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Abstract

In (Golchin A. and Rezaei P., Subpullbacks and flatness properties of S-posets.
Comm. Algebra. 37: 1995-2007 (2009)) study was initiated of flatness properties of
right S-posets As over a pomonoid S that can be described by surjectivity of ¢
corresponding to certain (sub)pullback diagrams and new properties such as
(PWP),, and (WP),, were discovered. In this article first of all we describe po-
flatness properties of S-posets over pomonoids by po-surjectivity of ¢ corresponding
to certain subpullback diagrams. Then we introduce three new Conditions (F,,),
(WP),,, and (PWP),, and investigate the relation between them and Conditions
(P), (By), (WP), (WP),,, (PWP) and (PWP),,. Also we describe these properties
by po-surjectivity of ¢ corresponding to certain subpullback diagrams and describe
Conditions (B,), (WP),, and (PWP),, by weak po-surjectivity of ¢ corresponding

to certain subpullback diagrams.

Keywords: Ordered monoid; S-poset; Subpullback diagram.

Introduction

In [5] the notation P(M, N, f, g, Q) was introduced to
denote the pullback diagram of homomorphisms f: (M
- 0 and g: sN — O in the category of left S-acts,
where S is a monoid. Tensoring such a diagram by Ag
produces a diagram (in the category of sets) that may or
may not be a pullback diagram, depending on whether
or not the mapping ¢, obtained via the universal
property of pullbacks in the category of sets, is
bijective. It was shown that, if we require either
bijectivity or surjectivity of ¢ for pullback diagrams of
certain types, we not only recover most of the well-
known forms of flatness, but also obtain Conditions
(WP) and (PWP) as well. In [4] Golchin and Rezaei
extended the results from [5] to S-posets and two new
Conditions (WP),, and (PWP),, were introduced.

Let S be a pomonoid. A poset A is called a right S-
poset if S acts on A in such a way that (i) the action is
monotonic in each of the variables, (ii) for all s,t €S
and a € A, a(st) = (as)t and al = a. Left S-posets are
defined similarly. The notations Ag and ¢B will often be
used to denote a right or left S-poset and ©g = {6} is the
one-element right S-poset. The S-poset morphisms are
the order-preserving maps that also preserve the S-
action. We denote the category of all right S-posets,
with S-poset maps between them, by Pos- S. We recall
from [3] that an S-poset map f:Ag — Bs is called an
embedding if f(a) < f(a') implies a<a', for
a,a’ € Ag.

We recall from [2] that in the categories of S-posets
and posets the order relation on morphism sets is
defined pointwise (i.e. f < g for f,g:A — B if and
only if f(a) <g(a) for every a € A). In such
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categories, a diagram

-~ M

N -Q
()

is subcommutative if frr; < gm,. If fr; < gm, and
for every left S-poset P’ and all homomorphisms
m:P' — M and m): P — N such that f ] < g 3,
there exists a unique homomorphism h: P’ — P such
that T, h = w7 and m,h = my, then diagram (P;) will be
called subpullback diagram for f and g. In the category
of S-posets or the category of posets, P may in fact be
realized as

P ={(mn)€e Mx N|f(m) < g(n)}

where 7; and m, are the first and second coordinate
projections. (Notice that P is possibly empty.) The
subpullback diagram (P;) will be denoted by
P(M,N,f,g,Q). Tensoring the subpullback diagram
P(M,N,f,g,Q) by any right S-poset A one gets the
subcommutative diagram

y idy )
AR P -AQ M
i('{.‘ 2 T é(!.| R f
AXGN——mARQ
idqg @ g

in the category of posets. For the subpullback of
mappings id,® f and id,® g in the category of posets
we may take

P'= {(a®m,a'®n)
€ (AQM) x (AQN) | a® f(m)
< a'®g(n)}

with 7 and 5 the restrictions of the projections. It
follows from the definition of subpullbacks that there
exists a unique monotone mapping @:A ®s; P — P’
such that, in the diagram
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idy @y
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we have w1 = id,®m; for i = 1,2. We shall call
this mapping the @ corresponding to the subpullback
diagram P(M,N,f,g,Q). It can be seen that the
mapping ¢ in diagram (P,) 1is given by

p(a® (m,n)) =(a@m,a@n)
for all a € A; and (m,n) € sP.

we define po-surjectivity and weak po-surjectivity of
¢ corresponding to the subpullback diagram
P(M,N,f,g,Q) as

(Va,a’ € Ag)(vm esM)(Wn egN)[a®f (m) <
a'®gn) =
(3a” € As)(@Am' €M) (3n’ €N)(f (M) < g(n"),
a®m =a"@m’, a""'@n’' < a’'@n)]

and

(Va,a’ € Ag)(vm esM)(Wn egN)[a®f (m) <
a'®g(n) =
(3a” € As)(@Am’ eM)(3n’ €sN) (fF (M) < g(n),
a®@m < a"®@m', a"®n’ < a'®n)],

respectively.

