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Abstract
Let S be a locally compact foundation semigroup with identity and M,(S)
be its semigroup algebra. Let X be a weak"-closed left translation invariant

subspace of M, (S)".

In this paper, we prove that X

is invariantly

complemented in M, (S)* if and only if the left ideal X, of M,(S) has a
bounded approximate identity. We also prove that a foundation semigroup with
identity S is left amenable if and only if every complemented weak*-

closed left translation invariant subspace of L*(S,M,(S))

complemented in L”(S, My(S)).

IS invariantly
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Introduction

Throughout this paper, S denotes a locally
compact Hausdorff topological semi- group. By
M (S) we denote the space of all bounded complex
regular Borel measures on S. This space with the
convolution multiplication * and the total variation
norm defines a Banach algebra. The space of all
measures u € M(S) for which the maps x - &, *
|| and x — |u| = &, from S into M(S) are weakly
continuous is denoted by M,(S), where §, is the
Dirac measure at x. The semigroup S is called
foundation semigroup if it coincides with the closure
of the set U{supp() : p € M,(S)}.

We note that M,(S) is a closed two-sided L-
ideal of M(S); see [1]. Let us point out that the
second dual M,(S)™ of M,(S) is a Banach algebra
with the first Arens

product © defined by

(F © H)(f) = F(HS),
(HF)@) = H(fw), and (f)(v)
= fuxv)

for all FHeM,(S)",fEM,S), and pve
M,(S).
Denote by L™(S, Mg(S)) the set of all

complex-valued bounded functions g on S that are
p-measurable for all p € M,(S). We identify
functions in L*(S, Mga(S)) that agree p-almost
everywhere for all, u € M(S).

For every, g€ L”(S,My(S)), define |lglle =
sup{llgllou i 1t € Ma(S)|I}, where ||.|lo, denotes
the essential supremum norm with respect to |u|.
Observe that L*(S,M,(S)) with the complex

conjugation as involution, the pointwise operations
and the norm ||.]| isa commutative C*-algebra.
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The duality 7(9)(#) = u(9) = [; gdi defines a
linear mapping 7 from (S, M,(S)) into M,(S)". It
is well-known that if S is a foundation semigroup with
identity, then t is an isometric isomorphism of
L*(S,My(S)) onto M.(S)"; see Proposition 3.6 of
[8]. Given any u € M,(S) and g € L*(S, M,(S)),
define the complex-valued functions pe g on S by

(Lo g)(x) =u(gx) for all x €S,(gx)) = g(yx)
forall y €S.

Bekka in [2] has proved that a weak -closed

left translation invariant subspace X of L*(G) is
invariantly complemented if and only if X, =
{fellG): (f,¢)=0, p €X} has a bounded
approximate identity when G is a locally compact
group. Also, weak*-closed translation invariant
subspace in the semigroup algebra of a locally
compact topological foundation semigroup to be
completely complemented studied by A. Ghaffari in
[4]. See, also [5]. In this work, our main purpose
is to generalize Bekka’s results for a foundation
semigroup with identity.

Results

Let X be a weak -closed left translation
invariant subspace of L*(S, M,(S)). Then X is said
to be invariantly complemented in L*(S, M,(S)) if
X has a closed left translation invariant
complemented in L% (S, M,(S)) or equivalently, if X
is the range of a bounded projection on
L*(S,M,(S)) commuting with left translations.
Indeed, if X has a closed left translation invariant
complement in L*(S, M,(S)), then there exists a
closed left translation invariant subspace Y of
L*(S,M,(S)) such that L*(S,M,(S))=X@Y.
Define a mapping P on L*(S,M,(S)) such that
P(fi+ f2) = fi where f = fi + f, € L™(S, M,(S)).
It is routine to show that P satisfies the conditions
of a bounded projection commuting with left
translations.

On the other hand if P is a bounded projection
commuting with left translations on L*(S, M,(S))
with its range X, then the kernel of P is a left
translation invariant subspace of complemented
to X.

Also, X is called a topologically invariantly
complemented in L(S, M,(S))

if X is the range of a bounded projection on
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L*(S, M,(S)) such that
P(uef)=peP(f)
for all u € M,(S) and f € L*(S, M,(S)).

Let LUC(S) be the space of all left uniformly
continuous functions on S; recall that a function
g € C,(S) is called left uniformly continuous if
the mapping x - ,g from S into C,(S) iS ||. ||l
continuous, where C,(S) denotes the space of all
bounded continuous complex-valued functions on S.
It is not hard to see that o g € LUC(S) with
e glle < llglleollull  for all  p € M(S) and
f €L”(S,M,(S)). Recall that LUC(S)" is a Banach
algebra with the Arens product defined by

(nm,f)=(nm.f) (n,meLUCOS)f
€ LUC(S)),

where (m. f)(x) = (m, ,f) forall €S.

