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ABSTRACT

The shape of wake behind a wind turbine is normally
assumed to have a hat shape for the models used in wind
farm layout optimization purposes; however, it is know
from experimental tests and numerical simulations that
this is not a real assumption. In reality, the results of
actual measurements and detailed numerical simulation
show that the velocity in wake region has a S-shape
profile. The present study calculated a semi-analytical
profile for the shape of the wake behind a wind turbine
using blade element momentum method. It is shown that
the wake shape differs in different operational conditions

and geometrical characteristics of the wind turbine.
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1. Introduction

The problem of wind farm layout design
concerns maximizing the energy gained from
individual turbines in a special farm. The
optimization is conducted over each
individual turbine, considering the fact that
the wake of a specific turbine affects wind
velocity seen by the turbines that are located
behind it. Consequently, to have a good
estimation of the generated power of the
turbines in the wake zone, one should be able
to have a precise estimation of the wind
velocity in the wake region.

*Corresponding author: Farshad Torabi

Address : Assistant Professor, Mechanical Engineering
Faculty, K. N. Toosi University of Technology, Tehran, Iran
E-mail address: ftorabi@kntu.ac.ir

A variety of models for wake velocity
estimation has been proposed, which can be
categorized into two main branches; namely
numerical methods and theoretical methods,
which try to give a simple equation for the
decay of wake behind the turbine based on the
fundamental governing equations. Numerical
methods give more realistic and accurate
results, though, they are very time consuming
and are normally not suitable for optimization
purposes. Theoretical methods, on the other
hand, are efficient and accurate enough (if
special considerations are taken into account)
and very fast (because they give a simple
explicit formula for the velocity deficit in the
wake zone), which make them quite suitable
for optimization purposes. In fact, at present,
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most of the wind farm layout optimization
problems are based on these types of models.

Jensen [1] proposed the very first model of
wind wake behind a wind turbine, where he
proposed a theory for wake distribution
behind a wind turbine based on distance, wind
speed, gaining induction, and entrainment
constant from experiments using momentum
theory. He used this theory in another article
[2] to derive the total power of a wind farm.
Mosetti [3] used the theory to optimize a wind
farm by genetic algorithm optimization
method. After that, many other researchers
have tried to present different optimization
algorithms wusing the proposed model of
Jensen. Some of these articles [4-6] are
concentrated on optimization algorithm and
some others [7-9] on the function that is going
to be optimized; i.e., the objective functions.
There are few articles concerned about the
wake model [10,11].

Frandsen [12] presented another wake
model, which has more consistency with
reality and in which the shape of the wake is a
function of thrust coefficient which itself is a
function of induction factor.

In all the above-mentioned articles, the
shape of the wind behind a wind turbine was
assumed to be a hat shape as was first
proposed by Jensen [1]. In that article, Jensen
himself noted that in reality, the shape of the
wind behind a turbine was not a hat shape, but
a bell shape. However, since it was not quite
easy to calculate, a hat-shape profile was
assumed by the author and the same profile
was later used by all the researchers. In other
words, in all the references mentioned above,
the same wake shape was used for the wind
profile in the wake zone.

The Jensen model and all the other
inherited models have two distinct flaws.
First, in all the models, the induction factor
was assumed to be a specific constant, i.c.,
a =0.324, which was from the experimental
measurements conducted by Hejstrup [13].
This point was fully studied and discussed by
Ghadirian et al. [14] and is not the scope of
the present study. Secondly, even if we
accept that the wake profile behind a wind
turbine has a hat-shape profile, the value of
the profile (the size of the hat) was not
calculated correctly. In the original paper [1]
Jensen assumed that the velocity just behind a

wind turbine is v, =§u and later [2] he

assumed that v, = 0.324u. Some researchers
(for instance [3,4]) corrected this value to be

Vo = 2au. The assumption is not very

consistent with the theoretical and
fundamental formulation of induction factor.