Obviously, surjectivity of ¢ = po-surjectivity of
¢ = weak po-surjectivity of ¢.

We say that an S-poset Ay satisfies Condition (Pyy,)
if for all a,a' € Ag and s,s' €S, as < a's’ implies
a =ad'u, ad'v< d, for some a” € Ag and u,v €S,
such that us < vs'. An S-poset Ag satisfies Condition
(WP)s,, if for all elements s, t € S, all homomorphisms
fr s(Ssu St) — S and all a,a’ € 4, if af(s) <
a'f(t), then there exist a'’ €A4;, u,veSs, s, t'e
{s, t}, such that f (us") < f(vt") and a®s = a"'Qus’,
a"®Qut’ < d'®t in A;® s(Ss U St). An S-poset Ag
satisfies Condition (PWP)s,, if for all a,a’ € Ag and
s€S, as< d's implies a = a''u, a'v< d, for
some a'’ € Agandu,v € S, such that us < vs.

For a pomonoid S the following relations exist
among flatness properties of an S-poset.
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free =projective
= (P) = (WP) = (PWP)
U U U
(Psw) = (WP)syy = (PWP)s,,
U U U
(Py) = (WP),, = (PWP),,
U U U
po— flat = w.po—f. = p.w.po— f.= po —
t.f.
U U U (incomparable)
flat = w.f. = pw.f. = t.f.

(P1)

In this article for a pomonoid S, using the
information from [5, 4] we describe po-flatness and
Conditions (P,,), (WP)s, and (PWP),, of S-posets
according to po-surjectivity of ¢ corresponding to
certain subpullback diagrams. We also describe
Conditions (B,), (WP),, and (PWP),, introduced in [7,
4] by weak po-surjectivity of ¢ corresponding to certain
subpullback diagrams.

Results

1. Po-flatness of S-posets

In this section for a pomonoid S we give
equivalences of po-flatness of S —posets by po-
surjectivity of the mapping ¢ corresponding to certain
subpullback diagrams.

Recall from [7] that an S-poset A is called po-flat
(in Pos- §) if and only if, for all embeddings sB — sC in
the category of left S-posets, the induced order-
preserving map As® B — As® sC is embedding, that
is, a®b < a'®b' in A;® sC implies a® b < a’'@ b’
in As® sB. The S-poset Ag is called (principally) weakly
po-flat if the functor Ag® — preserves embeddings of
(principal) left ideals of monoid S into S, that is, for all
(principal) left ideals I of monoid S, a,a’ € Ag, 5,5’ €
[,a®s <a'®s'in AgQ ¢S impliesa @ s < a'® s’ in
As® sI. For more po-flatness properties we refer the
reader to [8].

Lemma 1.1. [7, Lemma 3.5] An S-poset Ag is po-flat
if and only if for every left S-poset B, any a,a’ € Ag
and any b,b' €sB, a® b < a'® b’ in As® B implies
a®b < a'®b’ in Ag® s(Sb U Sh").

Theorem 1.2. An S-poset Ay is po-flat if and only if
the corresponding ¢ is po-surjective for every
subpullback diagram P( M, M, ,(, Q), where 1: M — sQO
is an embedding of left S-posets.

Proof. Suppose Ag is po-flat, : M — O is an
embedding of left S-posets and let a @ (m) < a'®
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t(m") in Ag ® 50, for a,a’ € Ag and m, m’ € ¢M. Since
Ag is po-flat, id, ® t is embedding, and so a®@m <
a'®@m' in Ag® M. Since ((m) < ((m), a®@m =aQm
and a®m < a'®m', the corresponding ¢ is po-
surjective for the subpullback diagram P(M, M, ,(, Q).

Conversely, suppose the corresponding ¢ is po-
surjective  for  every  subpullback  diagram
P(M,M,,1,Q), where : M — 50O is an embedding of
left S-posets. Let ¢M be an S-poset, a,a’ € A;, m,m’ €
sM and a®@ m < a'@m’ in Ag® M. If i: 3(Sm U Sm")
— M is the inclusion map, then i is an embedding
(since §(SmUSmM'") is a S-subposet of ¢M). Also
a®i(m)=a®m < a'®m'=a’ Qi(m'). By po-
surjectivity of ¢ for the subpullback diagram P(Sm U
Sm',SmuSm',i,i, M), there exist a" € Ag and t,t' €
s(8Sm U Sm") such that i(t) < i(t"), a®m = a"® t and
a"®t' < a'@m’ in Ag® §(SmuUSm'). Thust < t', and
s0a @m=a"@t<a"® t'<a'®@m' in A;® s(Sm
U Sm"). That is, Ay is po-flat as required.

