,,n>1} are nonnegative
sub-martingales, where F, =o(X,, -:,X,) for all
n>1. Since [T,| <T, + T, forall nx>1, the proof

of (8) follows from the same argument as that in the
proof of Theorem 2. Hence

P[ max|T, | =2&]<P[ maxT, >
[1sksn| kl 8] [1£k§n 1k

]

N | &

+P[ maxT, =

1<k<n

]

N | ™

%(ZIanj |O'j)2 foralle > 0.
j=1
Corollary 3. Let {X,,
Theorem 3,
i) If Z::ln p-2 (Z ;_‘:1|anj |Gj )2 <. for some
B> 0, then we have

n>1} and {a,} be as in

forall ¢>0.

Zn/’ZP[max|T |>e] <o 9)

n=1
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i) If {X,} satisfies condition (1) and Z?:Ja
=0 (n“?) forall &> 0, then (9) holds.

3.Complete Convergence for Weighted Sums

Using results of Section 2, we obtain complete

convergence for weighted sums Z a,;X; of random

1N

variables that satisfy (1) under some conditions on a,; .

Theorem 4. Let {X,,n>1} be an arbitrary sequence
of random variables and {a.,1<j<n,n>1} be an

nj !
array of real numbers such that

n
D lay -a
-1

| = O(?) forsome B> 0,

where @, ., =0.
i) If {X,,n=>1} satisfies in condition (1), then
D>a;X; >0, completely asn — oo. (10)
j=1
i) If > o, =0(n") for some a> 0, then
(20) holds.
Proof. Using Abel’s partial summation rule we get
|Zanjx |< lrpgxls |(Z|an] n(j+1) |)
' 11)
<Cn”’ max|s, | forsome B> 0.
From Theorem 2, we conclude that
P’ max|$, |>¢)
=1 <i<n
(12)

<— nzﬁ[ZaJ forall & > 0.
g n=1

Hence (11) and (12) yield

D P[> a,X;|>e]< > P(n” max|$S, |>¢)
1t n=1 =i=n

2
<%Zn_2ﬁ[ZGJJ :
& n=l j=1

i) Condition (1) implies that
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2
00 n
S| o,
n=1 j=1

0

<Y1 <o forall g 32

n=1 n

i IfFy
o5

o, = O(n®) forsome a > 0, then

0

1
<MZW

n=1

<o forall g>1/2+a.
Where 0 <M < oo, this completes the proof.

Theorem 5. Let {X,,n>1} be an arbitrary sequence
of random variables with zero means that satisfies (1)
and {anj} be as in Theorem 4. Then, there exists 4> 0

such that

P[|Zamx |> g]<—(

Proof. Applying Markov’s inequality,
Shwarz’s inequality and Lemma 2, we have

2
n 1 n
P[lzanjxj | > 5]38_2E(Zanjxjj
=1 i=1

] forall £> 0.

=1

Cauchy-

Z(IanJ DZEX]+2> lay lay [EIX; X, IJ

i]

Zaan, DEXE + Y fas fla, WEX ZEX. ‘]

i#]j

a

22(a
<2

& j=1

nj

2
J forall ¢>0.

Corollary 4. Let {X,,
Theorem 5.

DIfEY" Ja

n’ ianjxj -0,

j=1

n>1} and {a,} be as in

.| = O(1), then for all ﬂ>%,

completely asn — oo,
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il
ii) If max la;] =0(n?),0 <d< 2, then

I<i<n

forall > 1 g we have

n”’ iam.xj - 0,

=1

completelyas n — o«

Theorem 6. Let {X,,n>1} be a sequence of PND
random variables with zero means that satisfies (1). Let
{ay} be an array of positive real numbers with

a5 =0(n%),

for all 6>0. Then for all

B> %,wehave

n’ﬂzn:anjxj - 0,

=1

completelyas n — .

Proof. By Markov’s inequality, Lemmas 1 and 2, we
get

Z;P[n’ﬂ |Z;am.xj |>¢]
n= j=

2
o0 1 n
< E a; X .

n=1

) [Zam EX 7+) >a,a,EX EX J

n=1 N i#]
0 12 n

<32 Sa;

hS nj
man?fe? =1

<S—A o forall £>0.

n=1 N

< 00
260 g2

This completes the proof.

4. Examples

In the following we have several examples that
satisfy the conditions of Theorem 2, and Corollaries 1
and 2.

1. Let {X,,n>1} be a sequence of arbitrary

random variables.

i) If X, ~exp(4,) forall n>1 and ZL%“"’

then z ::1X ;

converges a.e. In particular if
A, =n® forall @ > 1,then > " X

converges

n

315

a.e.

i) Let P[X,=0]=1- L and P[X
nll

o0 1 -
o, =Zn:1 o <oo, It

converges a.e.

for all a> 4. Since ZL

follows that >~ X,
iii) If X, ~U(-a,
and D" a, < oo, then D " X
iv) Let X, ~I'(m,,n*), for all « > 0. Since

o0 O-n
Z n=1

,a,),0<a, <1forall n>1,

converges a.e.

n
1Z(xk -EX,) —> 0 ae.
nNia

2. Let {X,} be a sequence of i.i.d. random variables
with distribution U[O, 1]. Set Y, = [I;, X,

o, = Var(Y,). Itisobvious that EY,6 = zi” and

and

Var(Y,) < —, for all n>1. Since >~ o, <o,

from Corollary 1.i, we conclude that » " (¥  —EY )
converges a.e. Next, note that Z ::1 EY K <o ae.
hence

S TIX,

hoy k=1

converges a.e.

Also, the conditions of Corollary 2.i are valid for the
sequence {Y,}. Thus (5) and (6) hold.

3. Let {X,} be a sequence of random variables with
the probability function,

P[X, = 0] = P[X, = foralln>1.

n

1
2] ==
1=3

It is obvious that conditions of Corollaries 1 and 2

converges a.e. and the statements (5) and (6) are true.
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