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Abstract 

In this paper, the notion of fuzzy n-polygroups (F
n
 -polygroups) is introduced 

and some related properties are investigated. In this regards, the concepts of 

normal  F-subpolygroups and homomorphisms of F
n
-polygroups are adopted. 

Also, the quotient of F
n
-polygroups by defining regular relations are studied. 

Finally, the classical isomorphism theorems of groups are generalized to F
n
-

polygroups provided that the F-subpolygroups considered in them are normal. 
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Introduction 

In this section, we describe the motivation and a 

survey of related works. Hyperstructure theory has been 

introduced by Marty in [15]. He defined hypergroups, 

investigated their properties and applied them to groups 

and rational algebraic functions. Later on these subjects 

has been studied by many mathematicians. Canonical 

hypergroups are a particular case of Marty’s 

hypergroups. The notion of canonical hypergroups 

independent of other operations, was studied for the first 

time by J. Mittas in 1970. Some connected 

hyperstructures with canonical hypergroups were 

introduced and studied by Corsini, Bonansinga, 

Serafimidis, Kostantinidou, Mittas and De Salvo. 

Canonical hypergroups were used in the character 

theory of finite groups by Roth in 1975. Quasicanonical 

hypergroups which satisfy all conditions of canonical 

hypergroups except commutativity, were introduced by 

Corsini. This class of hypergroups were studied by 

Comer independently and he named them polygroups. 

There exists a rich bibliography: publications appeared 

within 2012 can be found in “Polygroup Theory and 

Related Systems" by B. Davvaz [2]. This book contains 

the principal definitions endowed with examples and the 

basic results of the theory. 

n -ary generalizations of algebraic structures is 

another topic in hyperstructure theory. The concept of 

n -hypergroups which are a nice generalization of 

groups were introduced by Davvaz and Vougiouklis in 

[6], which is a generalization of the concept of Marty’s 

hypergroup and n -group. Later on, n -polygroups 

which are a special case of n -hypergroups studied by 

Ghadiri and Waphare [11], Leoreanu-Fotea and Davvaz 

[5, 14] and others. 

Following the introduction of fuzzy set by Zadeh in 

1965 [18], fuzzy set theory has been developed by many 

others in mathematics and other branches of science. In 

1971, the concept of a fuzzy subgroup has defined and 

studied by Rosenfeld [16]. He formulated the concept of 

a fuzzy subgroup of a group. The connections between 

the fuzzy sets and algebraic hyperstructures have been 

considered by Corsini, Davvaz, Leoreanu, Zahedi and 

others. Some applications of fuzzy algebra, such as in 

automata theory and coding theory can be found in [1]. 

Zahedi et al. introduced the notion of fuzzy 

subpolygroups of a polygroup, also see [3, 7]. Then, the 

notion of fuzzy n -ary subpolygroups is studied in [8, 9, 

10, 12, 13]. The notion of fuzzy polygroup ( F -

polygroup), has been introduced and studied by Zahedi 

and Hasankhani [20, 21]. 
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In this paper by considering the notion of n -

polygroups, first we introduce the notions of 
nF -

polygroup, F -subpolygroups, regular and strongly 

regular relations. Then, by using a normal F -

subpolygroup we construct quotient 
nF -polygroups 

and finally we state isomorphism theorems for 
nF -

polygroups.  

Preliminaries 

 In this section, we recall some definitions and 

simple results of hyperstructures and fuzzy subsets we 

need for development of our paper. We shall use the 

notation 
j

ix  to denote the sequence 
jii xxx ,,, 1 
. 

Also, 

)(i

a  denotes the sequence 



i

aa ,, . Let P  be a 

non-empty set. A  hyperoperation on P  is a function 

)(: * PPPP  , where )(* PP  is the set of all the 

non-empty subsets of P . A couple ),( P , endowed 

with a bijective function PP  :1  (unitary operation), 

is called a  polygroup if the following three conditions 

are satisfied: (i) )(=)( zyxzyx  , for every 

zyx ,,  in P ; (ii) there exists Pe  such that 

xxeex ==  , for every Px ; (iii) 

zxyyzxyxz  11   , for every 

zyx ,,  in P . The following elementary facts about 

polygroups follow easily from the axioms:  

 

,=)(and,=)(,=, 11111111   xyyxxxeexxxxe   

where }|{= 11 AaaA 
. A  fuzzy subset of P  is 

a mapping IP : , where I  is the unit interval 

R[0,1] . The set of all fuzzy subsets of P  will be 

denoted by 
PI , that is 

}:|{= functionaisIPI
P

 .  