Similarly, we can prove the following theorems.

Theorem 1.3. An S-poset A is weakly po-flat if and
only if the corresponding ¢ is po-surjective for every
subpullback diagram P(1,1,,(,S), where I is a left ideal
of S and t: (/ — S is an embedding of left S-posets.

Theorem 1.4. An S-poset Ag is principally weakly
po-flat if and only if the corresponding ¢ is po-
surjective for every subpullback diagram (Ss, Ss, ,t,5),
where s € S and &: ¢(Ss) — S is an embedding of left
S-posets.

We recall from [1] that an element ¢ of a pomonoid
S is called right po-cancellable if sc < s'c implies
s <s', for alls,s' €S. An S-poset Ag is called po-
torsion free if ac < a'c impliesa < a’, whenever
a,a’ € A and c is a right po-cancellable element of S.

Theorem 1.5. An S-poset Ag is po-torsion free if and
only if the corresponding ¢ is po-surjective for every
subpullback diagram P(S, S, t, S), where t: §§ — ¢S is
an embedding of left S-posets.

Proof. Suppose Ag is po-torsion free and let ¢ 3§ —
sS be an embedding of left S-posets. Then t(1) is a right
po-cancellable element of S, for if st(1) < si(1), for
s,s" €S, then ((s) < (s"), and so s < s'. Suppose
a@Qut)<d Qut') in A & S, for a,a’ € As and
t,t' €S. Then au(t)<da'i(t'), and so aty(l) <
a't't(1). Since (1) is a right po-cancellable element of
S and Ag is po-torsion free, we have at < a't’, and so
a®@t<a @t in Ag Q S. Since (t) < ((t),
a@t=aQ@Qtanda @t <a' ®t’', ¢ is po-surjective
for the subpullback diagram P(S, S, (,(,S).

Conversely, suppose the corresponding ¢ is po-
surjective for every subpullback diagram P(S,S, (,(,5)
where t: S — ¢S is an embedding of left S-posets. Let
¢ be a right po-cancellable element of S and let ac <
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a'c, for a,a’ € As. If iz 3§ — ¢S is defined by i(x) =
xc, for every x € S, then i is an embedding, also
a® i) =a®c< d®@c=a Qi(1) in A; ® sS.
By po-surjectivity of ¢ for the subpullback diagram
P(S,S,i,i,S5), there exist a" € Ag and u,v € S, such
that i(u) < i), a®@1=a"Quanda"Qv<d
1in Ag @ §S. Thus uc < vc, and so u < v. Also, a =
a"u and a"v < a’. Hence a = a"u < a"v < a’, and so
Ag is po-torsion free.

2. S-Posets satisfying Condition ((P,,)) (Pgy)

In this section we give some equivalent conditions
on an S-poset Ag satisfying Condition ((Py,)) (Psw)
according to (weak) po-surjectivity of ¢ corresponding
to certain subpullback diagrams. Note that for S-posets
Agand B, a®@ b <a' @ b’ in A;® B, for a,a’ € A
and b, b’ € ¢B if and only if there exist a,,ay, ..., a, €
A, by, ..., b, € §B, 51,t4, ..., Sp, t, € S, such that

a<a;s
a;t; < a,s; s1b < t1b,
ayt, <a Spby S t,b'.

Lemma 2.1. An S-poset Ag satisfies Condition (F;,,)
if and only if for all ;B and all a,a’ € As, b,b’ € §B,
a®@b<d @b in Ag® B implies the existence of
a" € Ag and u,v € S, such thata = a" u, a" v < a’ and
ub <vb'.

Proof. Suppose Ag satisfies Condition (P,,,) and let
a®@b<d @b in A;® sB, for a,a’ € A; and b, b’ €
sB. Then there exist a,,ay, ..., a, € As, by, ..., b, €sB,
Sq,t1, v, Spy ty € S, such that

as< as;
a;t; < ays; s1b < t1b,
apt, <a Spbn <t b'.

Since a,t; < a,s,
there exist ¢ € Ag and u’,v' € S, such that a; =
cv' < ayand u't; < v's,. Then

and Ay satisfies Condition (),
cu’,

(W's))b =u'(syb) <u'(t;h,) = (W'ty)b, <
(v'sz)by = v'(s2by) < v'(t2bs),

and so we have the following S-tossing of length
n-1

a<c(u'sy)

c(w'ty) <aszs;  (u's))b <v'(tybs)

apt, <a' Spbn < t,b'.

A. Golchin and L. Nouri.
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Continuing this procedure we have:

a<as;
at; <a’ s;b<tb.