The present study aimed to (a) focus on the
concept of the induction factor and explain its
role in wake calculation, (b) use the concept of
blade element momentum (BEM) theory to
obtain the proper induction factor for different
geometrical and operational conditions, and
(c) calculate the hat-shape and bell-shape
profiles behind a wind turbine.

2. Induction Factor

To understand the concept of the present
work, a brief review of previous works is
crucial. Figure 1 show the measured wake
profile obtained from experimental tests [15].
As it can be seen, the actual measured data
represents a Dbell-shape profile; however,
Jensen [1] for simplicity assumed that the
profile can be regarded as a hat-shape profile
shown in the figure. Figure 2 shows the wind
profile in the wake zone that was first
proposed by Jensen [1] and is known as
Jensen’s model. In this model, the zone right
after the turbine blades has not been
considered because blades rotation in this zone
and consequently rotation of the wind behind
it causes a special kind of wake. In a
reasonable distance behind the turbine, the
wind profile takes a hat shape as shown in the
figure. Considering the hat shape just after the
wind turbine, and assuming a linear wake
propagation, the continuity or conservation of
mass results:

ro?vy + m(ry? —ry?)u = mry?v (D

while u is wind speed at infinity, v, is the
wind speed right behind turbine and v is the
wind speed at distance xafter the turbine.ry is
the turbine radius and ry is the wake radius at
distance x after the turbine.

In this model, wake distribution behind the
turbine has been assumed to be linear (Fig. 2).
In addition, the velocity right after the wind
turbine has been assumed to be éu based on

previous theories. Therefore the velocity in the
wake region is obtained from:

v -2 (2 )2) @)

3\rg +ax

where « is the wake distribution constant and
has always been assumed to be around 0.1.
This has been speculated and approved by
Jensen [1] comparing the results with the data
presented by Heistrup [13] for specific
conditions.
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Fig.1. Experimental measured wind profile at turbine wake [15]
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Fig.2. Schematic wake model of Jensen [1]

Mosetti [3] provided the following formula

2
. N the concern of the present study, is the —
for deriving wake distribution constant: p uays 3

coefficient that was obtained from the

0.5 . 1
a=—7 (3) assumption of vy = s Jensen [1] defined
ln(%) induction factor as the ratio of the velocity
) , _ , just behind the wind turbine over the
where zis the hub height and z; is the terrain undisturbed wind velocity:
surface roughness. Vg 4)

. . . . a=—
The important parameter in Eq. 2, which is u



16 Razieh Hamedi et al./energyequipsys / Vol 3/Nol/Jan 2015

Hence, the induction factor was first assumed
to be a = 1/3 by Jensen [1] due to the
similarity with Betz theory and reaching
maximum Cp based on the one-dimensional

momentum theory. Later on, Jensen [1]
corrected this value to a = 0.324 to reach
more consistency with real site data
conducted by Vermeulen [15] and Hgistrup
[13]. These data were gathered from a Nibe-A
turbine with 20 meters diameter and in

8.1 ms wind velocity in 100 meters hub
height. Some other researchers (for example
[3,4]) assumed:

Vg
u
that is not consistent with its definition. The
main reason for this ambiguity is that, the
induction factor is not a constant value as was
assumed by nearly all the researchers. The
value of induction factor is a function of
different parameters including geometrical
parameters such as blade profile, length and
shape, and operational conditions such as
wind velocity and rotational speed. Ghadirian
et al. [14] considered these effects and gave a
practical approach for calculating induction
factor in different conditions. The importance
of correctly calculated induction factor and its
effect on wind farm optimization was fully
discussed in that article and is not repeated

here.