Let }:{   be a collection of fuzzy subsets of 

P , where   is a non-empty index set. Then, we define 

the fuzzy subset 







 as follows: for all Px , 

)}({=))(( xx 






 


 . If 
PI , then the  support of 

 , is defined by 0}>)(|{=)(supp xPx   . If 

PA  and It , then we define 
P

t IA   as 

follows:  









.\0

,
=)(

APxif

Axift
xAt

 

Let {0}\=*

PP II . An 
nF -hyperoperation on P  is 

a function 
Pn IPf *:  . In other words, for any 

Pxn 1
, )( 1

nxf  is a non-zero fuzzy subset of P . If for 

all Pxn 1 , ))((supp 1

nxf  is a singleton set, then f  is 

called an 
nF -operation. An 

nF -hyperoperation f  

on P  is called  associative if  

 

)),(,(=)),(,( 1211

1

1211

1









 n

jn

jn

j

jn

in

in

i

i xxfxfxxfxf

for all },{1,, nji   and Px n 12

1 .  

If 
Pn I*1  , then ),,( 1 nf    is defined by  

).,,(=),,( 1

)(supp

1 n

ii
x

n xxff  





 

Let 
P

n I*1 ,,,    and Pxn 1 . Then, for 

},{1, ni   we define   

 

(1) ),,,,,,(=),,( }{}
1

{}
1

{}
1

{1

1

1
n

x
i

x
i

xx

n

i

i fxxf  




  

(2) ),,,,,,(=),,( }{}
1

{}
1

{}
1

{1

1

1
n

x
i

xA
i

xx

n

i

i fxAxf  




  

(3) ),,(=),,( 1}{

1

11

1

1

n

ix

in

i

i fxf 





  , 

(4) ),,(=),,( 1

1

11

1

1

n

iA

in

i

i fAf 





  , 

where A  is a non-empty subset of P  and 
X  is the 

characteristic function of set X .  

 

Definition 2.1 Let P  be a non-empty set, f  be an 

nF -hyperoperation on P  and let PP  :1  be a 

unitary operation. Then, ),( fP  is called an  
nF -

polygroup if the following axioms hold:   

(1) f  is associative, 

(2) there exists an element Pe  such that ee =1
 

and }{=)),,((supp
)(1)(

xexef
ini 

, for all Px  and for 

all },{1, ni   

(in this case we say e  is an F - identity element of 

P ),  

(3) ))((supp 1

nxfz  implies  

)),,,,,,((supp 1

1

11

1

1

1







 inii xxzxxfx   for 

all Pxz n 1, .  

An 
nF -polygroup ),( fP  is said to be canonical if  

.),(=)( 1

)(

(1)1 n

nnn everyforandPxallforxfxf S 


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We can see easily that if ),( fP  is an 
nF -

polygroup, 
P

n I*1 ,,,    and xxn ,1  are arbitrary 

elements of P , then   

(1) xx =)( 11 
,  

(2) )),,((supp=)))((supp( 1

1

11

1

 xxfxf n

n  , 

where }|{= 11 AaaA 
,  

(3)

)),,((supp=)),,((supp 1

1

1

)(supp

1

1

1

n

i

i

t

n

i

i xtxfxxf 







 


 , 

for all },,{1, ni   

(4) 

)).,,((supp=)),,((supp 1

)(supp

1 n

ii
x

n xxff  





 

Example 1: Let (0,1]t  and let P be a polygroup. 

We define an 
nF -hyperoperation f  on P  as follows:  

.,,,),()(=))(,,( 111 Pxxxallforxxxxxxf ntnn 

Then, ),( fP  is an 
nF -polygroup.  

 

Definition 2.2  Let ),( fP  be an 
nF -polygroup 

and let S  be a non-empty subset of P . Then, S  is 

called an  F -subpolygroup if   

(1) Se ,  

(2) Sxf n ))((supp 1
, for all Sxn 1 ,  

(3) Sx  implies Sx 1
.  

 

Notice that condition (2) of Definition 2.2 is 

equivalent to 
S

nxf )( 1
, for all Sxn 1 .  

