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Abstract 

In (Golchin A. and Rezaei P., Subpullbacks and flatness properties of S-posets. 
Comm. Algebra. 37: 1995-2007 (2009)) study was initiated of flatness properties of 
right ܵ-posets ܣௌ over a pomonoid ܵ that can be described by surjectivity of ߮ 
corresponding to certain (sub)pullback diagrams and new properties such as (ܹܲܲ)௪ and (ܹܲ)௪ were discovered. In this article first of all we describe po-
flatness properties of ܵ-posets over pomonoids by po-surjectivity of ߮ corresponding 
to certain subpullback diagrams. Then we introduce three new Conditions ( ௦ܲ௪), (ܹܲ)௦௪ and (ܹܲܲ)௦௪ and investigate the relation between them and Conditions (ܲ), ( ௪ܲ), (ܹܲ), (ܹܲ)௪, (ܹܲܲ) and (ܹܲܲ)௪. Also we describe these properties 
by po-surjectivity of ߮ corresponding to certain subpullback diagrams and describe 
Conditions ( ௪ܲ), (ܹܲ)௪ and (ܹܲܲ)௪ by weak po-surjectivity of ߮ corresponding 
to certain subpullback diagrams. 
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Introduction 
In [5] the notation ܲ(ܯ, ܰ, ݂, ݃, ܳ) was introduced to 

denote the pullback diagram of homomorphisms ݂: SM → SQ and ݃: SN → SQ in the category of left ܵ-acts, 
where ܵ is a monoid. Tensoring such a diagram by ܣௌ 
produces a diagram (in the category of sets) that may or 
may not be a pullback diagram, depending on whether 
or not the mapping ߮, obtained via the universal 
property of pullbacks in the category of sets, is 
bijective. It was shown that, if we require either 
bijectivity or surjectivity of ߮ for pullback diagrams of 
certain types, we not only recover most of the well-
known forms of flatness, but also obtain Conditions (ܹܲ) and (ܹܲܲ) as well. In [4] Golchin and Rezaei 
extended the results from [5] to ܵ-posets and two new 
Conditions (ܹܲ)௪ and (ܹܲܲ)௪ were introduced. 

Let ܵ be a pomonoid. A poset ܣ is called a right ܵ-
poset if ܵ acts on ܣ in such a way that (݅) the action is 
monotonic in each of the variables, (݅݅) for all ݏ, ݐ ∈ ܵ 
and ܽ ∈ (ݐݏ)ܽ ,ܣ = and ܽ1 ݐ(ݏܽ) = ܽ. Left ܵ-posets are 
defined similarly. The notations ܣௌ and SB will often be 
used to denote a right or left ܵ-poset and Θௌ =  is the {ߠ}
one-element right ܵ-poset. The ܵ-poset morphisms are 
the order-preserving maps that also preserve the ܵ-
action. We denote the category of all right ܵ-posets, 
with ܵ-poset maps between them, by Pos- ܵ. We recall 
from [3] that an ܵ-poset map ݂: ௌܣ →  ௌ is called anܤ
embedding if ݂(ܽ) ≤ ݂(ܽᇱ) implies ܽ ≤ ܽᇱ,  for ܽ, ܽᇱ ∈   .ௌܣ

We recall from [2] that in the categories of ܵ-posets 
and posets the order relation on morphism sets is 
defined pointwise (i.e. ݂ ≤ ݃ for ݂, ݃: ܣ ⟶  if and ܤ
only if ݂(ܽ) ≤ ݃(ܽ) for every ࢇ ∈  In such .(ܣ
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     free ⟹projective  ⟹ (ܲ)  ⟹ (ܹܲ)  ⟹   (ܹܲܲ) 
       ⇓                    ⇓                  ⇓  
      ( ୱܲ୵) ⟹ (ܹܲ)௦௪ ⟹ (ܹܲܲ)௦௪  
         ⇓                  ⇓                     ⇓  
       ( ୵ܲ)  ⟹ (ܹܲ)௪ ⟹ (ܹܲܲ)௪        
݋݌    ⇓                    ⇓                 ⇓          − ⟹ ݐ݈݂ܽ  w. po − f. ⟹ .݌ .ݓ ݋݌ − ݂. ⟹ ݋݌ .ݐ− ݂.         
                   ⇓             ⇓           ⇓  (݈ܾ݁ܽݎܽ݌݉݋ܿ݊݅)          
ݐ݈݂ܽ              ⟹   w. f.  ⟹ .݌   .ݓ ݂.  ⟹ .ݐ   ݂.           
 ( ଵܲ) 
 
In this article for a pomonoid ܵ, using the 

information from [5, 4] we describe po-flatness and 
Conditions ( ௦ܲ௪), (ܹܲ)௦௪ and (ܹܲܲ)௦௪ of ܵ-posets 
according to po-surjectivity of ߮ corresponding to 
certain subpullback diagrams. We also describe 
Conditions ( ௪ܲ), (ܹܲ)௪ and (ܹܲܲ)௪ introduced in [7, 
4] by weak po-surjectivity of ߮ corresponding to certain 
subpullback diagrams. 

 

Results 
1. Po-flatness of ܁-posets 

In this section for a pomonoid ܵ we give 
equivalences of po-flatness of ܵ −posets by po-
surjectivity of the mapping ߮ corresponding to certain 
subpullback diagrams. 

Recall from [7] that an ܵ-poset ܣௌ is called po-flat 
(in Pos- ܵ) if and only if, for all embeddings SB ⟶ SC in 
the category of left ܵ-posets, the induced order-
preserving map ܣௌ⨂ SB ⟶  ௌ⨂ SC is embedding, thatܣ
is, ܽ⨂ ܾ ≤  ܽ′⨂ ܾ′ in ܣௌ⨂ SC implies ܽ⨂ ܾ ≤  ܽ′⨂ ܾ′ 
in ܣௌ⨂ SB. The ܵ-poset ܣௌ is called (principally) weakly 
po-flat if the functor ܣௌ⨂ − preserves embeddings of 
(principal) left ideals of monoid ܵ into ܵ, that is, for all 
(principal) left ideals ܫ of monoid ܵ, ܽ, ܽ′ ∈ ,ݏ ,ௌܣ ′ݏ ݏ ⨂ܽ ,ܫ ∋ ≤ ≥ ݏ ⨂ ܽ ௌ⨂ SS impliesܣ in ′ݏ ⨂′ܽ  ௌ⨂ SI. For more po-flatness properties we refer theܣ in ′ ݏ ⨂′ܽ
reader to [8]. 

Lemma 1.1. [7, Lemma 3.5] An ܵ-poset ܣௌ is po-flat 
if and only if for every left ܵ-poset SB, any ܽ, ܽ′ ∈  ௌܣ
and any ܾ, ܾ′ ∈ SB, ܽ⨂ ܾ ≤ ܽ′⨂ ܾ′ in ܣௌ⨂ SB implies  ܽ⨂ܾ ≤ ܽ′⨂ܾ′ in ܣௌ⨂ S(Sb ∪ ܾܵ′). 

Theorem 1.2. An ܵ-poset ܣௌ is po-flat if and only if 
the corresponding ߮ is po-surjective for every 
subpullback diagram ܲ( ܯ, ,ܯ ,ߡ ,ߡ ܳ), where ߡ: SM ⟶ SQ 
is an embedding of left ܵ-posets.  

Proof. Suppose ܣௌ is po-flat, ߡ: SM ⟶ SQ is an 
embedding of left ܵ-posets and let ܽ ⨂ ߡ(݉) ≤ ܽᇱ⨂ 

,ܽ ௌ ⨂ SQ, forܣ in (′݉)ߡ ܽ′ ∈ ,݉ ௌ andܣ ݉′ ∈ SM. Since ܣௌ is po-flat, ݅݀஺ ⨂ ߡ is embedding, and so ܽ⨂݉ ≤ ܽ′⨂ ݉′ in ܣௌ⨂ SM. Since ߡ(݉) ≤  ݉⨂ܽ = ݉⨂ܽ ,(݉)ߡ
and ܽ⨂݉ ≤  ܽ′⨂݉', the corresponding  ߮ is po-
surjective for the subpullback diagram ܲ(ܯ, ,ܯ ,ߡ ,ߡ ܳ). 