Again a < a,s; implies the existence of @ € Ag and
Uy, v € S, such that a =auy, av; < a; and u; <
v18;. Since ait; <a’' and av; <a,;, we have
a(vit;) < d’, and so there exist a" € Ag and u,, v €
S, such that @ = a"u,, a''v <a' and u,(vit;) < v.
If u=uwuwu then a=auy =a"(uu) = a'y,
a'v< a and

ub = (uyuy)b < uy(v181)b = uyvy(s1b) <
u,v,(t,b") < vb'.

The converse is obvious.

Theorem 2.2. For an S-poset Ag the following
assertions are equivalent:

(1) the corresponding ¢ is po-surjective for every
subpullback diagram P(M, N, f, g, Q);

(2) the corresponding ¢ is po-surjective for
subpullback diagram P(M, M, f, g, Q);

(3) the corresponding ¢ is po-surjective for
subpullback diagram P(I,1,f,g,S), where I is
ideal of S;

(4) the corresponding ¢ is po-surjective
subpullback diagram P(Ss, Ss, f,9,5),s € S;

(5) the corresponding ¢ is po-surjective
subpullback diagram P(S, S, f, g,5);

(6) the corresponding ¢ is po-surjective
subpullback diagram P(M, M, f, f, Q);

(7) Ay satisfies Condition (P, ).

Proof. Implications (1) = (2) = 3) = 4) =
(5) and (2) = (6) are obvious.

(5) = (7). Suppose as < a's’, for a,a’ € Ag and
s,s"€S. Then a®@s<a' ®s'. If f(x)=xs and
gx) =xs', for x €S, then a@f()=aQ®s
<ad ®s =da ®g(1). By assumption there exist
a" € Agand u,v € S, such that f (u) < g(v),a® 1=
a'"@Quanda"@v<d ®1. Thusus < vs’, a =a"u
and a"v < d', and so Ag satisfies Condition (P,,) as
required.

(6) = (7). Suppose as < a's’, for a,a’ € As,
s,s' €S and let & = Sx {x,y}, where t(s,2z) =
(ts,z) and (s,z) < (t,w) if and only if s< t and z =
w, for s,t € S and z,w € {x,y}. Define f: gF — S, as
f(1,x) =sand f(1,y) = s’. Since as < a’s’, we have
a®@s<a ®s,andsoa®@ f(1,x) =a®@s<a ®
s'"=a" @ f(1,y). By assumption there exist a" € Ag
and (u,i),(v,j) € sF, such that f(u,i) < f(v,)),
a®(@,x)=a"® wi)and"® (,)) <a' ® (1,y).

every

every
a left
for every
for every

for every
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Then a ® (1,x) = a" @ (u,i) implies that there exist
A1y ey Ay Cy ooey Cp € Ag, S1, 81, ooy Sty Ug, V1, ey Uy
Uy € S and (by,i%), ooy (b, in), (dayjz), eon
(dm jm) E sF, such that

a<as
a t; < a,s,
a,t, < ass;

51(1! X) < tl(bZliZ)
Sp(ba,13) < ty(bs, i3)

a,t, <a" Sp(bp, in) < tp(u, i),
a" < cuy

€1V < CUy
CaV,; < C3Ug

U (u, i) < v1(dy, jr)
Uy (dy, j2) < v2(ds, J3)

<a  Un(dpjm) < v (1, x).

Cmvm
Thus i, =i3=...=i,=x, and so i = x. Also j,
=j;=...=j,=x,and so a®1=a"Q u, that is,

a = a"u. Similarly, a" ® (v,j) <a’ ® (1,y) implies
that j =y and a"v < d'. Since f(u,i) < f(v,)), we
have us < vs', and so Ag satisfies Condition (P,,) as
required.

(7) = (1). Suppose a @ f(m) <a' ® g(n), for
a,a' €Ag, megM and n € gN. By Lemma 2.1 there
exist a" € Agand u,v € S such that a = a"u, a"v <
a’ and uf(m) <vg(n). Thus f(um) < g(vn). If
m' =um and n' = vn, then f(m') < g(n’), a@ m =
du@m=a"Qum= a"®m’' and a" ®n’' =
ad'@un=ad"v@®n<da Qn. Thus the
corresponding ¢ is po-surjective for every subpullback
diagram P(M, N, f, g, Q) as required.

Recall from [7] that an S-poset Ag satisfies Condition
(B,), if as < a't, for a,a’ € Ag and s,s’ € S implies
that there exist a" € Ag and u,v € S, such that a <
a'u, a"v < a' and us < vt. Using an argument similar
to that of the proof of Lemma 2.1 we have the following
lemma.