Before proceeding, the induction factor
should be explained in more detail. When
wind flows over a wind turbine, the rotational
speed of blades, the skin friction, lift of the
blades, and other aerodynamic parameters
result into an induced rotational flow behind
the turbine. The induced velocity can be
projected into three orthogonal directions,
namely, axial direction that is opposite to the
wind direction, rotational direction that is in
the same direction with the rotational speed,
and blade wise direction that is usually very
small and can be neglected. Neglecting the
blade wise-induced velocity (which is one of
the main assumptions in BEM method), the
induced velocity is projected only in axial and
rotational direction. The rotational velocity
(Fig. 3) does not contribute to axial continuity
or momentum balance, while the axial part
plays an important role in wake calculations.
Since the axial part of induced velocity is in
the opposite direction of wind flow, it reduces
the velocity seen by the turbine. In other
words, if the undisturbed velocity is u, the
velocity passes over the turbine blades is:

vo = u(l —a) (6)

2a ®))

wr(l+a’)

Rotor plane

u(l-a)
Fig.3.Schematic wake model of Jensen [1]

Now, if we take the whole wind turbine as a
control volume, the continuity suggests that
the velocity just behind the wind turbine
becomes the same as one presented by Eq. (6).
Incorporating Eq.6 into Eq.1, the actual
velocity becomes:

= <1 -(-a-) (- :°ax)2) %)

Equation 7 is the basic and fundamental
equation that describes the wind velocity
behind a wind turbine under a specific
operational condition. Thus, to have an
accurate result, the induction factor, a, should
be calculated correctly instead of using a
different formulation. If the proper induction
factor is calculated, a hat-shape wind profile
will be obtained by Eq.7. However, it is clear
that the wake profile behind a wind turbine
has a bell shape instead of hat shape. The rest
of the article concerns about calculating a bell-
shape profile for wind turbine.

3. Calculation of Bell-Shape Profile in the
Wake Zone

3.1. Velocity Profile Obtained from BEM
Method

Ghadirian et al. [14] showed that the total
induction factor for a wind turbine can be
obtained using BEM method. In BEM
method, the blade is divided into some
segments (Fig. 4). Then, it is assumed that
each segment does not interact with the other
segments. By this assumption, the induction
factor is obtained for each individual
segment [14,16]; therefore, as can be seen in
the figure, the mass flow rate can be obtained
for each segment.

The above mentioned procedure shows that
by means of BEM method, the wake profile
behind the blade can be obtained as is
illustrated in Fig.5. However, as it can be
seen in this figure, the nacelle clearly has its
own induction factor. Since the nacelle shape
affects the wake shape, its geometry should
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Relative velocity of each segment

Fig.4. BEM concept

be analyzed numerically. But to obtain an
analytical formulation, we can assume that
the wake behind the nacelle has a third rate
profile shape; that means:

_ 3 2
Vnacette(T) = a17° + apr* + azr
+ asr = 0. 70t T

®)

where 73.90¢ 1S the radius of the first blade
segment (used for BEM calculations).

The symmetry condition implies that
a; = 0; hence the other coefficients should
be obtained. These values can be found by
assuming that the flow is continuous behind

the turbine; this implies that the velocity at
the blade root or the first segment of the
blade (in BEM algorithm) should be equal to
the velocity obtained from BEM method; in
other words:

— 3 2
Vnacette Troot) = Q1Troot” T A2Troot” + a4

=u(1 — aroot) 9)

where @, 1S the induction factor at the first
blade segment.

Second equation is obtained using the
conservation of momentum. Considering the

Undisturbed wind profile — 1

| T | T T T l T T T |
8 —
: Velocity Profile behind the blade
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= o
8 B Profile Induced by Nacelle
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Fig.5.BEM concept
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nacelle to have a blunt shape as shown in
Fig.6, and writing a momentum balance, the
total exerted force on the nacelle can be
obtained as:

F=F,—-F (10)
where F; is the inlet momentum:
Fy = [ pu?dA, =pu?4A, (11)

and A; is the inlet area of nacelle control
volume that is unknown and u is undisturbed
velocity. Also F, is the outlet momentum:

F, = fpvnacellez dA,

Troot
= f pla;r3 + a,r?
0

+ a4)2(27tr)dr (12)

By means of Eq.10, one can calculate the
total exerted force on the nacelle, F. On the
other hand the total exerted force on the
nacelle can be obtained from:

1 13
F =E,DCDAUZ ( )

where Cj, is the drag coefficient for the axi—
symmetric blunt body.