Conversely, suppose the corresponding ߮ is po-
surjective for every subpullback diagram ܲ(ܯ, ,ܯ ,ߡ ,ߡ ܳ), where ߡ: SM ⟶ SQ is an embedding of 
left ܵ-posets. Let SM be an  ܵ-poset, ܽ, ܽ′ ∈ ,݉ ,ௌܣ ݉′ ∈ 
SM and ܽ⨂ ݉ ≤ ܽ′⨂݉′ in ܣௌ⨂ SM. If ݅: S(Sm ∪ ܵ݉′) ⟶ SM is the inclusion map, then ݅ is an embedding 
(since S(Sm ∪ ܵ݉′) is a ܵ-subposet of SM). Also ܽ⨂݅(݉) =ܽ⨂݉ ≤ ܽ′⨂݉′=ܽᇱ ⨂݅(݉′). By po-
surjectivity of ߮ for the subpullback diagram  ܲ(ܵ݉ ∪ܵ݉ᇱ, ܵ݉ ∪ ܵ݉′, ݅, "ܽ there exist ,(ܯ ,݅ ∈ ,ݐ ௌ andܣ ′ݐ ∈ 
S(Sm ∪ ܵ݉′) such that ݅(ݐ) ≤ ݉⨂ܽ ,(′ݐ)݅ = ′ݐ⨂ "ܽ and ݐ ⨂"ܽ ≤ ܽ′⨂݉′ in ܣௌ⨂ S(Sm ∪ ܵ݉′). Thus ݐ ≤  and ,′ݐ
so ܽ ⨂ ݉=ܽ" ⨂ ݐ ≤ ′ݐ  ⨂"ܽ ≤ ܽᇱ⨂ ݉′ in ܣௌ⨂ S(Sm  ∪ ܵ݉′). That is, ܣௌ is po-flat as required.  

Similarly, we can prove the following theorems.  
Theorem 1.3. An ܵ-poset ܣௌ is weakly po-flat if and 

only if the corresponding ߮ is po-surjective for every 
subpullback diagram ܲ(ܫ, ,ܫ ,ߡ ,ߡ ܵ), where ܫ is a left ideal 
of ܵ and ߡ: SI ⟶ SS  is an embedding of left ܵ-posets.  

Theorem 1.4. An ܵ-poset ܣௌ is principally weakly 
po-flat if and only if the corresponding ߮ is po-
surjective for every subpullback diagram (ܵݏ, ,ߡ  ,ݏܵ ,ߡ ܵ), 
where ݏ ∈ ܵ and ߡ: S(Ss) ⟶ SS  is an embedding of left ܵ-posets.  

We recall from [1] that an element ܿ of a pomonoid ܵ is called right po-cancellable if ܿݏ ݏ implies ܿ′ݏ ≥ ≤ ,ݏ for all ,′ݏ ′ݏ ∈ ܵ. An ܵ-poset ܣௌ is called po-
torsion free if ܽܿ ≤ ܽ′ܿ implies ܽ ≤ ܽ′, whenever ܽ, ܽ′ ∈   .ܵ and ܿ is a right po-cancellable element of ܣ

Theorem 1.5. An ܵ-poset ܣௌ is po-torsion free if and 
only if the corresponding ߮ is po-surjective for every 
subpullback diagram ܲ(ܵ, ܵ, ,ߡ  SS ⟶ SS is :ߡ where ,(ܵ ,ߡ
an embedding of left ܵ-posets.  

Proof. Suppose ܣௌ is po-torsion free and let ߡ: SS ⟶ 
SS be an embedding of left ܵ-posets. Then (1)ߡ is a right 
po-cancellable element of ܵ, for if (1)ߡݏ ≤ ,ݏ for ,(1)ߡ′ݏ  ′ݏ ∈ ܵ, then (ݏ)ߡ ≤ ݏ and so ,(′ݏ)ߡ  ≤ ܽ  Suppose .′ݏ  ⊗ (ݐ)ߡ ≤ ܽ′ ⊗ ,ܽ ௌ ⊗ SS, forܣ in (ᇱݐ)ߡ ܽ′ ∈ ,ݐ ௌ andܣ ᇱݐ ∈ ܵ. Then ܽ(ݐ)ߡ ≤ ܽᇱߡ(ݐᇱ), and so ܽ(1)ߡݐ ≥ ݐܽ ௌ is po-torsion free, we haveܣ is a right po-cancellable element of ܵ and (1)ߡ Since .(1)ߡ′ݐ′ܽ ≥  ܽ and so ,′ݐ ′ܽ  ⊗ ݐ ≤ ܽᇱ ⊗ (ݐ)ߡ ௌ ⊗ SS. Sinceܣ ᇱ inݐ ≤ ܽ ,(ݐ)ߡ  ⊗ ݐ = ܽ ⊗ ܽ and ݐ ⊗ ݐ ≤ ܽᇱ ⊗  ᇱ, ߮ is po-surjectiveݐ
for the subpullback diagram ܲ(ܵ, ܵ, ,ߡ ,ߡ ܵ).  

Conversely, suppose the corresponding ߮ is po-
surjective for every subpullback diagram  ܲ(ܵ, ,ߡ ,ܵ ,ߡ ܵ) 
where ߡ: SS ⟶ SS  is an embedding of left ܵ-posets. Let ܿ be a right po-cancellable element of ܵ and let ܽܿ ≤
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ܽᇱܿ,  for ܽ, ܽ′ ∈ (ݔ)݅ ௌ. If ݅: SS ⟶ SS is defined byܣ ∋ ݔ for every ,ܿݔ =   ܵ, then ݅ is an embedding, also ܽ ⊗  ݅(1)  = ܽ ⊗ ܿ ≤  ܽ′ ⊗ ܿ = ܽ′ ⊗ ݅(1) in ܣௌ ⊗ SS. 
By po-surjectivity of ߮ for the subpullback diagram ܲ(ܵ, ܵ, ݅, ݅, ܵ), there exist ܽ" ∈ ,ݑ ௌ andܣ  ∋ ݒ ܵ, such 
that ݅(ݑ) ܽ ,(ݒ)݅ ≥ ⊗ 1 = ܽ" ⊗ "ܽ and ݑ ⊗ ݒ ≤ ܽ′ ⊗1 in ܣௌ ⊗ SS. Thus ܿݑ ≤ ݑ and so ,ܿݒ ≤ ܽ ,Also .ݒ ݒ"ܽ and  ݑ"ܽ = ≤ ܽ′. Hence ܽ = ݑ"ܽ ≤ ݒ"ܽ ≤ ܽ′, and so ܣௌ is po-torsion free. 
 
 (࢙࢝ࡼ) ((࢝ࡼ)) Posets satisfying Condition-ࡿ .2

In this section we give some equivalent conditions 
on an ܵ-poset ܣௌ satisfying Condition ((࢝ࡼ)) (࢙࢝ࡼ) 
according to (weak) po-surjectivity of ߮ corresponding 
to certain subpullback diagrams. Note that for ܵ-posets ܣௌ and SB,  ܽ ⊗ ܾ ≤ ܽᇱ ⊗ ܾᇱ in ܣௌ⨂ SB, for ܽ, ܽ′ ∈  ௌܣ
and ܾ, ܾ′ ∈ SB if and only if there exist ܽଵ, ܽଶ, … , ܽ௡ ,ௌ, ܾଶܣ∋ … , ܾ௡ ∈ SB, ݏଵ, ,ଵݐ … , ,௡ݏ ௡ݐ ∈ ܵ, such that  

 
                              ܽ ≤ ܽଵ ݏଵ                           
                         ܽଵݐଵ ≤ ܽଶݏଶ           ݏଵ ܾ ≤  ଵܾଶݐ 
                             ...                    ... 
                       ܽ௡ݐ௡  ≤ ܽᇱ           ݏ௡ܾ௡ ≤  .௡ܾᇱݐ
 
Lemma 2.1. An ܵ-poset ܣௌ satisfies Condition ( ௦ܲ௪) 

if and only if for all SB  and all ܽ, ܽᇱ ∈ ,ௌܣ ܾ, ܾᇱ ∈ SB, ܽ ⊗ ܾ ≤ ܽ′ ⊗ ܾ′ in ܣௌ⨂ SB implies the existence of  ܽ" ∈ ,ݑ ௌ andܣ ܽ such that ,ܵ ߳ ݒ ݒ "ܽ ,ݑ "ܽ = ≤ ܽ′ and ܾݑ ≤  .ᇱܾݒ
Proof. Suppose ܣௌ satisfies Condition ( ௦ܲ௪) and let ܽ ⊗ ܾ ≤ ܽ′ ⊗ ܾ′ in ܣௌ⨂ SB, for ܽ, ܽᇱ ∈ ,ܾ ௌ andܣ ܾᇱ ∈ 