Lemma 2.3. An S-poset Ag satisfies Condition (B,,)
if and only if for all ¢B and all a,a’ € Ag, b, b’ € sB,
a®b<a Qb in Ag ® sB implies the existence of
a'" € Ag and u,v € S, such that a <a"u, a"'v<a'
and ub < vb'.

Using Lemma 2.3 and an argument similar to that of
the proof of Theorem 2.2 we have the following
theorem.

Theorem 2.4. For an S-poset Ag the following
assertions are equivalent:

(1) the corresponding ¢ is weakly po-surjective for
every subpullback diagram P(M, N, f, g, Q);

(2) the corresponding ¢ is weakly po-surjective for
every subpullback diagram P(M, M, f, g, Q);

(3) the corresponding ¢ is weakly po-surjective for
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every subpullback diagram P(1,1,f,g,S), wherel is a
left ideal of S;

(4) the corresponding ¢ is weakly po-surjective for
every subpullback diagram P(Ss, Ss, f,g,S),s € S;

(5) the corresponding ¢ is weakly po-surjective for
every subpullback diagram P (S, S, f, g,5);

(6) the corresponding ¢ is weakly po-surjective for
every subpullback diagram P(M, M, f, f, Q);

(7) Ay satisfies Condition (B,,).

3. S-posets satistfying Condition (W P),,) (WP)s,,

In this section first of all we give some equivalent
conditions on an S-poset Ag satisfying Condition
((wpP),,) (WP)s,, according to (weak) po-surjectivity
of ¢ corresponding to certain subpullback diagram.
Then we give a necessary and a sufficient condition for
an S-poset to satisfy Condition (W P)s,,.

Theorem 3.1. An S-poset Ag satisfies Condition
(WP),, if and only if the corresponding ¢ is po-
surjective for every subpullback diagram P(I,1, f, f,S),
where [ is a left ideal of S.

Proof. Suppose Ag satisfies Condition (WP)s,,, f *
sl — ¢S be an S-poset morphism and let a @ f(s) <
a' @ f(t)inAs ® sS, fora,a’ € Agand s,t € I. Then,
af(s) <a'f(t).1fJ = Ss USt € I and h = f|; then
ah(s) < a'h(t), and so by assumption there exist
a"€A;, w,veS, and s',t'€{st}, such that
h(us') <h(t'), a@® s =a" Qus'and a"' Q vt' <
a ®t in Ag® ¢J. Clearly, us’,vt' €1, f(us") =
h(us") < h(wt') = f(vt") and J < I implies that
a® s=a"Qus and a" Qut'<ad' ®t in A; ®
sl. Thus the corresponding ¢ is po-surjective for every
subpullback diagram P(I, I, f, f, S).

Conversely, suppose the corresponding ¢ is po-
surjective for every subpullback diagram P(I,1,f, f,S),
fis(SsU St) — S is an S-poset morphism, for s,t € §
and let af(s) <a'f(t), for a,a’ € As. Then a @
f(s) <ad Q@ f(t) in As ® sS. By po-surjectivity of ¢
for the subpullback diagram P(Ss U St,Ss U
St, f,f,S), there exist a" € Ag, u,v €S and s',t' €
{s,t}, such that f(us') < f(wt’), a®s=a"Q us'
and a"@ut' <ad' ®t in Ag ® s(SsU St). Thus Ag
satisfies Condition (W P)g,, as required.

An S-poset Ag satisfies Condition (WP),, if for all
s,t € S, all homomorphisms f:5(SsU St) — S and all
a,a' € A, if af(s) <a' f(t), then there exist
a"€Ag, u,veS, s, t'€{s,t} such that f(us") <
f(wth) and a@s<a"Qus’, a"QRuvt' <a' @t in
As & s(SsU St) (see [4]). Using an argument similar to
that of the proof of Theorem 3.1 we can show the
following theorem.

Theorem 3.2. An S-poset Ag satisfies Condition
(WP),, if and only if the corresponding ¢ is weakly po-
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surjective for every subpullback diagram P (1,1, f, f,S),
where [ is a left ideal of S.
Theorem 3.3. An S-poset Ag satisfies Condition

(WP),,, if and only if for all s,tesS, all
homomorphisms f: (SsU St) — ¢S and all a,a’ € Ag,
if af (s) <df(t), then there exist a", a;, a,,

ai' aé’ aé € AS’ U, v,p1,P2, 91,92, pll ) pIZJ p’3! qllﬂ
q'5,q'5 € S, such that either f (ut) < f(vt) and

a'v<d,
a=a1p1
a1q1 < azp;

a,q, =a'u

P1S = ¢4
P28 = qot,

a'ip'y

! ! ! < ! t
azp. pit=q,

! ! ! !
aszps P2t =q,S
a P'3s < q'3s,

a'u
! !
ai1q1
! !
a,q
! !
as3qs3

IA I IA

or f(us) < f(vs) and

a=ay,

a'v<ap

ai1q; = a;p;
!
a,q, < a

p1s < qqt
pZt S q2t9

or f(us) < f(vt) and

a=a;pq

a1q, < a'u P1S = 415,

allu — allpll

aiq1<a p'1s < q'ss,

a'v = a;p;
aq, <a P2t < qat.