The notion of (topological) invariantly
complemented subspace of LUC(S) is de fined in a
similar way. We commence with the following
proposition.

Proposition 2.1 Let S be a foundation
semigroup with identity e. If I is a closed left ideal
in M,(S), then its annihilator

It ={fel”(S,M,(S)):(f(wy=0 uel}

is a weak*- closed left translation invariant
subspace of L*(S, M,(S)).Conversely, if X is a
weak*- closed left translation invariant subspace of
L*(S,M,(S)), then its annihilator X, is a closed
left ideal in M, (S).

Proof. Recall that (ueo f,v) = (f,u=v) for all
1w €My (S) and f € L™(S,My(S)). If 1 is a left

ideal in M,(S) then obviously I+ is a weak -
closed subspace of L*(S,M,(S)) and if (i) is a
bounded approximate identity of M,(S) (see [6]),
then we have

(W <) = lim{ug * p, )
= lim{u, pg © +f)
= lim(u, (8; * ta) © f)
= lim{(8y * pe) * 11, f) = 0

for each x € S which implies that [+ is left
translation invariant.
*
Conversely, let X be a weak  -closed left

translation invariant subspace of L*(S, M,(S)). Let
veX, and u € M,(S). Then it is easy to see that
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(u*xv, f)=0. It followsthat X, isa left ideal of
M,(S). Clearly X is closed. Hence X, isa closed
left ideal of M,(S), as required.

Theorem 2.2 Let S be a foundation semigroup
with identity e, X be a weak*-closed left translation
invariant subspace of L°°(S, Ma(S)) and let X, be
the annihilator of X in M,(S). Then the following
assertions are equivalent:

(i) X is topologically invariantly complemented
in L*(S, M,(S)).

(i) X is
L*(S, My (S)).

(iii) X N LUC(S) is invariantly complemented in
LUC(S).

(iv) XnLUuc(s) is
complemented in LUC(S).

(v) The closed left ideal X, has a bounded right
approximate identity.

invariantly complemented in

topologically invariantly

Proof. (i) = (ii). Let P be a projection from
L*(S,M,(S)) into X defined
with P(uo f) =uoP(f) for all ue M,(S) and
feL(S,M,(S)). Let also (u,) be a bounded
approximate identity of M,(S). By the equation
(e fH(v) = f(v*pu) we have
(, P(f)) = limug + 1, P( f))
= lim(y, g © P((f))
= liorln(.u: P(.ua ° xf))
= lién(,u,P((Sx *Ug) © )
= lig[“(.ur (85 * pg) © P(f))
= lién(,u: e © xP(f))
={(u P(f)) =0
which implies that P(,f) = ,P(f) and so, X is

invariantly complemented in L*(S, M,(S)).
To show (ii) = (iii); let P:L(S,M,(S)) » X

be a bounded projection commuting  left
translation. If f e LUC(S), then
PG = 5P, = 1PCf) = PG,
= [P(f = 5O,
< 1IPI| f = Sf]l..
Hence P(f) € LUC(S); that is P(f) €

XNLUC(S). On the other hand, if we have f €
XNLUC(S), then feX and so, Pf=f. By the
definition of invariantly complemented of
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XNLUC(S), it is an invariantly complemented
subspace of LUC(S), as required.

For the proof of implication (iii) = (iv) it is
enough to show that the mapping P which is taken
in the implication (ii) = (iii) satisfies the equality

P(uef)=pe°P(f)

for all u€M,(S) and f€L”(S,M,(S)). To
this end, let f € LUC(S). Since uo f is an element
of LuC(S), wehave p(uof) = po P(f).

To prove (iv) = (v), let P be a bounded
projection from LUC(S) onto

XNLUC(S) with P(uof)=uoP(f) for all
uweM,(S) and f € LUC(S).

Define

P':L%(S, Mo (S)) = L™(S, My (S))
through
Py =PUeP@ (1€ MS)f

e L°(s, Ma(S))).

To see that the range of p' is X, first observe
that when f € LUC(S) we have

P(uef)(e) = (ue Pf)(e) = (Pf,u);

that is, P, = P. Now, let (i) be a bounded
approximate identity of Mg (S).
Then

(#,Pf) = lilgn(,u*/,ta,Pf)

= llén((‘u * 'ua) o f)(e)

= hm P(u o (u, o e

= lién(,u,P(‘ua N =0

which implies that P'f € (X,)*t =X. Thus the
range of P’ isa subset of X.