     

Lemma 2.3  Let ),( fP  be a canonical 
nF -

polygroup and let 
nS1  be F -subpolygroups of P . 

Then,   

(1) ))((supp 1

nSf  is an F -subpolygroup of P ,  

(2) )),,((supp 1

1

1

n

i

i SeSf 


 is an F -subpolygroup of 

))((supp 1

nSf , for all },{1, ni  .  

 

Quotient 
nF -polygroups 

The goal of this section is to introduce an 

equivalence relation 
*S  on an 

nF -polygroup and to 

construct a quotient 
nF -polygroup. 

Let ),( fP  be an 
nF -polygroup and let   be an 

equivalence relation on P . If A  and B  are non-empty 

subsets of P , then   

(1) we write BA  if for every Aa , there exists 

Bb  such that ba  and for every Bb  there 

exists Aa  such that ba , 

(2) BA  means that for every Aa  and for 

every Bb , we have ba .  

An equivalence relation   defined on an 
nF -

polygroup ),( fP  is called  regular if for every 

Pyx nn 11 , , 
nn yxyx  ,,11   implies that 

))((supp))((supp 11

nn yfxf   and   is called  

strongly regular if nn yxyx  ,,11   implies that 

))((supp))((supp 11

nn yfxf  . 

It is easy to verify that if   is a regular relation on 

),( fP , then  

]))},[,],[((supp|][{=))},,((supp|][{ 11 nn xxfxxxxfxx   

where ][x  is the equivalence class of x . Also, 

whenever   is a strongly regular relation, reflexivity of 

  implies that for every ))((supp, 121

nxfzz   we 

have ][=][ 21 zz   and so ))}((supp|][{ 1

nxfxx   is 

singleton. 

Throughout the paper, we use the notation 
][

][

j
x

i
x  to 

denote the sequence ][,],[ ji xx   .  

 

Theorem 3.1  Let ),( fP  be an 
nF -polygroup and 

let   be a regular relation on P . Then, 

}|][{=/ PxxP   is an 
nF -polygroup with the 

nF -hyperoperation f  and unitary operation 
1

 on 

P  defined as follows:  

 

.],[=])[(

,,=)(

11

1))}
1

((supp|][{

][

]
1

[

Pxxx

Pxf n

nxfzz

n
x

x














 

 

Proof. Since   is a regular relation, f  is well-

defined. We show that f  is associative. For every 

},{1,, nji   and for every  /
]

12
[

]
1

[ Pn
x

x  , we 

have:  

 








)),(,(
]

12
[

][

]
1

[

][

]
1

[

]
1

[

n
x

in
x

in
x

i
x

i
x

x
ff 

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).),(,(=

=

=

=

)],[,(=

]
12

[

][

]
1

[

][

]
1

[

]
1

[

))}
12

),
1

(,
1

1
((|][{

))}
12

),
1

(,
1

1
((|][{

))}
12

,,
1

1
((|][{

))
1

((

]
12

[

][

]
1

[

]
1

[

))
1

((







































n
x

jn
x

jn
x

j
x

j
x

x

n

jn
x

jn

j
xf

j
xftt

n

in
x

in

i
xf

i
xftt

n

in
xz

i
xfttin

i
xfz

n
x

in
x

i
x

x
in

i
xfz

ff

zf





















supp

supp

supp
supp

supp





 

 

Evidently, ][=])[( 1 ee   and ]}[{=)][],[(
1)(

xexf
n





 

for every Px , where e  is the F -identity element 

of ),( fP . Now, if ))((supp][
][

]
1

[
n

x

xfz    then there 

exists ))((supp 1

nxfz   such that ][=][ zz  . Since 

),( fP  is an 
nF -polygroup, for every },{1, ni   

we have )),,,,,,((supp 1

1

11

1

1

1








 inii xxzxxfx   

which implies that  

)])[(,,])[(],[,])[(,,])[((][ 1

1

11

1

1

1








 inii xxzxxfx   

).])[(,,])[(],[,])[(,,])[((= 1

1

11

1

1

1







 ini xxzxxf  

Thus, ),/(  fP  is an 
nF -polygroup.  

 

Let S  be an F -subpolygroup of an 
nF -polygroup 

),( fP . We define the relation 
*S  on P  as follows:  

)).,,((supp
2)(

*



n

eySfxifonlyandifySx
 

 

Lemma 3.2 The relation 
*S  is an equivalence 

relation.  