SB. Then there exist ܽଵ, ܽଶ, … , ܽ௡ ∈ … ,ௌ,  ܾଶܣ , ܾ௡ ∈SB, ݏଵ, ,ଵݐ … , ,௡ݏ ௡ݐ ∈ ܵ, such that 
  
                                ܽ ≤  ܽଵݏଵ  
                       ܽଵݐଵ ≤  ܽଶݏଶ          ݏଵܾ ≤  ଵܾଶݐ 
                            ...                      ... 
                         ܽ௡ݐ௡  ≤ ܽᇱ              ݏ௡ܾ௡ ≤  .௡ ܾᇱݐ
 
Since ܽଵݐଵ ≤ ܽଶݏଶ  and ܣௌ satisfies Condition ( ௦ܲ௪), 

there exist ܿ ∈ ,ᇱݑ ௌ andܣ ∋ ′ݒ ܵ, such that ܽଵ = ≥ ′ݒܿ  ,ᇱݑܿ  ܽଶ and  ݑᇱݐଵ ≤  ଶ. Thenݏᇱݒ
ܾ(ଵݏᇱݑ)  = (ܾ ଵݏ)ᇱݑ ≤ ( ଵܾଶݐ)ᇱݑ = ଶܾ(ଵݐᇱݑ) = ଶܾ(ଶݏᇱݒ)≥ (ଶܾଶݏ)ᇱݒ ≤  ,(ଶܾଷݐ)ᇱݒ
 
and so we have the following ܵ-tossing of length ݊ –  1 
                              ܽ ≤  (ଵݏ′ݑ)ܿ
( ଶݐᇱݒ)ܿ                 ≤ ܽଷݏଷ         (ݑᇱݏଵ)ܾ ≤  (ଶܾଷݐ)ᇱݒ
                          ...                         ... 
                       ܽ௡ݐ௡ ≤ ܽᇱ                  ݏ௡ܾ௡ ≤  .௡ܾᇱݐ
 

Continuing this procedure we have:  
                      ܽ ≤ ܽଵݏଵ                 ܽଵݐଵ ≤ ܽᇱ      ݏଵܾ ≤  .′ଵܾݐ
 
Again ܽ ≤ ܽଵݏଵ implies the existence of തܽ  ∈ ,ଵݑ ௌ andܣ  ଵݒ ∈  ܵ, such that ܽ = തܽݑଵ, തܽݒଵ ≤  ܽଵ and  ݑଵ ଵݐଵ. Since ܽଵݏଵݒ≥ ≤ ܽᇱ and ܽ ഥ ଵݒ ≤ ܽଵ, we have തܽ(ݒଵݐଵ) ≤ ܽ′, and so there exist ܽ" ∈ ,ଶݑ ௌ andܣ  ݒ ∈ ܵ, such that തܽ = ≥ ݒ′′ܽ  ,ଶݑ"ܽ ܽ′ and  ݑଶ(ݒଵݐଵ)  ≤  .ݒ 

If ݑ = ܽ ଵ thenݑଶݑ  = തܽݑଵ = (ଵݑଶݑ)"ܽ = ݒ"ܽ  ,ݑ"ܽ  ≤  ܽ′ and  
ܾݑ  = ܾ(ଵݑଶݑ) ≤ ܾ(ଵݏଵݒ)ଶݑ = (ଵܾݏ)ଵݒଶݑ (ଵܾᇱݐ)ଵݒଶݑ≥ ≤  .ᇱܾݒ
 
The converse is obvious.  
 
Theorem 2.2. For an ܵ-poset ܣௌ the following 

assertions are equivalent:  
(1) the corresponding ߮ is po-surjective for every 

subpullback diagram ܲ(ܯ, ܰ, ݂, ݃, ܳ);  
(2) the corresponding ߮ is po-surjective for every 

subpullback diagram ܲ(ܯ, ,ܯ ݂, ݃, ܳ);  
(3) the corresponding ߮ is po-surjective for every 

subpullback diagram ܲ(ܫ, ,ܫ ݂, ݃, ܵ), where ܫ is a left 
ideal of ܵ;  

(4) the corresponding ߮ is po-surjective for every 
subpullback diagram ܲ(ܵݏ, ,ݏܵ ݂, ݃, ݏ ,(ܵ ∈ ܵ;  

(5) the corresponding ߮ is po-surjective for every 
subpullback diagram ܲ(ܵ, ܵ, ݂, ݃, ܵ);  

(6) the corresponding ߮ is po-surjective for every 
subpullback diagram ܲ(ܯ, ,ܯ ݂, ݂, ܳ);  

) ௌ satisfies Conditionܣ (7) ௦ܲ௪).  
Proof. Implications (1) ⟹ (2) ⟹ (3) ⟹ (4) ⟹ (5) and (2) ⟹ (6) are obvious.   (5) ⟹ (7). Suppose ܽݏ ≤ ,ܽ for ,′ݏ′ܽ ܽ′ ∈ ௌܣ  and ݏ, ′ݏ ∈ ܵ. Then ܽ ⊗ ݏ ≤ ܽ′ ⊗ (ݔ)݂ If .′ݏ = (ݔ)݃ and ݏݔ  = ∋ ݔ for ,′ݏݔ   ܵ, then ܽ ⊗ ݂(1) = ܽ ⊗ ≥ ݏ ܽ′ ⊗ ′ݏ = ܽ′ ⊗ ݃(1). By assumption there exist ܽ" ∈ , ݑ ௌ andܣ ݒ ∈ ܵ, such that ݂ (ݑ) ≤ ܽ ,(ݒ)݃ ⊗ 1 =ܽ" ⊗ "ܽ and ݑ ⊗ ݒ ≤ ܽ′ ⊗ 1. Thus ݏݑ ܽ ,′ݏݒ ≥ =  ݑ"ܽ

and ܽ"ݒ ≤ ܽ′, and so ܣௌ satisfies Condition ( ௦ܲ௪) as 
required.  (6) ⟹ (7). Suppose ܽݏ ≤ ܽᇱݏᇱ, for ܽ, ܽᇱ ∈ ,ݏ ,ௌܣ ᇱݏ ∈ ܵ and let SF  =  ܵ × ,ݔ}  ,ݏ)ݐ where ,{ݕ (ݖ ,ݏݐ)= ,ݏ) and (ݖ (ݖ ≤ ,ݐ) ≥ if and only if s (ݓ ݖ and ݐ ,ݏ for ,ݓ= ݐ ∈ ܵ and ݖ, ݓ ∈ ,ݔ} ⟶ Define ݂: SF .{ݕ ܵ, as ݂(1, (ݔ = ,and ݂(1 ݏ (ݕ = ݏܽ ᇱ. Sinceݏ ≤ ܽᇱݏᇱ, we have ܽ ⊗ ݏ ≤ ܽᇱ ⊗ ܽ ᇱ, and soݏ ⊗ ݂(1, (ݔ = ܽ ⊗ ݏ ≤ ܽᇱ ᇱݏ⊗ = ܽᇱ ⊗ ݂(1, ∋ "ܽ By assumption there exist .(ݕ  ௌܣ
and (ݑ, ݅), ,ݒ) ݆) ∈ SF, such that ݂(ݑ, ݅) ≤ ,ݒ)݂ ݆), ܽ ⊗ (1, (ݔ = ܽᇱᇱ⊗ (ݑ, ݅) and " ⊗ ,ݒ) ݆) ≤ ܽᇱ ⊗ (1,  .(ݕ
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Then ܽ ⊗ (1, (ݔ = ܽ" ⊗ ,ݑ) ݅) implies that there exist ܽଵ, … , ܽ௡, ܿଵ, … , ܿ௠ ∈ ,ଵݏ , ௌܣ ,ଵݐ … , ,௡ݏ ,௡ݐ ,ଵݑ …  ,ଵݒ , ௠ݒ ,௠ݑ ∈  ܵ and (ܾଶ, ݅ଶ), . . . , (ܾ௡, ݅௡), (݀ଶ, ݆ଶ), …, (݀௠, ݆௠) ∈ SF, such that  
                     ܽ ≤ ܽଵݏଵ 
             ܽଵݐଵ ≤ ܽଶݏଶ         ݏଵ(1, (ݔ ≤ ,ଵ(ܾଶݐ ݅ଶ) 
             ܽଶݐଶ ≤ ܽଷݏଷ        ݏଶ(ܾଶ, ݅ଶ) ≤ ,ଶ(ܾଷݐ ݅ଷ) 
                   ...                             ... 
             ܽ௡ݐ௡ ≤ ,௡(ܾ௡ݏ           "ܽ ݅௡) ≤ ,ݑ)௡ݐ ݅), 
 