Proof. Necessity. Let f :o(SsUSt) — S be a
homomorphism, for s,t € S and af(s) < a'f(t), for
a,a’ € Ag. By assumption there exist a" € A, w,v € S
and s',t’ € {s,t}, such that f(us") < f(vt'), a@s =
a"®us'and a"'Qvt'<a’'®t. Then a ® s=a"u K s’

and A v Rt'<d Qt, and SO there
exist ay, ..., Ap, €1, «e) Cpiy €' 1, woe, €'yt € Ag,
P15 Q1 s Pro Qo Ug, Ve, v, Ut U, U4, Vg,

I ! ! !
um’,v m’ ES and Zz,...,Zn,dz,...,dn,,dz,..., dm,

€ {s, t}, such that

a<ap;
a1q1 < axp, P1S < G122
anQn S a”u anTl S quS”

a'u<cuy
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V1 < Uy u s’ < vd,

CptVpr S a Uprdyr < V1S,
a'"v < cuy

vy < couy uit’' < widy

cr'nrv;n, <a u;n/d;nr < vrlnrt.

Ifz, =524, =5,d, =5",dyy; =5,d; =t" and
d;n, +1 = ¢, then there are three cases as follows:

Case 1. s’ = t. In this case there exist k € {1,...,n}
and k' €{1,..,n'}, such that z =S, Zpyq = Zy4o
= .. =2y, =5 =t dpry1 =S, dpr=dyr_y =
= dy = s"=t Then apqf(t) < arp1Prs1f () =
i1 f @rs1Zie1) < Gt f (Qra1Zie2) < <
anf(GnZns1) = anqnf (Zns1) < a"uf(s') =
a"f(us") <a"f(wt') = a"vf(t") < cqusf(t) =
cif (uit) < cif(vidy) < - < cpif (v d i, ) =

eV f () < a'f(1).

Since Ag satisfies Condition (PWP)y,,, there exist
dy €EAs and xq,x, €S, such that apq, = dixq,
dix, < a’and x;f(t) < x,f(t). Since also

as < a4P1S < 1q1Zy < ApPrZ; < oo S QpPrZ

= QgPxS

there exist d, € A; and y,,y, €S, such that
a =d,y;, dyy, < aipy and y;5 < y,s. Thus f(x;t) <
f(x,t) and

dix, < d,

a=dyy;
d2Y, S P V1S S VoS
g = dix1  PrS < qit.

Also,
dixit = apqit < AQgr1Pr+1Zk+1 S Qer1Qre1Ziez S 0
AnQnZns1 < a''us’ < cquys’
C1V1dy < CUypdy < o0 < CpUpdyy
CroUpt

A IA

and since Ag satisfies Condition (PWP)y,,, there
exist d'; € Ag and x'{,x', € S, such that dyx; = d';x';,
d'1x'; < cuy, and x'1t < x',t. On the other hand,
ClrVirS S Cpl yqUp/ 415 = Cil oy Ul 41y 41
Cr'+1Vi! 4141 +2
Crl Ui 420)" 42 S 0 S Cpyllgy iy
CVp,S < as

ININ A

and so there exist d', € Ag and y';,y', € S, such that
Vi =d'5y'1,d',y', Saandy'is < y'ys.
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Thus
dixy =d'yx'y
d' %'y < cty x'it <xpt
CrVp =d'5y', Ut < Uy, S
dyy',<a y'1s < y'ss,

as required.

Case 2. t'=s. In this case there exists k' €
{1,..,m'}, such that d'jr,; =t and d'y, = d'pr_; =
- =d'; =s. Thus

af (s) < ayp1f(s) = a1 f(p15) < a1 f(q12;) < -+
anf(QnZn+1) = anqnf(sl)
a'uf(s") =a"f(us') <a’"f(vt")
a"vf(t') < c'yu'yf(t)

cif @t Sc' f(w'hd'y)
cw'ifld'y) < -
¢V o1 f(@'k)

¢y f(S)