Proof. It is easy to see that 
*S  is reflexive and 

symmetric. Let zyx ,,  be elements of P  such that 

ySx *
 and zSy *

. Then, we have 

)),,((supp
2)( 


n

eySfx and 

)),,((supp
2)( 


n

ezSfy .Therefore, 

)),,((supp
2)( 


n

eyafx and 

)),,((supp
2)( 


n

ezbfy  for some Sba , . So,  

)),),,,(((supp=))),,,(,((supp
2)(2)(2)(2)( 


nnnn

ezebaffeezbfafx

                                              
)).,,((supp

2)( 


n

ezSf  

 Hence, zSx *
. Therefore, the relation 

*S  is 

transitive.  

Definition 3.3 An F -subpolygroup S  of ),( fP  is 

said to be  normal in P  if for every Px ,  

.))),,,(,((supp
2)(2)(

1 SeexSfxf
nn





 

 

Lemma 3.4  For F -subpolygroups 
nS1  of a 

canonical 
nF -polygroup, where 

jS  is normal, for 

some nj 1 , we have   

 (1) 
i

n

i

S
1=

 is a normal F -subpolygroup of kS , 

where nk 1 ,  

(2) 
jS  is a normal F -subpolygroup of 

))((supp 1

nSf .  

 

Lemma 3.5 Let S  be a normal F -subpolygroup of 

),( fP . Then,   

(1) )),,((supp=)),,((supp
2)(2)(  nn

exSfeSxf , for 

all Px ,  

 (2) SeexSfxf
nn

=))),,,(,((supp
2)(2)(

1


 , for all 

Px .  

 

Proof. (1) For every Px  we have  

))),,,(((supp=)),,((supp
1)(2)(2)(  nnn

eeSxffeSxf

))),,,(),,,(((supp
2)(2)(

1
2)( 





nnn

exexfeSxff

)),),,),,,((((supp=
2)(2)(

1
2)( 


 nnn

exexeSxfff  

)).,,((supp
2)( 


n

exSf  

 

Similarly, we can prove that  

)),,((supp)),,((supp
2)(2)( 


nn

eSxfexSf . 

 

 (2) For every Px  we have  

)),),,,(((supp)),,((supp=
2)(2)(

1
2)( 





nnn

eSexxffeSefS

   ))),,,(,((supp=
2)(2)(

1



nn

eeSxfxf  

   )).),,,(,((supp=
2)(2)(

1



nn

eexSfxf  

Thus, for every Sx , we have  

SeexSfxf
nn

=))),,,(,((supp
2)(2)(

1


 .  

 

 

Proposition 3.6 Let S  be a normal F -
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subpolygroup of ),( fP . Then, for Pyx , , the 

following assertions are equivalent:   

(1) ySx *
,  

(2) Seyxf
n




 )),,((supp
2)(

1
,  

(3) 


 Seyxf
n

)),,((supp
2)(

1
.  

 

Proof. 2)1 Since )),,((supp
2)( 


n

eySfx , we have  

)),),,,(((supp)),,((supp
2)(

1
2)(2)(

1





 
nnn

eyeySffeyxf

                           ))),,,(,((supp=
2)(2)(

1



nn

eeySfyf
 

                           .= S  

 

3)2  It is obvious. 

1)3  Let Seyxfz
n




 )),,((supp
2)(

1
. Then, 

we have )).,,((supp)),,((supp
2)(2)( 


nn

eySfeyzfx  

That is, ySx *
.  

 

Proposition 3.7 Let S  be a normal F -

subpolygroup of ),( fP . Then, for every 

)),,((supp
2)( 


n

eyxfz  we have  

)).,,((supp=))),,,(,((supp
2)(2)(2)(  nnn

ezSfeeySfxf

 

Proof. Let )),,((supp
2)( 


n

eyxfz  be an arbitrary 

element. Then,  

)).),,,(,((supp=))),,,(,((supp)),,((supp
2)(2)(2)(2)(2)( 


nnnnn

eeySfxfeeyxfSfezSf

 

Now, we prove the converse inclusion. Let 

))),,,(,((supp
2)(2)( 


nn

eeySfxfa  be an arbitrary 

element. Then, we have 

)),),,,(((supp
2)(2)(

1



nn

eaexSffy . Therefore,  

)),,),,,((,((supp)),,((supp
2)(2)(2)(

1
2)( 





nnnn

eeaexSffxfeyxf

        )),),),,,(,(((supp=
2)(2)(2)(

1



nnn

eaeexSfxff  

   )).,,((supp=
2)( n

eaSf  

This implies that )),,((supp
2)( 


n

eaSfz  and so we 

have )),,((supp
2)( 


n

ezSfa .  