The third-order polynomial profile should
also satisfy the continuity equation or:

pud, = fpvnacelle dA,

Troot
= f p(a;r3 + a,r?
0

+ a,)(2ar)dr

(14)

Another equation is obtained by assuming
zero curvature condition at the blade root:

Razieh Hamedi et al./energyequipsys / Vol 3/Nol/Jan 2015

dz (vnacelle) —
dr? (15)

Equations 9 to 15 are used to obtain the
wind profile induced by the nacelle.

T = Troot =

3.2. Calculation of Total Axial Induction
Factor

As mentioned before, BEM method calculates
induction factor along the blade of wind
turbine. But, a total induction factor is
required to obtain the wind speed profile
behind wind turbine. Ghadirian et al. [14]
used axial induction factor of different radial
distances of rotor calculated based on BEM
theory, to derive the total indication factor as
is described below.

As the total rate of mass flow crosses wind
turbine rotor area equals to summation of
those cross the area of each single segment
(Fig.4), thus:

Ny
Miotal = Z mseg (16)
i=1

where Mytq; 1S the total rate of mass flow
crosses rotor area, Mgy is rate of mass flow
crosses each single segment area, and N; is
the number of segments. 1, is calculated as
below:
mseg =p(1- aloc)un(rez - rsz) (17)

where 7, and 7y are outer and inner radius of
each segment respectively, as shown in Fig.7.
a;oc 18 the axial induction factor obtained
through BEM theory. 114,44 is calculated by

¥ disk, ——figure 26
il O Eiffel — (40,d)
'y A cylinder — (25,0)
Co. & hemisphere (40,c)
lLo © NACA — (25,d)
/ X Dornier — (25,c)
08 —— L, ...(. }- ® body (25,b)
Mm=°~65 l
06 blunt nose T AT
e V/-. Id
\ _
T emeron 3L 1/d
0 b TET RS ERROVEAENY AR
0 4 8 1 13

Fig.6. Drag of a blunt cylinder [17]
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means of the following equation:

Meotar = PAtotarVo (18)
in which A;y;q; 1s the total wind turbine rotor
region. If one considers an assumed total

induction factor, the velocity of flow in rotor
area is:

vo = (1 = Arora)U (19)
then according to Eqs.16 to 19:

(rtipz - rrootz)(l - atotal)u =
N,

Z(rez - 7:92)(1 - aloc)u

1
total axial induction factor can now be
calculated using Eq. 20:

le(re -7 )(1 ; aloc) (21)

(20)

Atotal = 1-
rtipz — Troot
where 1, and 73,4 are the radius of tip and
root of blade, respectively, as is observed in

Fig.7. a;oc and atyq; are local induction
factor in an arbitrary radial distance and the
total induction factor, respectively.

Fig.7.Radial distances of wind turbine blade

3.3. Calculation of Correlation between
Decrease Rate of Velocity Deficit in
the Center of Wake Behind Wind
Turbine and Growth Rate of Wake
Radius in Terms of Distance

In [18] general pattern of wake radius growth
behind wind turbine, and decrease rate of
velocity deficit in the center of wake behind
wind turbine for far region is estimated as
1 -2

71 x3 and U x'3 where r; is wake radius and
Us is velocity deficit in center of wake which
is defined as:

Ug=u—U, (22)

Boundary conditions are necessary to
obtain the correlation between decrease
rate of velocity deficit in the center of wake
behind wind turbine and growth rate of wake
radius. In [19], the region from wind turbine

19

to the distance of twice as big as wind turbine
diameter is considered close region and from
this distance to infinity is considered far
region. This method deals with Bernoulli
equation for close region and derives wake
radius and velocity deficit in the center line of
wake in this region. Then they will be used as
boundary conditions to find correlation
between wake growth rate and velocity deficit
decrease rate in the wake center downstream
of wind turbine for far region. These equations
are stated in the following.