                 ܽ" ≤ ܿଵݑଵ 
                 ܿଵݒଵ ≤ ܿଶݑଶ         ݑଵ(ݑ, ݅) ≤ ,ଵ(݀ଶݒ ݆ଶ) 
               ܿଶݒଶ ≤ ܿଷݑଷ      ݑଶ(݀ଶ, ݆ଶ) ≤ ,ଶ(݀ଷݒ ݆ଷ) 
                     ...                           ...                ܿ௠ݒ௠ ≤ ,௠(݀௠ݑ       ܽ ݆௠) ≤ ,௠(1ݒ  .(ݔ
 
Thus ݅ଶ = ݅ଷ = . . . = ݅௡ = ݅ and so ,ݔ = = Also ݆ଶ .ݔ ݆ଷ = . . . = ݆௠ = ܽ and so ,ݔ ⊗ 1 = ܽ" ⊗ ܽ ,that is ,ݑ = "ܽ ,Similarly .ݑ"ܽ  ⊗ ,ݒ) ݆) ≤ ܽ′ ⊗ (1,  implies (ݕ

that ݆ = ݒ"ܽ and ݕ ≤ ܽ′. Since ݂(ݑ, ݅) ≤ ,ݒ)݂ ݆), we 
have ݏݑ ≤ ) ௌ satisfies Conditionܣ and so ,′ݏݒ ௦ܲ௪) as 
required.  

(7) ⟹ (1). Suppose ܽ ⊗ ݂(݉) ≤ ܽᇱ ⊗ ݃(݊),  for ܽ, ܽᇱ ∈ ݉ , ௌܣ ∈ SM and  ݊ ∈ SN. By Lemma 2.1 there 
exist ܽ" ∈ ,ݑ  ௌ andܣ ݒ ∈ ܵ such that ܽ ݒ "ܽ ,ݑ "ܽ = ≤ܽ′ and ݂ݑ(݉) ≤ ≥ (݉ݑ)݂ Thus .(݊)݃ݒ ′݉ If .(݊ݒ)݃ = and  ݊ᇱ ݉ݑ = then ݂(݉ᇱ) ,݊ݒ ≤ ݃(݊ᇱ),  ܽ ⊗ ݉ =ܽᇱᇱݑ ⊗ ݉ = ܽᇱᇱ ⊗ ݉ݑ = ܽᇱᇱ ⊗ ݉′ and ܽᇱᇱ ⊗ ݊′ =ܽᇱᇱ ⊗ ݊ݒ = ܽᇱᇱ ݒ ⊗ ݊ ≤ ܽ′ ⊗ ݊. Thus the 
corresponding ߮ is po-surjective for every subpullback 
diagram ܲ(ܯ, ܰ, ݂, ݃, ܳ) as required. 

Recall from [7] that an ܵ-poset ܣௌ satisfies Condition ( ௪ܲ), if ܽݏ ≤ ܽᇱݐ, for ܽ, ܽᇱ ∈ ,ݏ ௌ andܣ ′ݏ ∈ ܵ implies 
that there exist ܽ" ∈ ,ݑ ௌ andܣ ݒ ∈ ܵ, such that  ܽ ≤ܽᇱᇱݒ′′ܽ ,ݑ ≤ ܽ′ and ݏݑ  Using an argument similar .ݐݒ ≥
to that of the proof of Lemma 2.1 we have the following 
lemma. 

Lemma 2.3. An ܵ-poset ܣௌ satisfies Condition ( ௪ܲ) 
if and only if for all SB and all ܽ, ܽᇱ ∈ ,ܾ ,ௌܣ ܾ′ ∈ SB, ܽ ⊗ ܾ ≤ ܽᇱ ⊗ ܾᇱ in  ܣௌ ⊗ SB implies the existence of  ܽᇱᇱ ∈ ,ݑ ௌ andܣ ݒ ∈ ܵ, such that ܽ ≤ ܽᇱᇱݑ,  ܽᇱᇱݒ ≤ ܽᇱ 
and ܾݑ ≤  .ᇱܾݒ

Using Lemma 2.3 and an argument similar to that of 
the proof of Theorem 2.2 we have the following 
theorem.  

Theorem 2.4. For an ܵ-poset ܣௌ the following 
assertions are equivalent:  

(1) the corresponding ߮ is weakly po-surjective for 
every subpullback diagram ܲ(ܯ, ܰ, ݂, ݃, ܳ); 

(2) the corresponding ߮ is weakly po-surjective for 
every subpullback diagram ܲ(ܯ, ,ܯ ݂, ݃, ܳ);  

(3) the corresponding ߮ is weakly po-surjective for 

every subpullback diagram ܲ(ܫ, ,ܫ ݂, ݃, ܵ), where ܫ is a 
left ideal of ܵ;  

(4) the corresponding ߮ is weakly po-surjective for 
every subpullback diagram ܲ(ܵݏ, ,ݏܵ ݂, ݃, ݏ ,(ܵ ∈ ܵ;          

(5) the corresponding ߮ is weakly po-surjective for 
every subpullback diagram ܲ(ܵ, ܵ, ݂, ݃, ܵ);  

(6) the corresponding ߮ is weakly po-surjective for 
every subpullback diagram ܲ(ܯ, ,ܯ ݂, ݂, ܳ);  

) ௌ satisfies Conditionܣ (7) ௪ܲ).  
 
 ࢙࢝(ࡼࢃ) (࢝(ࡼࢃ)) posets satisfying Condition-ࡿ .3
In this section first of all we give some equivalent 

conditions on an ܵ-poset ܣௌ satisfying Condition 
((ܹܲ)௪) (ܹܲ)௦௪ according to (weak) po-surjectivity 
of ߮ corresponding to certain subpullback diagram. 
Then we give a necessary and a sufficient condition for 
an ܵ-poset to satisfy Condition (ܹܲ)௦௪.  

Theorem 3.1. An ܵ-poset ܣௌ satisfies Condition (ܹܲ)௦௪ if and only if the corresponding ߮ is po-
surjective for every subpullback diagram ܲ(ܫ, ,ܫ ݂, ݂, ܵ), 
where ܫ is a left ideal of ܵ.  

Proof. Suppose ܣௌ satisfies Condition (ܹܲ)௦௪, ݂ ∶ SI ⟶ SS be an ܵ-poset morphism and let ܽ ⊗ (ݏ)݂ ≤ܽᇱ ⊗ ௌܣ in (ݐ)݂ ⊗ SS, for ܽ, ܽᇱ ∈ ,ݏ  ௌ andܣ ݐ ∈ (ݏ)݂ܽ ,Then .ܫ ≤ ܽᇱ݂(ݐ). If ܬ = ∪  ݏܵ  ݐܵ ⊆ and ℎ ܫ  = ݂| ௃ then ܽℎ(ݏ) ≤ ܽ′ℎ(ݐ), and so by assumption there exist ܽ" ∈ ,ݑ  ,ௌܣ ݒ ∈ ܵ, and  ݏᇱ, ′ݐ ∈ ,ݏ} (ᇱݏݑ)such that ℎ ,{ݐ ≤ ℎ(ݐݒᇱ),  ܽ ⊗ = ݏ  ܽᇱᇱ ⊗ ݏݑᇱand  ܽᇱᇱ ⊗ ᇱݐݒ ≤ܽᇱ ⊗ ௌܣ in ݐ ⊗ SJ. Clearly, ݏݑᇱ, ᇱݐݒ ∈ (′ݏݑ)݂ ,ܫ =ℎ(ݏݑ′) ≤ ℎ(ݐݒ′) = ܬ  and (′ݐݒ)݂ ⊆ ܽ implies that ܫ  ⊗ ݏ  = ܽᇱᇱ ⊗ ݏݑᇱ and ܽᇱᇱ ⊗ ᇱݐݒ ≤ ܽᇱ ⊗ ௌܣ  in ݐ ⊗ SI. Thus the corresponding ߮ is po-surjective for every 
subpullback diagram ܲ(ܫ, ,ܫ ݂, ݂, ܵ). 