 

Lemma 3.8  If S  is a normal F -subpolygroup of 

),( fP , then   

 (1) )),,((supp=][
2)(

*
n

exSfxS ,  

 (2) for every Pan 2  we have 

][=)),((supp *

2 xSaSf n
,where )),((supp 2

naSfx .  

 

For a set A , we define ][=][ ** aSAS
Aa




. Obviously 

)),,((supp=][
2)(

*
n

eASfAS .  

    

Lemma 3.9 Let S  be a normal F -subpolygroup of 

an 
nF -polygroup ),( fP . Then, for all Pxn 1  we 

have   

(1) ][=))]((supp[ *

1

* xSxfS n
, where 

      ))((supp 1

nxfx ,  

(2) ))((supp=))]((supp[
][

]
1

[

*

1

* n
x

x

n SfxfS ,  

(3) ))((supp=))]((supp[
][

]
1

[

*][

]
1

[

** n
x

x
n

x

x SfSfS .  

 

Proof. (1) Assume that ))((supp 1

nxfx . It is clear 

that ))]((supp[][ 1

** nxfSxS  . Since 

))),(,((supp=))]((supp[
2)(

11

*



n

nn exfSfxfSx

we have ].[=)),,((supp))((supp *
2)(

1 xSexSfxf
n

n


  

Therefore, we have ][))]((supp[ *

1

* xSxfS n   

which completes the proof. 

 

(2) By using Lemma 3.8, we have  

))),,(,),,,(((supp=))((supp
2)(2)(

1

][

]
1

[

*
 n

n

n
n

x

x exSfexSffSf   

 ))),(,((supp=
2)(

1

n
n exfSf  

 ))].((supp[= 1

* nxfS  

 

(3) By using (2), we have  

))].((supp[=))]]((supp[[=))]((supp[ 1

*

1

**][

]
1

[

** nnn
x

x xfSxfSSSfS  

 

Corollary 3.10 The relation 
*S  is a strongly 

regular relation.  

Proof. Let 
nn ySxySx *

1

*

1 ,,  and 

))((supp 1

nxfx  and ))((supp 1

nyfy . Then,  

))),,(,),,,(((supp))((supp
2)(2)(

11




n

n

n
n eySfeySffxfx 
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))),(,((supp=
2)(

1

n
n eyfSf  

               ))]((supp[= 1

* nyfS  

               ].[= * yS  

 Therefore, we have ySx *
.  

Let S  be a normal F -subpolygroup of an 
nF -

polygroup ),( fP . Since 
*S  is a strongly regular 

relation, by Theorem 3.1, 
*/SP  is an 

nF -polygroup 

with 
nF -operation *S

f  defined as follows:  

))((supp,=)( 1]}[*{

][

]
1

[

*

*

n

zS

n
x

x
S

xfzSf   

and so 
*/SP  is a quotient 

nF -group. 

Results and Discussion 

In this section, with respect to the concepts of normal 

F -subpolygroups and strongly regular relations and 

homomorphisms, we state and prove isomorphism 

theorems for 
nF -polygroups. 

Let ),( 11 fP  and ),( 22 fP  be two 
nF -polygroups. A  

homomorphism from 1P  to 2P  is a mapping 

21: PP   such that   

(1) 
21

=)( PP ee , where 
1

Pe  and 
2

Pe  are F -

identity elements,  

 (2) ))((supp=)))((supp(
1

211
n

x

x

n fxf  ,  

hold for all 11 Pxn  , where 
j

a

i
a  denotes the 

sequence )(,),( ji aa   . 

An injective homomorphism is called a  

monomorphism and an onto homomorphism is called an  

epimorphism. An injective and onto homomorphism is 

called an  isomorphism. We say that 1P  is  isomorphic 

to 2P , denoted by 21 PP  , if there exists an 

isomorphism from 1P  to 2P . 