If feX and v € X, then

Wouf)y =(uxv,f)y=0 (u€ MyiS)).

Consequently wuof € (XY)*=X. Hence pof
€ XNLUC(S) and

(W P'fy=P(ueflle)=(uef)le) =(uf)

that is P'f = f for all f € X and so, the range
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of P' is X. Therefore P’ is a bounded projection
onto X extending P.

Now let (u,) be a bounded approximate identity
of M,(S) bounded by one. Set

I=X, and C=1+|P||. Let E' €

L*(S,M,(S)) be a weak” -closure point of (ug).
Define a linear functional E on L*(S, M,(S)) by

(F.B) = {f = P'LE") (f €17(5,Ma())),
then
IEI < @+ IPDIEN < C

and (f,E)=0 for all felt Thus EE€
Bc(I*) = {F e I"*:||F|| < C} where I'**
denotes the continuous bidual of 1. By
Alaoglu's Theorem B;(I) is weak” -dense in
Bc(I"*), and so, there exists a net (vg) in
Bc(I) such that vg — E with respect to o(I™",1%)
topology. Since X is complemented in

L*(S, M,(S)), it is easy to see that vg — E with
respect to weak* topologyaswell.  We need only to
show that (vz) is a weak right approximate
identity for I (see [3]).

To this end, let pel and f € L™(S, M,(S)).
Then we have

liﬁr{n(/,t *vg — W, f) = li}n(,u *vg) —(u f)
= limg(vg, o f) = (u, f)
=(uof—=P'(uef)E)—(uf)
=(uof,EY = f)—(P'(ueof)E)
= limg(ua,  © f) — (1 f)
—limg{uq, P'(uo f))
= lima(.u * Houf) — (,u,f)
—limg ((ue * 1) © f)(e)
= —1limg ((ug * 1) © f)(e)

= —(u,P'f) =0 (since P'f € X)

which implies that (v ) is a bounded weak right
approximate identity. This completes the proof of
the implication (iv) = (v).

Finally to show (v) = (i), let (vg) be a
bounded right approximate identity for X, and
E € L°(S,M,(S)) be the weak -limit point of the
net (vg). Define

P:L*(S, My (S)) = L”(S, M, (S))
by

(W PfYy = f)—(uo°f,E) (1€ My(S),
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f €L7(S,My())).

Clearly P is a bounded projection with range
X. For all p,veM,(S) and f€L*(S, My(S)),
since
W,P(uef))=(uef)—(ve(uef)E)
=p v, fY=((u*v)of,E)
=(v,ue P(f))

We have then X is topologically invariantly
complemented in L”(S,M,(S)) as required. This
completes the proof of the theorem.

Before the next theorem, recall that a foundation
semigroup S is called left amenable if there exists a
left invariant mean on L”(S, M,(S)) (or equivalently,
on LUC(S)).

Theorem 2.3 Let S be a foundation semigroup
with identity. Then the following assertions are
equivalent:

(i) Sis left amenable.

(ii) Every complemented weak*-closed left
translation invariant subspace of L*(S,M,(S)) is
invariantly complemented in L% (S, M,(S)).

(iii) Every complemented weak*-closed
left translation invariant subspace of L™ (S, M,(S))
is  topologically invariantly complemented in
L*(S,M,(S)).

(iv) A closed left ideal | of M,(S) has a
bounded right approximate identity if and only if its
annihilator I+ is complemented in L*(S, M, (S)).

Proof. Theorem 2.2 shows that (ii), (iii) and (iv)
are equivalent. To see (ii)=(i), letl,(M,(S)) =
{ueM,(S): u(S) = 0}. Observe that I,(M,(S))* =
C.15 and so the left ideal Iy(M,(S)) has a right
bounded approximate identity. From [7] we conclude
that S is left amenable, as required.

(i)=(ii). Let X be a weak*-closed left translation
invariant subspace of L*(S,M,(S)) and let
P:L*(S,M,(S)) - X be a bounded projection on to
X. Let M be a left invariant mean on L% (S, M, (S)).
For f € LUC(S) and u € M,(S) the mapping

x = (xp(xf)uu>

is a continuous and bounded function on S. Define

an operator Q: LUC(S) — L™(S, M,(S)) by
QU ) =M(x — (P(f) ).

It is readily verified that ||Q|| < ||P]|, @ commutes

with left translations, Q(f)=f for all feXn
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LUC(S) and Q(LUC(S)) S XNLUC(S). Thus
X N LUC(S) is invariantly complemented in LUC(S).
Theorem 2.2 shows that X is invariantly
complemented in  L*(S,M(S)). The proof is
complete.
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