Conversely, suppose the corresponding ߮ is po-
surjective for every subpullback diagram ܲ(ܫ, ,ܫ ݂, ݂, ܵ), ݂:S(Ss∪ (ݐܵ ⟶ SS is an ܵ-poset morphism, for ݏ, ݐ ∈ ܵ 
and let ݂ܽ(ݏ) ≤ ,ܽ  for ,(ݐ)݂ ′ܽ ܽ′ ∈ ܽ ௌ. Thenܣ (ݏ)݂⊗ ≤ ܽ′ ⊗ ௌܣ in (ݐ)݂ ⊗ SS. By po-surjectivity of ߮ 
for the  subpullback diagram ܲ(ܵݏ ∪ ,ݐܵ ݏܵ ,ݐܵ∪ ݂, ݂, ܵ), there exist ܽ" ∈ ,ݑ ,ௌܣ ∋ ݒ ܵ and ݏ′, ′ݐ ,ݏ}∋ (ᇱݏݑ)݂ such that ,{ݐ ≤ ܽ ,(ᇱݐݒ)݂ ⊗ ݏ = ܽ" ⊗  ′ݏݑ
and  ܽ" ⊗ ≥ ′ݐݒ ܽ′ ⊗ ௌܣ  in ݐ ⊗ S(Ss∪  ௌܣ Thus .(ݐܵ
satisfies Condition (ܹܲ)௦௪ as required.  

An ܵ-poset  ܣௌ satisfies Condition (ܹܲ)௪ if for all ݏ, ݐ ∈ ܵ, all homomorphisms ݂:S(Ss∪ (ݐܵ ⟶ SS and all ܽ, ܽᇱ ∈ (ݏ)݂ܽ  ௌ, ifܣ  ≤ "ܽ then there exist ,(ݐ)݂ ′ܽ ∈ ,ݑ  ,ௌܣ ݒ ∈ ,′ݏ ,ܵ ′ݐ ∈ ,ݏ} (′ݏݑ)݂ such that {ݐ ܽ and (′ݐݒ)݂≥ ⊗ ݏ ≤ ܽ" ⊗ "ܽ  ,′ݏݑ ⊗ ≥ ′ݐݒ ܽ′ ⊗ ௌܣ in ݐ ⊗ S(Ss∪  Using an argument similar to .(see [4]) (ݐܵ
that of the proof of Theorem 3.l we can show the 
following theorem.  

Theorem 3.2. An ܵ-poset ܣௌ satisfies Condition (ܹܲ)௪ if and only if the corresponding ߮ is weakly po-
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surjective for every subpullback diagram ܲ (ܫ, ,ܫ ݂, ݂, ܵ), 
where ܫ is a left ideal of ܵ.  

Theorem 3.3. An ܵ-poset ܣௌ satisfies Condition (ܹܲ)௦௪ if and only if for all ݏ, ݐ ∈ ܵ, all 
homomorphisms ݂: S(Ss∪ ,ܽ  SS and all ⟶ (ݐܵ ܽ′  ,ௌܣ ∋
if ݂ܽ (ݏ) ≤ ,"ܽ then there exist ,(ݐ)݂′ܽ ܽଵ, ܽଶ, ܽଵᇱ , ܽଶᇱ , ܽଷᇱ  ∈ ,ݑ ,ௌܣ ,ݒ , ଵ݌ ,ଶ݌ ,ଵݍ ,ଶݍ , ଵ′݌ ,ଶ′݌ ,ଷ′݌ ,ଶ′ݍ ,ଵ′ݍ ଷ′ݍ ∈ ܵ, such that either ݂(ݐݑ) ≤   and (ݐݒ)݂

ݒ"ܽ                ≤ ܽ′,                   ܽ = ܽଵ݌ଵ            ܽଵݍଵ ≤ ܽଶ݌ଶ               ݌ଵݏ ≤  ݏଵݍ
         ܽଶݍଶ = ݏଶ݌                 ݑ"ܽ ≤         ,ݐଶݍ
ݑ"ܽ            = ܽ′ଵ݌′ଵ 
        ܽ′ଵݍ′ଵ ≤ ܽ′ଶ݌′ଶ           ݌′ଵݐ ≤   ݐଵ′ݍ
        ܽ′ଶݍ′ଶ = ܽ′ଷ݌′ଷ           ݌′ଶݐ ≤  ݏଶ′ݍ
       ܽ′ଷݍ′ଷ ≤ ݏଷ′݌                  ܽ ≤  ,ݏଷ′ݍ
 
or ݂(ݏݑ) ≤   and (ݏݒ)݂
                      ܽ =  ,ݑ"ܽ
 
ݒ"ܽ                      ≤ ܽଵ݌ଵ 
                   ܽଵݍଵ = ܽଶ݌ଶ            ݌ଵݏ ≤  ݐଵݍ
                   ܽଶݍଶ ≤ ݐଶ݌                ′ܽ ≤   ,ݐଶݍ
 
or ݂(ݏݑ) ≤ ଵݍଵ           ܽଵ݌and                   ܽ = ܽଵ (ݐݒ)݂ ≤ ݏଵ݌       ݑ"ܽ ≤  ,ݏଵݍ
ݑ"ܽ             = ܽ′ଵ݌′ଵ        
       ܽ′ଵݍ′ଵ ≤ ݏଵ′݌         ܽ ≤  ,ݏଵ′ݍ
ݒ"ܽ            = ܽଶ݌ଶ          ܽଶݍଶ ≤ ݐଶ݌          ′ܽ ≤  .ݐଶݍ
 
Proof. Necessity. Let ݂ ∶S(Ss∪ (ݐܵ ⟶  ܵ be a 

homomorphism, for ݏ, ݐ ∈ ܵ and  ݂ܽ(ݏ) ≤ ܽᇱ݂(ݐ), for ܽ, ܽᇱ ∈ ∋ "ܽ ௌ. By assumption there existܣ ,ݑ ,ௌܣ ݒ ∈ ܵ 
and ݏᇱ, ᇱݐ ∈ ,ݏ} (ᇱݏݑ)݂ such that ,{ݐ ܽ  ,(ᇱݐݒ)݂ ≥ ⊗ ݏ =ܽ" ⊗ ܽ Then .ݐ⊗′ܽ ≥ᇱݐݒ⊗′′ܽ  ᇱ andݏݑ ⊗ ݑ"ܽ=ݏ ⊗  ᇱݏ
and a"ݒ ⊗ ′ݐ ≤ ܽ′ ⊗  and so there ,ݐ
exist ܽଵ, … , ܽ௡, ܿଵ, … , ܿ௡ᇱ, ܿᇱଵ, … , ܿᇱ௠ᇲ ∈ , ଵ݌ ,ௌܣ ,ଵݍ … , ,௡݌ ,௡ݍ ,ଵݑ ,ଵݒ … , ,௡ᇲݑ ,௡ᇲݒ ,ᇱଵݑ ,ᇱଵݒ ,ᇱ௠ᇲݑ ,… ᇱ௠ᇲݒ ∈ ܵ and ݖଶ, … , ,௡ݖ ݀ଶ, … , ݀௡ᇱ, ݀′ଶ, …, ݀′௠ᇱ ∈ ,ݏ}   such that ,{ݐ

 
                      ܽ ≤ ܽଵ݌ଵ 
                ܽଵݍଵ ≤ ܽଶ݌ଶ              ݌ଵݏ ≤  ଶݖଵݍ
                     ...                        ... 
               ܽ௡ݍ௡ ≤ ܽᇱᇱ݌             ݑ௡ݖ௡ ≤  ,ᇱݏ௡ݍ
 
                  ܽᇱᇱݑ ≤ ܿଵݑଵ      

                 ܿଵݒଵ ≤ ܿଶݑଶ              ݑଵݏᇱ ≤  ଵ݀ଶݒ
                      ...                        ... 
              ܿ௡ᇲݒ௡ᇲ ≤ ௡ᇲ݀௡ᇲݑ                 ܽ ≤  ,ݏ௡ᇲݒ
 
                 ܽᇱᇱݒ ≤ ܿଵᇱ ଵᇱݑ       
                ܿଵᇱ ଵᇱݒ ≤ ܿଶᇱ ଶᇱݑ ଵᇱݑ             ᇱݐ ≤ ଵᇱݒ ݀ଶᇱ  
                    ...                        ... 
            ܿ௠ᇲᇱ ௠ᇲᇱݒ ≤ ܽᇱ            ݑ௠ᇲᇱ ݀௠ᇲᇱ ≤ ௠ᇲᇱݒ  .ݐ
 