The next lemma can be proved easily using 

previously defined notions and thus we omit its proof.  

  

Lemma 4.1 Let ),( 11 fP  and ),( 22 fP  be two 
nF -

polygroups and let 21: PP   be a homomorphism. 

Then,   

 (1) 1

11 ,))((=)( Pxxx   ,  

 (2)   is injective if and only if }{=
1

Peker , 

where }=)(|{=
2

1 PexPxker   ,  

 (3) ker  is an F -subpolygroup of 1P ,  

 (4) Im  is an F -subpolygroup of 2P .  

 

Let   be a regular relation on ),( fP . Clearly, the 

natural map  /: PP  by ][=)( xx   is an 

epimorphism.   is called the canonical 

homomorphism.  

 

Lemma 4.2  Let ),( 11 fP  and ),( 22 fP  be two 
nF

-polygroups and let 21: PP   be a homomorphism. 

Then, there exists a monomorphism 
21/: PP   

such that  = , where 

)}(=)(|),{(= 11 yxPPyx   .  

 
 

Proof. First, we show that   is a regular relation 

on 1P  and then /1P  is defined. For 111 , Pyx nn   if 

nn yxyx   ,,11   and ))((supp 11

nxfa , then we 

have  

))((supp=)))((supp()(
1

211
n

x

x

n fxfa    

                                            ))((supp=
1

2
n

y

yf   

                                            ))).((supp(= 11

nyf  

 

Therefore, there exists ))((supp 11

nyfb  such that 

)(=)( ba  . This implies that 

))((supp))((supp 1111

nn yfxf  . Hence,   is 

regular. Now, we define )(=])[( xx   . It is easy 

to see that   is a monomorphism and  = .  

 

Theorem 4.3 Let   and   be regular relations on 

),( fP  such that   . Then, there exists a regular 
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relation   on /P  such that  )//(P  is isomorphic 

to /P .  

Proof. We define the map  //: PP   by 

][=])[( xx  . Since   ,   is well-defined. 

For  /][,],[ 1 Pxx n   we have  

))}((supp|])[({=))(( 1

][

]
1

[

nn
x

x xfzzf    

                        ))}((supp|][{= 1

nxfzz   

                             )(=
][

]
1

[
n

x

xf   

                        ])).[(,]),[((= 1 nxxf  
 

 

Therefore,   is a homomorphism. Now, if  

])},[(=])[(|//])[],[{(= yxPPyx    

 

then by Lemma 4.2, there exists a monomorphism 

 /)//(: PP   such that  = , and so   

is an isomorphism.  

 

Lemma 4.4  Let ),( fP , ),( 11 fP  and ),( 22 fP  be 

nF -polygroups and let 11 : PP   and 
22 : PP   

be epimorphisms such that 2

1

21

1

1     . Then, 

there exists a unique epimorphism 21: PP   such 

that 21 =  .  

 

 
 

Proof. Since 1  is onto, for every 11 Pz   there 

exists Px  such that 11 =)( zx . We define 

21: PP   by )(=)( 21 xz  . If 

)(=)( 11 Pyzy  , we have 

2

1

21

1

1),(    yx , and so )(=)( 22 yx      

This proves that   is well-defined. We prove that   is 

an epimorphism. Clearly, we have 
21

=)( PP ee . Now, 

if 11 Pxn   are arbitrary elements, then there exist 

Pyn 1  such that )(1,=)(1 nixy ii   and we 

have ))((supp=))((supp
1

22
1

2
n

y

y
n

x

x ff   

)))((supp(= 12

nyf  

))}((supp|)({= 12

nyftt   

))}((supp)(|)({= 1112

nxftt   

))}((supp)(|))(({= 1111

nxftt   

))).((supp(= 11

nxf  

It is routine to check that   is surjective and 

21 =  . The uniqueness is evident.  

 

Theorem 4.5 If   and   are regular relations on 

),( fP  such that   , then there exists an 

epimorphism  // PP  .  

Proof. Let  /:1 PP  and  /:2 PP  be 

canonical homomorphisms. Since 
1

1

1=  


 and 

2

1

2=  


, by Lemma 4.4 the proof is completed.  