1IN IA

INIA T

Since Ag satisfies Condition (PWP)y,,, there exist
b € A; and w,w' € S, such that a = bw, bw' < '}, u'y,
and wf (s) < w'f(s). Since also
, C'kﬂf'krt 5’ C,k’+1u’k'+1t’= C,’k’+1’u,k’+1dlk”+1 =
CrrprVir 1@y S 0 S Cony Vi @4y S @',
there exist b’ € Ag and wy,w'; €S, such that
V' =b'wy, b'wy<d and w;t <w'it. Thus
f(ws) < f(w's) and

a=bw,

bw' < C’k’u’k’
C’k’v,k’ = b’Wl
b’W,]_ < a’'
as required.

u'prs S vt
wit < w'it,

Case 3. s =s and t' = t. Then f(us) < f(vt),
a®s=a"u®s and a"v®t <a’ ®t. Since
as = a"us and Ay satisfies Condition (PW P)y,,, there
exist d;,d, € Ag and x4, X5, ¥;,y, € S, such that

a= d1x1
diy, <a'u x5 <y,
a'u=d,x,
dyy, <a X8 < Y,S.

Since a"vt < a't, there exist d; € Ag and x3,y5 € S,
such that
a"v =dsx;
dzy; <a’ x3t = yst,
Sufficiency. Suppose f: §SsUSt) — S is a
homomorphism, for s,t € S and let af (s) < a’f(t), for

a,a’ € A;. By assumption there are three cases as
follows:

Case 1. f(ut) < f(vt) and

a'v<sd,
a=a1p1
ai1q1 < azp; pP1S < ¢S
a,q; = a'u P25 < qpt,
auu — allpll
! ! < ! ! ! < !
aq1=azp, pit=qit
! o 12 12 12
anz_a3p3 pztqus
a'sq';<a p'ys <4q',s.
Thus

aQ®Qs=ap1 Q®s=a, @®p;s<a; ®qs
=014, QS < a;p,®s = a,®p,s
< a,®q,t = a,q,Qt = a"u@t
= a"Qut

and

a"®ut = a"u®t = a’'1p’, @t = a’,®p’,t <
a'1®q't =a'1q" | ®t < a',p’ ,®t=a’,®p',t <a'; ®
q,5=0a3q¢,®s=a3p',®s=a'3Qp'3s <
a'30q'3s = d'39'3®s < a®s,

and hence a®s = a"®ut. Since a"v < da’, we have
a"v®t < a'®t, and so a"@ut < a'®t. Thus Ag

satisfies Condition (W P)y,, as required.

Case 2. f (us) < f (vs) and

a=ay,
a'v<ayp,
ai1q1 = axp,  P1S = qqt
a,q, < a' pot < gyt.

Thus a®s = a"u Q s = a" Q us and

a"®us =a"v®s < a;1p; ® s =a,Qp;5 <
a1®q1t = a1q1®t=a2p2®t = a2®p2t < a2®q2t =
a2q2®t < a’®t;

as required.

Case 3. f(us) < f(vt) and

a=a1py
a,q. < a'u p1S < q1S,
n ! !
au=a 1p 1
! ! ! !
aiq1=a P1S =q1S,
a'v=a,p,
!
a,q, < a pat < q,t.
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Thus
a@®s=aqp1 ®s=a, Qp;s<a, ®q;s
=, ®s<ad'"u®@s=a" Qus

and

a"®us = a"u®s = a'1p' | ®s = a1 ®p’ ;s <
a'1®q';s =a'1q',®s < a®s,

and so a®s = a’' Qus. Also,

a'@ut = a"v@t = a,p,®t = a,Qp,t <
a,®q,t = a,q,8t < a'®t,

as required.

4. S-Posets satisfying Condition ((PWP),,) (PWP)s,,
In this section we give some equivalent conditions
on an S-poset Ag satisfying Condition ((PWP),,)
(PWP)y,, according to (weak) po-surjectivity of ¢
corresponding to certain subpullback diagrams.

Theorem 4.1. For an S-poset As the following
assertions are equivalent:

(1) the corresponding ¢ is po-surjective for every
subpullback diagram P(Ss, Ss, f, f,S), where s € S;

(2) the corresponding ¢ is po-surjective for every
subpullback diagram P (S, S, f, f, S);

(3) A satisfies Condition (PWP)y,,,.

Proof. Implication (1) = (2) is clear.

(2) = (3). Suppose as < a's, for a,a’ € Ag and s
€S. Then,a®@s<a' ®sin Ag ® 5. If pg: S — S
is defined as pg(x)= xs, for x € S, then a Q p,(1) =
a®s <a' ®@s=a Q® ps(1). By po-surjectivity of ¢
for the subpullback diagram P(S,S, ps, ps,S), there
exist a'’ € Ag and t,t" € S, such that ps(t) < ps (t),
a®@l1=a"Qtand a" Qt'<ad'®1 in A, Q sS.
Thus ts<t's, a= a"t and a"t'<d’, and so Ay
satisfies Condition (PWP)y,, as required.