If ݖଵ = ௡ାଵݖ ,ݏ = ଵ݀ ,′ݏ = ௡ᇲାଵ݀ ,′ݏ = ଵᇱ݀ ,ݏ = ᇱ and ݀௠ᇲାଵᇱݐ =   :then there are three cases as follows ,ݐ
Case 1. ݏ′ = ݇ In this case there exist .ݐ  ∈ {1,...,݊} 

and ݇ᇱ ∈ {1, … , ݊′}, such that ݖ௞ = ௞ାଵݖ ,ݏ = = ௞ାଶݖ  …  = ௡ାଵݖ  = ᇱݏ = ௞ᇲାଵ݀  ,ݐ = ௞ᇲ݀ ,ݏ = ݀௞ᇲିଵ =⋯ =  ݀ଵ = ᇱݏ  = (ݐ)௞݂ݍThen  ܽ௞ .ݐ ≤ ܽ௞ାଵ݌௞ାଵ݂(ݐ) =ܽ௞ାଵ݂(݌௞ାଵݖ௞ାଵ) ≤ ܽ௞ାଵ݂(ݍ௞ାଵݖ௞ାଶ) ≤ ⋯  ≤ܽ௡݂(ݍ௡ݖ௡ାଵ) = ܽ௡ݍ௡݂(ݖ௡ାଵ) ≤ ܽᇱᇱ݂ݑ(ݏᇱ) = ܽᇱᇱ݂(ݏݑᇱ) ≤ ܽᇱᇱ݂(ݐݒᇱ) = ܽᇱᇱ݂ݒ(ݐᇱ) ≤ ܿଵᇱ ଵᇱݑ (ᇱݐ)݂ = ܿଵᇱ ଵᇱݑ)݂ (ᇱݐ ≤ ܿଵᇱ ଵᇱݒ)݂ ݀ଶᇱ ) ≤ ⋯  ≤ ܿ௠ᇲᇱ ௠ᇲᇱݒ)݂ ݀௠ᇲାଵᇱ ) =ܿ௠ᇲᇱ ௠ᇲᇱݒ (ݐ)݂ ≤ ܽᇱ݂(ݐ). 
 
Since ܣௌ satisfies Condition (ܹܲܲ)௦௪, there exist ݀ଵ ∈ ,ଵݔ ௌ andܣ ଶݔ ∈ ܵ, such that ܽ௞ݍ௞ =  ݀ଵݔଵ, ݀ଵݔଶ ≤ ܽᇱ and ݔଵ݂(ݐ) ≤ ݏܽ Since also .(ݐ)ଶ݂ݔ ≤ ܽଵ݌ଵݏ ≤ ܽଵݍଵݖଶ ≤ ܽଶ݌ଶݖଶ ≤ ⋯  ≤ ܽ௞݌௞ݖ௞= ܽ௞݌௞ݏ   
 
there exist ݀ଶ ∈ ,ଵݕ ௌ andܣ ଶݕ ∈ ܵ, such that ܽ = ݀ଶݕଵ, ݀ଶݕଶ ≤ ܽ௞݌௞ and ݕଵݏ ≤ (ݐଵݔ)݂ Thus .ݏଶݕ ଶݔand                  ݀ଵ (ݐଶݔ)݂≥ ≤ ܽ′, 
 
                       ܽ = ݀ଶݕଵ 
                ݀ଶݕଶ ≤ ܽ௞݌௞     ݕଵݏ ≤  ݏଶݕ
                ܽ௞ݍ௞ = ݀ଵݔଵ     ݌௞ݏ ≤  .ݐ௞ݍ
Also, ݀ଵݔଵݐ = ܽ௞ݍ௞ݐ ≤ ܽ௞ାଵ݌௞ାଵݖ௞ାଵ ≤ ܽ௞ାଵݍ௞ାଵݖ௞ାଶ ≤ ⋯≤ ܽ௡ݍ௡ݖ௡ାଵ ≤ ܽᇱᇱݏݑᇱ ≤ ܿଵݑଵݏᇱ≤ ܿଵݒଵ݀ଶ ≤ ܿଶݑଶ݀ଶ ≤ ⋯ ≤ ܿ௞ᇱݑ௞ᇱ݀௞ᇱ= ܿ௞ᇱݑ௞ᇱݐ 
 
and since ܣௌ satisfies Condition (ܹܲܲ)௦௪, there 

exist ݀′ଵ ∈ ,ଵ′ݔ ௌ andܣ ଶ′ݔ ∈ ܵ, such that ݀ଵݔଵ = ݀′ଵݔ′ଵ, ݀′ଵݔ′ଶ ≤ ܿ௞ᇱݑ௞ᇱ and ݔ′ଵݐ ≤ ݏ௞ᇱݒOn the other hand,  ܿ௞ᇱ .ݐଶ′ݔ ≤ ܿ௞ᇲାଵݑ௞ᇲାଵݏ = ܿ௞ᇲାଵݑ௞ᇲାଵ݀௞ᇲାଵ≤ ܿ௞ᇲାଵݒ௞ᇲାଵ݀௞ᇲାଶ≤ ܿ௞ᇲାଶݑ௞ᇲାଶ݀௞ᇲାଶ ≤ ⋯ ≤ ܿ௡ᇱݑ௡ᇱ݀௡ᇱ≤ ܿ௡ᇱݒ௡ᇱݏ ≤  ݏܽ
 
and so there exist ݀′ଶ ∈ ,ଵ′ݕ ௌ andܣ ଶ′ݕ ∈ ܵ, such that ܿ௞ᇱݒ௞ᇱ = ݀′ଶݕ′ଵ, ݀′ଶݕ′ଶ ≤ ܽ and ݕ′ଵݏ ≤   .ݏଶ′ݕ
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Thus  
            ݀ଵݔଵ = ݀′ଵݔ′ଵ 
          ݀′ଵݔ′ଶ ≤ ܿ௞ᇱݑ௞ᇱ        ݔ′ଵݐ ≤  ݐଶ′ݔ
          ܿ௞ᇱݒ௞ᇱ = ݀′ଶݕ′ଵ        ݑ௞ᇱݐ ≤  ݏ௞ᇱݒ
         ݀′ଶݕ′ଶ ≤ ݏଵ′ݕ                ܽ ≤  ,ݏଶ′ݕ
as required. 
 
Case 2. ݐᇱ = ′݇ In this case there exists .ݏ ∈{1,...,݉′}, such that ݀′௞ᇲାଵ = and ݀′௞ᇱ ݐ = ݀′௞ᇲିଵ =⋯ = ݀′ଵ =   Thus .ݏ
(ݏ)݂ܽ  ≤ ܽଵ݌ଵ݂(ݏ) = ܽଵ݂(݌ଵݏ) ≤ ܽଵ݂(ݍଵݖଶ) ≤ ⋯≤ ܽ௡݂(ݍ௡ݖ௡ାଵ) = ܽ௡ݍ௡݂(ݏᇱ)≤ ܽᇱᇱ݂ݑ(ݏᇱ) = ܽᇱᇱ݂(ݏݑᇱ) ≤ ܽᇱᇱ݂(ݐݒᇱ)= ܽᇱᇱ݂ݒ(ݐᇱ) ≤ ܿᇱଵݑᇱଵ݂(ݐᇱ)= ܿᇱଵ݂(ݑᇱଵݐᇱ) ≤ ܿᇱଵ݂(ݒᇱଵ݀ᇱଶ)= ܿᇱଵݒᇱଵ݂(݀ᇱଶ) ≤ ⋯≤ ܿᇱ௞ᇲିଵݒᇱ௞ᇲିଵ݂(݀ᇱ௞ᇱ)≤ ܿᇱ௞ᇲݑᇱ௞ᇲ݂(ݏ) 
 