 

Proposition 4.6 Let ),( 11 fP  and ),( 22 fP  be two 

nF -polygroups and },|),{(== 2121 PyPxyxPPP   

We define 
Pn IPf *: 

 as follows:  

)}.)(,,(),)(,,({min=),))(,(,),,(( 121111 byyfaxxfbayxyxf nnnn 

for all Pba ),( . Then, ),( fP  is an 
nF -polygroup.  

Recall that for relations   and   on P  the product 

relation is  

}.),(,),(|),{(=
2

PusomeforyuuxPyx  

The diagonal relation   on P  is the set }|),{( Paaa 

and the full relation 
2P  is denoted by  .  

 

Theorem 4.7 Let ),( fP  be an 
nF -polygroup and 

*,  be regular relations on P  such that  =*  

and =*  . Then,  
*//  PPP   

under the map ])[],[(=)( * xxx  .  

 

Proof. If Pyx ,  and )(=)( yx   then 

][=][ yx   and ][=][ ** yx  , so 
*),(  yx ; 

hence yx = . This means that   is injective. Now, let 

Pyx ,  are given. Since =*  , there exists z  

in P  such that zx  and yz * ,  

hence ])[],[(=])[],[(=)( ** yxzzz  , so   is 
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onto. Now, for every Pxx n ,,1  , we show that 

)).((supp=)))((supp(
1

1
n

x

x

n fxf  
 

 

We have  

))}((supp|)({=)))((supp( 11

nn xfxxxf   

))}((supp|])[],[{(= 1

* nxfxxx   

))}((supp,|])[],[{( 1

* nxfyxyx                              

)()(=
][

]
1

[

*

*

][

]
1

[
n

x

x
n

x

x ff 
           

)),((supp=
1

n
x

xf 
 and so )).((supp)))((supp(

1
1

n
x

x

n fxf    

Conversely, suppose that ))((supp])[],[(
1

* n
x

xfba  

.  

Then,  

))}.((supp,|])[],[{(])[],[( 1

** nxfyxyxba    

Since =*  , there exists c  in P  such that 

ca  and bc * , and so ])[],[(=])[],[( ** ccba  , where 

))((supp 1

nxfc . Therefore, )))((supp(])[],[( 1

* nxfba  

. This completes the proof.  

 

Theorem 4.8 (First Isomorphism Theorem). Let 

),( 11 fP  and ),( 22 fP  be two 
nF -polygroups and let 

21: PP   be a homomorphism such that kerK =  is 

a normal F -subpolygroup of ),( 11 fP . Then, 

ImKP *

1/ .  

Proof. We consider the map  ImKP *

1/:  by 

)(=])[( * xxK  . By the following argument   is 

well-defined.  

)),,((supp=)),,((supp][=][
2)(

1
1

2)(

1
1

**



n

P

n

P eyKfexKfyKxK  

))),,((supp(=))),,((supp(
2)(

1
1

2)(

1
1




n

P

n

P eyKfexKf   

))),(),(((supp=))),(),(((supp
2)(

2
2

2)(

2
2




n

P

n

P eyKfexKf   

))),(,((supp=))),(,((supp
2)(

22
2

2)(

22
2




n

PP

n

PP eyefexef   

 ).(=)( yx   

 Obviously, 
211

* =)(=])[( PPP eeeK   and for every 

*

1

][

]
1

[

* /KPK n
x

x  , we have  

)))((supp(=])[(=)))((supp( 11

*][

]
1

[

*
*1

nn
x

xK
xfzKKf   

))((supp=
1

2
n

x

xf   

]))),[(,]),[(((supp= *

1

*

2 nxKxKf    

where z  is an arbitrary element of ))((supp 11

nxf . 

Therefore,   is a homomorphism. 

If Imy  is an arbitrary element, then there exist 

1Px  such that ])[(=)(= * xKxy   which implies 

that   is onto. We have  

}=])[(|/][{=
2

**

1

*

PexKKPxKker    

      }=)(|/][{=
2

*

1

*

PexKPxK   

      }|/][{= *

1

* KxKPxK   

      ]}.[{=
1

*

PeK  

Therefore,   is injective and so ImKP *

1/ .  