(3) = (1). Suppose f :sSs — ¢S is an S-poset
morphism and leta @ f(ts) < a’' Q f(t's) in As @ sS,
fora,a’ € Ag and s,t,t" € S. Then (ts) < d' f(t's),
and so atf (s)<a't' f(s). Since Ag satisfies
Condition (PWP),,, there exist a" € As and u,v € S,
such that at = a"u, a"v<a't' and uf(s) < vf(s).
Thus f(us) < f(vs). If m = us and m’ = vs, then

aQRQts=at@Rs=d"u®@s=a"Qus=a"®

m’

and
a'"@m=a"Qus=a"vRs< dt'R®s =a

R t's,

and so the corresponding ¢ is po-surjective for the
subpullback diagram P(Ss, Ss, f, f, S).
An S-poset Ag satisfies Condition (PWP),, if
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at < d't, for a,a’ € Ag and t € S, implies that there
exista" € Agand u,v € S, such thata < a"u, a"v < a’
and ut < vt (see [4]). Using an argument similar to that
of the proof of Theorem 4.1 we can prove the following
theorem.

Theorem 4.2. For an S-poset Ag the following
assertions are equivalent:

(1) the corresponding ¢ is weakly po-surjective for
every subpullback diagram P(Ss,Ss,f,f,S), where
S ES;

(2) the corresponding ¢ is weakly po-surjective for
every subpullback diagram p(S, S, f, £, S);

(3) Ag satisfies Condition (PWP),,.

5. Relations of the properties

In this section we demonstrate that with one possible
exception ((B,) = po-flat), all of the implications in
Figure ( P,) are strict.

The proof of the following theorem is clear.

Theorem 5.1. Let G be an ordered group. Then all
G-posets satisfy Condition (F;,,).

Theorem 5.2. [4, Theorem 4.6.] For any pomonoid
S, there exists an S-poset that does not satisfy Condition
(PWP).

Recall from [7], [8], [1], [4], that an S-poset Ag
satisfies Condition (P), if as < a't, fora,a’ € Ag and
s, t € S, implies that there exist a" € Ag and u,v € S,
such that a = a"u, a"v = a’ and us < vt. An S-poset
Ag is called flat (in SPOS) if and only if, for all
embeddings sB — C in the category of left S-posets,
the induced order-preserving map As @ B — As & sC
is injective. An S-poset Ag is called weakly flat if the
induced morphism A¢ ® I — A5 ® S is injective for
all embeddings of left ideals into sS. A pomonoid S is
called weakly right reversible in case N (St] # @, for
all s,t € S (if X is a subset of a poset P, (X]:= {p €
P: p < x for some x € X} is the down-set of X, or the
order ideal generated by X). An S-poset Ag satisfies
Condition (W P) if the corresponding ¢ is surjective for
every subpullback diagram P(I,1,f,f,S), where I is a
left ideal of S.

Using [4, Theorem 6.2.] the following theorem is
clear.

Theorem 5.3. For a pomonoid S the following
assertions are equivalent:

(1) O satisfies Condition (P);

(2) O satisfies Condition (F;,,);

(3) Oy satisfies Condition (P,);

(4) O is po-flat;

(5) O is flat;

(6) O satisfies Condition (W P);

(7) O satisfies Condition (W P)s,,;

(8) Oy satisfies Condition (WP),,;
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(9) Og is weakly po-flat;
(10) Oy is weakly flat;
(11) S is weakly right reversible.

The crucial things we need for distinctness of the
properties are (WP) #flat (from Example 3 of [5]),
(PWP) # w.f (from Theorem 5.3), (Ps,,) # (PW P)
(from Theorems 5.1 and 5.2) and (P,) # (PWP)g,
(from the following example).

Example 5.4. ((P,) # (PWP),,) Let S = {1,x, e}
be the monoid with the following table

1 X e
1 1 X e
X X X X
e e e e

and trivial order, and let A = {a,b,c} be the set
with the following order:

<s={(a,a),(b,b),(c,c), (c,a),(a,b),(c b)}

We give the covering relation *“ <’ and the figure
of A as follows:

<4= {(¢,a), (a,b)}.
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Define x*s:{z zzi, forallx EAand s € S.

Indeed Ag is an S-poset. We claim that A; does not
satisfy Condition (PWP)y,,. Otherwise, a *x < c * x
implies that there exist a’’ € Ag and u, v € S, such that
a=a"+u, a'*v<c and u-x<v-x. Then
a = a'" *u implies that a’” = a and u = 1, and so for
every v € S, a'"’ * v £ ¢, which is a contradiction. It can
be shown that A satisfies Condition (B,,) (see [6] pages
121 and 122).
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