Since ܣௌ satisfies Condition (ܹܲܲ)௦௪, there exist ܾ ∈ ,ݓ ௌ andܣ ′ݓ ∈ ܵ, such that ܽ = ′ݓܾ ,ݓܾ ≤ ܿ′௞ᇱݑ′௞ᇱ 

and (ݏ)݂ݓ ≤ ݐ௞ᇱ′ݒSince also  ܿ′௞ᇱ .(ݏ)݂′ݓ ≤ ܿ′௞ᇲାଵݑ′௞ᇲାଵݐ = ܿ′௞ᇲାଵݑ′௞ᇲାଵ݀′௞ᇲାଵ ≤ܿ′௞ᇲାଵݒ′௞ᇲାଵ݀′௞ᇲାଶ ≤ ⋯ ≤ ܿ′௠ᇱݒ′௠ᇱ݀′௠ᇲାଵ ≤  ,ݐ′ܽ
there exist ܾ′ ∈ ,ଵݓ ௌ andܣ ଵ′ݓ ∈ ܵ, such that ܿ′௞ᇱݒ′௞ᇱ = ଵ′ݓ′ܾ  ,ଵݓ′ܾ ≤ ܽ′ and ݓଵݐ ≤ (ݏݓ)݂ Thus .ݐଵ′ݓ ≤   and (ݏᇱݓ)݂
 
                ܽ =  ,ݓܾ
 
ᇱݓܾ            ≤ ܿᇱ௞ᇲݑᇱ௞ᇲ 
     ܿᇱ௞ᇲݒᇱ௞ᇲ = ܾᇱݓଵ      ݑᇱ௞ᇲݏ ≤  ݐᇱ௞ᇲݒ
ଵ′ݓ′ܾ          ≤ ܽᇱ            ݓଵݐ ≤  ,ݐଵ′ݓ
as required. 
 
Case 3. ݏ′ = = ′ݐ and ݏ (ݏݑ)݂ Then .ݐ  ≤ ܽ ,(ݐݒ)݂  ⊗ ݏ = ݑ"ܽ ⊗ ≥ ݐ⨂ݒ"ܽ and ݏ ܽ′ ⊗ ݏܽ Since .ݐ =  ௌ satisfies Condition (ܹܲ ܲ)௦௪, thereܣ and ݏݑ"ܽ

exist ݀ଵ, ݀ଶ ∈ ,ଵݔ ௌ andܣ ,ଶݔ ,ଵݕ ଶݕ ∈ ܵ, such that              ܽ = ݀ଵݔଵ       ݀ଵݕଵ ≤ ݏଵݔ        ݑ"ܽ ≤  ,ݏଵݕ
ݑ"ܽ         = ݀ଶݔଶ     ݀ଶݕଶ ≤ ݏଶݔ            ܽ ≤  .ݏଶݕ
 
Since ܽ"ݐݒ ≤ there exist ݀ଷ ,ݐ′ܽ ∈ ,ଷݔ ௌ andܣ ଷݕ ∈ ܵ, 

such that  
ݒ"ܽ             = ݀ଷݔଷ             ݀ଷݕଷ ≤ ܽᇱ         ݔଷݐ ≤  ,ݐଷݕ
 
Sufficiency. Suppose ݂: S(Ss∪ (ݐܵ  ⟶  ܵ is a 

homomorphism, for ݏ, ݐ ∈ ܵ and let ݂ܽ(ݏ) ≤ ܽᇱ݂(ݐ), for 

ܽ, ܽ′ ∈  ௌ. By assumption there are three cases asܣ
follows: 

 
Case 1. ݂(ݐݑ) ≤ ݒ"ܽ             and (ݐݒ)݂ ≤ ܽ′,                ܽ = ܽଵ݌ଵ 
         ܽଵݍଵ ≤ ܽଶ݌ଶ        ݌ଵݏ ≤  ݏଵݍ
        ܽଶݍଶ = ݏଶ݌           ݑ"ܽ ≤  ,ݐଶݍ
ݑ"ܽ           = ܽ′ଵ݌′ଵ      ܽ′ଵݍ′ଵ ≤ ܽ′ଶ݌′ଶ      ݌′ଵݐ ≤ ᇱଶݍᇱଶܽ     ݐଵ′ݍ = ܽᇱଷ݌ᇱଷ      ݌ᇱଶݐ ≤ ᇱଷݍᇱଷܽ     ݏᇱଶݍ ≤ ݏᇱଷ݌              ܽ ≤  .ݏᇱଷݍ
 
Thus  ܽ ⊗ ݏ = ܽଵ݌ଵ ⊗ ݏ = ܽଵ ⊗ ݏଵ݌ ≤ ܽଵ ⊗ =ݏଵݍ ܽଵݍଵ ⊗ ݏ ≤ ܽଶ݌ଶ⨂ݏ = ܽଶ⨂݌ଶݏ≤ ܽଶ⨂ݍଶݐ = ܽଶݍଶ⨂ݐ = =ݐ⨂ݑ"ܽ  ݐݑ⨂"ܽ
 
and  ܽᇱᇱ⨂ݐݑ = ܽᇱᇱݐ⨂ݑ = ܽᇱଵ݌ᇱଵ⨂ݐ = ܽᇱଵ⨂݌ᇱଵݐ ≤ܽᇱଵ⨂ݍᇱଵݐ = ܽᇱଵݍᇱଵ⨂ݐ ≤ ܽᇱଶ݌ᇱଶ⨂ݐ=ܽᇱଶ⨂݌ᇱଶݐ ≤ ܽᇱଶ ݏᇱଶݍ⊗ = ܽᇱଶݍᇱଶ ⊗ ݏ = ܽᇱଷ݌ᇱଷ ⊗ ݏ = ܽ′ଷ ⊗ ݏଷ′݌ ≤ܽ′ଷ⨂ݍ′ଷݏ = ܽ′ଷݍ′ଷ⨂ݏ ≤  ,ݏ⨂ܽ
 
and hence ܽ⨂ݏ = ݒ"ܽ Since .ݐݑ⨂"ܽ ≤ ܽ′, we have ܽ"ݐ⨂ݒ ≤ ݐݒ⨂"ܽ and so ,ݐ⨂′ܽ ≤  ௌܣ Thus .ݐ⨂′ܽ

satisfies Condition (ܹܲ)௦௪ as required.  
 
Case 2. ݂ (ݏݑ) ≤   and (ݏݒ) ݂
             ܽ = ݒ"ܽ            ,ݑ"ܽ ≤ ܽଵ݌ଵ          ܽଵݍଵ = ܽଶ݌ଶ      ݌ଵݏ ≤ ଶݍଶܽ          ݐଵݍ ≤ ܽᇱ           ݌ଶݐ ≤  .ݐଶݍ
 
Thus ܽ⨂ݏ = ݑ"ܽ ⊗ ݏ = ܽ" ⊗ ݏݒ⨂and  ܽᇱᇱ ݏݑ = ܽᇱᇱݏ⨂ݒ ≤ ܽଵ݌ଵ ⊗ ݏ = ܽଵ⨂݌ଵݏ ≤ܽଵ⨂ݍଵݐ = ܽଵݍଵ⨂ݐ=ܽଶ݌ଶ⨂ݐ = ܽଶ⨂݌ଶݐ ≤ ܽଶ⨂ݍଶݐ =ܽଶݍଶ⨂ݐ ≤ ܽᇱ⨂ݐ,  
as required. 
 
Case 3. ݂(ݏݑ)  ≤   and (ݐݒ)݂
              ܽ = ܽଵ݌ଵ          ܽଵݍଵ ≤ ݏଵ݌       ݑ"ܽ ≤  ,ݏଵݍ
ݑ"ܽ             = ܽ′ଵ݌′ଵ        
       ܽ′ଵݍ′ଵ ≤ ݏଵ′݌         ܽ ≤  ,ݏଵ′ݍ
ݒ"ܽ            = ܽଶ݌ଶ          ܽଶݍଶ ≤ ݐଶ݌          ′ܽ ≤  .ݐଶݍ
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Thus ܽ ⊗ ݏ = ܽଵ݌ଵ ⊗ ݏ = ܽଵ ⊗ ݏଵ݌ ≤ ܽଵ ⊗ =ݏଵݍ ܽଵݍଵ ⊗ ݏ ≤ ܽᇱᇱݑ ⊗ ݏ = ܽ′′ ⊗  ݏݑ
 
and  ܽᇱᇱ⨂ݏݑ = ܽᇱᇱݏ⨂ݑ = ܽᇱଵ݌ᇱଵ⨂ݏ = ܽᇱଵ⨂݌ᇱଵݏ ≤ܽᇱଵ⨂ݍᇱଵݏ = ܽᇱଵݍᇱଵ⨂ ݏ ≤  ,ݏ⨂ܽ
and so ܽ⨂ݏ = ܽᇱᇱ⨂ݏݑ. Also, ܽᇱᇱ⨂ݐݒ = ܽᇱᇱݐ⨂ݒ = ܽଶ݌ଶ⨂ݐ = ܽଶ⨂݌ଶݐ ≤ܽଶ⨂ݍଶݐ = ܽଶݍଶ⨂ݐ ≤  ,ݐ⨂′ܽ
as required.  
 