 

Theorem 4.9 (Second Isomorphism Theorem). If 
nS1  

are F -subpolygroups of a canonical 
nF -polygroup 

),( fP  such that 
jS  is normal for some },{1, nj   

then  

.))/((supp))),,((supp))/(,,((supp *

1

*

1

1

11

1

1 j

n

j

n

j

jn

j

j SSfSSeSfSeSf 







 

Proof. By Lemma 2.3, )),,((supp 1

1

1

n

j

j SeSf 

  is an 

F -subpolygroup of ))((supp 1

nSf . By Lemma 3.4, 
jS  

is a normal F -subpolygroup of ))((supp 1

nSf . Hence, 

by Lemma 3.4, 
j

n

j

j SSeSf 

 )),,((supp 1

1

1
 is a normal 

F -subpolygroup of )),,((supp 1

1

1

n

j

j SeSf 

 . So 

*

1 ))/((supp j

n SSf and 

*

1

1

11

1

1 ))),,((supp))/(,,((supp j

n

j

jn

j

j SSeSfSeSf 







 are defined.  

We consider the map 

 *

11

1

1 ))/((supp)),,((supp: j

nn

j

j SSfSeSf 

  by 

][=)( * xSx j . Clearly, ][=)( * eSe j  and for every 

)),,((supp 1

1

11

n

j

jn SeSfx 

  we have 

))}((supp|)({=)))((supp( 11

nn xfxxxf   

                                
))}((supp|][{= 1

* n

j xfxxS   

]}[{= * zS j  

          ))((supp=
][

]
1

[

*

*
n

x

xj
j

S
Sf  

                                  

)),((supp=
1

*
n

x

x
j

S
f   

 where z  is an arbitrary element of ))((supp 1

nxf . 

Therefore,   is a homomorphism. Let 
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*

1

* ))/((supp][ j

n

j SSfaS   be an arbitrary element. Then, 

there exist niSa ii  1;  such that ))((supp 1

nafa . 

Now, for 

)),,((supp)),,((supp 1

1

11

1

1

n

j

jn

j

j SeSfaeafx 





   

we have  

))),,,(,((supp=))],,((supp[=][=)(
2)(

1

1

11

1

1

**









n

n

j

j

j

n

j

j

jj eaeafSfaeafSxSx

                 ))),,(,((supp= 1

1)(
1

1

n

j

n

j

j aeSfaf 


  

           
))),,,(,((supp= 1

2)(
1

1

n

j

n

jj

j aeaSfaf 


  

          
))),(,((supp=

2)(

1

n
n

j eafSf  

          
))]((supp[= 1

* n

j afS  

          
].[= * aS j  

 Therefore,   is onto. We have  

]}[=][|)),,((supp{= **

1

1

1 eSxSSeSfxker jj

n

j

j





                }|)),,((supp{= 1

1

1 j

n

j

j SxSeSfx  


 

                .)),,((supp= 1

1

1 j

n

j

j SSeSf 

  

 Hence, by the First Isomorphism Theorem the 

desired result holds.  

 

Theorem 4.10 (Third Isomorphism Theorem). If S  

and J  are normal F -subpolygroups of ),( fP  such 

that JS  , then */SJ  is a normal F -subpolygroup of 

*/SP  and 
**** /)/)/(/( JPSJSP  .  

 

Proof. First, we show that 
*/SJ  is an F -

subpolygroup of 
*/SP . Since Je , we have 

** /][ SJeS  . If ** /][ SJxS   then Jx  and so 

Jx 1
 which implies that *1*1* /][=])[( SJxSxS  . 

For every *][

]
1

[

* /SJS n
x

x   and for Jxfz n  ))((supp 1
 

we have **][

]
1

[

*

* /]}[{=))((supp SJzSSf n
x

x
S

 . Thus, */SJ  

is an F -subpolygroup of */SP . For all ** /][ SPxS   

and for every Jt  we have  

)][],[],[((supp=))][),][],[],[(],[((supp
2)(

***

*

2)(
*

2)(
*1**

*

*

*




n

S

nn

SS
eSzSxSfeSeSxStSfxSf

                                                     ]}[{= * wS  

                                                 ,/ *SJ  

where )),,((supp
2)(

1



n

extfz  and  

.=))),,,(,((supp)),,((supp
2)(2)(

1
2)(

JeexJfxfezxfw
nnn 






So, */SJ  is normal. 

If we define ** //: JPSP   by ][=])[( ** xJxS , 

then it is not difficult to see that   is an onto 

homomorphism and */= SJker . Therefore, by the 

First Isomorphism Theorem the desired result follows 

easily.  
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