 ࢙࢝(ࡼࢃࡼ) (࢝(ࡼࢃࡼ)) Posets satisfying Condition-ࡿ .4
In this section we give some equivalent conditions 

on an ܵ-poset ܣௌ satisfying Condition ((ܹܲܲ)௪) (ܹܲܲ)௦௪ according to (weak) po-surjectivity of ߮ 
corresponding to certain subpullback diagrams.  

Theorem 4.1. For an ܵ-poset ܣௌ the following 
assertions are equivalent:  

(1) the corresponding ߮ is po-surjective for every 
subpullback diagram ܲ(ܵݏ, ,ݏܵ ݂, ݂, ܵ), where ݏ ∈ ܵ;  

 (2) the corresponding ߮ is po-surjective for every 
subpullback diagram ܲ(ܵ, ܵ, ݂, ݂, ܵ);  

 .ௌ satisfies Condition (ܹܲܲ)௦௪ܣ (3)
Proof. Implication (1) ⟹ (2) is clear.  
(2) ⟹ (3). Suppose ܽݏ ≤ ,ܽ for ,ݏ ′ܽ ܽ′ ∈ ∋ ݏ ௌ andܣ ܵ. Then, ܽ ⊗ ݏ ≤ ܽ′ ⊗ ௌܣ in ݏ ⊗ SS. If ߩ௦: SS ⟶ SS 

is defined as ߩ௦(ݔ)= ݔ for ,ݏݔ ∈ ܵ, then ܽ ௦( 1)ߩ ⊗ =ܽ ⊗ ≥ ݏ ܽ′ ⊗ ݏ = ܽ′ ⊗  ߮ ௦(1). By po-surjectivity ofߩ
for the subpullback diagram ܲ(ܵ, ܵ, ,௦ߩ ,௦ߩ ܵ), there 
exist ܽ′′ ∈ ,ݐ ௌ andܣ ′ݐ ∈ SS, such that ߩ௦(ݐ) ≤ ܽ ,(′ݐ) ௦ߩ ⊗ 1 = ܽ" ⊗ ⊗ "ܽ and ݐ ′ݐ ≤ ܽ′ ⊗ 1 in ܣௌ ⊗ SS. 
Thus ݏݐ ≤ ܽ ,ݏ ′ݐ = ′ݐ"ܽ and  ݐ"ܽ  ≤ ܽ′, and so ܣௌ 
satisfies Condition (ܹܲܲ)௦௪ as required.  

 (3) ⟹ (1). Suppose ݂ ∶ SSݏ ⟶ SS is an ܵ-poset 
morphism and let ܽ ⊗ (ݏݐ)݂ ≤ ܽ′ ⊗  ,ௌ ⊗ SSܣ in (ݏ′ݐ)݂
for ܽ, ܽ′ ∈ ,ݏ ௌ andܣ ,ݐ ∋ ′ݐ ܵ. Then (ݏݐ) ≤  ,(ݏ′ݐ)݂ ′ܽ
and so ܽ(ݏ) ݂ݐ ≤  ௌ satisfiesܣ Since .(ݏ) ݂ ′ݐ ′ܽ
Condition (ܹܲܲ)௦௪ there exist ܽ" ∈ ,ݑ ௌ andܣ ݒ ∈ ܵ, 
such that ܽݐ = ݒ"ܽ  ,ݑ"ܽ ≤ (ݏ)݂ݑ and ′ݐ′ܽ ≤  .(ݏ)݂ݒ
Thus ݂(ݏݑ) ≤ ݉ If .(ݏݒ)݂ = and ݉ᇱ ݏݑ =   then ,ݏݒ

 ܽ ⊗ ݏݐ = ݐܽ ⊗ ݏ = ݑ ′′ܽ ⊗ ݏ = ܽ" ⊗ ݏݑ = ܽ" ⊗ ݉, 
 
and  ܽ" ⊗ ݉′ = ܽ" ⊗ ݏݒ = ݒ "ܽ ⊗ ݏ ≤ ′ݐ ′ܽ  ⊗ = ݏ ܽ′ ⊗  ,ݏᇱݐ
 
and so the corresponding ߮ is po-surjective for the 

subpullback diagram ܲ(ܵݏ, ,ݏܵ ݂, ݂, ܵ).  
An ܵ-poset ܣௌ satisfies Condition (ܹܲܲ)௪, if 

ݐܽ ≤ ,ܽ for ,ݐ′ܽ ܽ′ ∈ ݐ ௌ andܣ ∈ ܵ, implies that there 
exist ܽ" ∈ ,ݑ ௌ andܣ ݒ ∈ ܵ, such that ܽ ≤ ݒ"ܽ ,ݑ"ܽ ≤ ܽ′ 
and ݐݑ ≤  Using an argument similar to that .(see [4]) ݐݒ
of the proof of Theorem 4.1 we can prove the following 
theorem.  

Theorem 4.2. For an ܵ-poset ܣௌ the following 
assertions are equivalent:  

(1) the corresponding ߮ is weakly po-surjective for 
every subpullback diagram ܲ(ܵݏ, ,ݏܵ ݂, ݂, ܵ), where ݏ ∈ ܵ;  

(2) the corresponding ߮ is weakly po-surjective for 
every subpullback diagram ݌(ܵ, ܵ, ݂, ݂, ܵ);  

 .ௌ satisfies Condition (ܹܲܲ)௪ܣ (3)
 
5. Relations of the properties 

In this section we demonstrate that with one possible 
exception (( ௪ܲ) ⟹ po-flat), all of the implications in 
Figure ( ଵܲ) are strict.  

 The proof of the following theorem is clear.  
Theorem 5.1. Let ܩ be an ordered group. Then all ܩ-posets satisfy Condition ( ௦ܲ௪). 
Theorem 5.2. [4, Theorem 4.6.] For any pomonoid ܵ, there exists an ܵ-poset that does not satisfy Condition (ܹܲܲ).  
Recall from [7], [8], [1], [4], that an ܵ-poset ܣௌ 

satisfies Condition (ܲ), if ܽݏ ≤ ,ܽ for ,ݐ′ܽ ܽ′ ∈ ,ݏ ௌ andܣ ݐ ∈ ܵ, implies that there exist ܽ" ∈ ,ݑ ௌ andܣ ݒ ∈ ܵ, 
such that ܽ = ݒ"ܽ ,ݑ"ܽ = ܽ′ and ݏݑ ≤  ௌ is called flat (in SPOS) if and only if, for allܣ An ܵ-poset .ݐݒ
embeddings SB ⟶ SC in the category of left ܵ-posets, 
the induced order-preserving map ܣௌ ⊗ SB ⟶ ܣௌ ⊗ SC 
is injective. An ܵ-poset ܣௌ is called weakly flat if the 
induced morphism ܣௌ ௌܣ ⟶ ܫ ⊗ ⊗ ܵ is injective for 
all embeddings of left ideals into SS. A pomonoid ܵ is 
called weakly right reversible in case  ∩ (ܵݐ] ≠ ∅, for 
all ݏ, ݐ ∈ ܵ (if ܺ is a subset of a poset ܲ, (ܺ]: = ݌}  ∈ܲ ∶ ≥ ݌  ݔ for some ݔ ∈ ܺ} is the down-set of ܺ, or the 
order ideal generated by ܺ). An ܵ-poset ܣௌ satisfies 
Condition (ܹܲ) if the corresponding ߮ is surjective for 
every subpullback diagram ܲ(ܫ, ,ܫ ݂, ݂, ܵ), where ܫ is a 
left ideal of ܵ.  

Using [4, Theorem 6.2.] the following theorem is 
clear.  

Theorem 5.3. For a pomonoid ܵ the following 
assertions are equivalent:  

(1) Θௌ satisfies Condition (ܲ);  
(2) Θௌ satisfies Condition ( ௦ܲ௪); 
(3)  Θௌ satisfies Condition ( ௪ܲ); 
(4) Θௌ is po-flat;  
(5) Θௌ is flat;  
(6) Θௌ satisfies Condition (ܹܲ); 
(7) Θௌ satisfies Condition (ܹܲ)௦௪;  
(8) Θௌ satisfies Condition  (ܹܲ)௪;  
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