According to Fig.8, applying Bernoulli
equation between sections 1 and 2 leads to:

(23)

Fig.8.Sections in close region of wind turbine

Air experiences a pressure drop when it
flows through wind turbine rotor. Bernoulli
equation between sections 3 and 4 gives:

1 1 24
P_AP+EPUOZ = Poy; +§puout2 24)

As previously cited, pressure in the inlet is
assumed to be the same as that in outlet:

Pin = Pout (25)
Combining Egs. 23 and 24 results in:
1 2
AP = Ep(u — Uoyt") (26)

From momentum equation between sections
1 and 4, the pressure drop induced by wind
turbine is obtained:

AP = pvo(u — Uoyt) @7
Equating Eqgs. 26 and 27, v, is calculated:

1
Vo = E (U + Upyr) (28)

On the other hand, using induction factor
definition:

vo=({0—-a)u (29)
Equating Eqgs. 28 and 29 gives rise to:
Uyt = (1 —2a)u (30)

Applying continuity equation between
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sections 2 and 4, wake diameter at the end of
close region can be calculated:

1—a (31)
1-—2a

where a,Dy ,D,,; are axial induction factor,
rotor diameter and wake diameter in distance
twice as big as rotor diameter, in other words,
end of close region, respectively.

Impose of these boundary conditions
in equations of decrease rate of wvelocity
deficit in the center of wake behind wind
turbine and growth rate of wake radius,
enables one to find the following equations:

Doyt = Dy

£} rout(4ro)3 (32)
and
x z2
Us = Zau(4—ro) 3 (33)

in the equations above, a specific axial
induction factor must be used; here, the total
axial induction factor obtained in section
3.2,a¢0tq1 18 considered instead of a constant
axial induction factor suggested by Jensen.
Thus:

Us = 2atoi:alu( ) 3 (34)

In the same manner, Eq.31 can be written
as:

1- Atotal

Doyt =Dy |————
out 0 1 - 2awtal (35)

4. Analytic Calculation of Velocity Profile
Just Behind Wind Turbine

In [18], general shape of velocity profile was
estimated as an exponential function:
u—U
Us

= exp(Bn?) (36)

in which Uy is velocity deficit in wake center:
Us=u—U, (37)

where U, is velocity in wake center. The
dimensionless  radial distance, 7, is
determined by:

T
= (38)
where r is an arbitrary radial distance. Since
Eq.36 cannot predict the wind speed profile
with an appropriate  agreement with

Razieh Hamedi et al./energyequipsys / Vol 3/Nol/Jan 2015

experimental data, we consider the following
function to achieve a better accuracy:

U(r,x) = u— Ug(An? + 1)exp(Bn?) (39)

Note that the wind speed profile suggested in
Eq. 39 is a function of radius as well as the
axial distance from wind turbinex.
Dependency of this equation on x can be
understood more clearly by examination of
Eq. 34. Just behind wind turbine and in radial
distance of zero from blade root, the wind
speed deficit can be determined using a third
rate shape, as explained in section 3.1.

Numerical wind speed profile just behind
wind turbine can be calculated using BEM
theory and the third rate profile mentioned
above; so we can calculate the rate of mass
flow passing over the wind turbine:

To
Myym = fPV. dA =f pV(2nr)dr (40)
0
where
V = Vnaceite (1) + v (41)

in which V,4ce17¢ 18 determined by means of

the third rate function (Eq.8) and vy is
achieved from BEM method:

vo = (1 — apu (42)

Also, the mass rate of flow can be obtained
by means of the analytic solution:

manalytic = f pU(r,x).dA

= j pU(r, x)2mrdr (43)
0

where U(r,x) is the analytic wind speed
profile proposed in Eq.39; thus:

To To
f pV(2rrdr) = f pU(r,x)2nrdr (44)
0 0

To find the value of unknowns A and B,
two equations are needed. Eq.42 provides one
of these equations. Another equation is
achievable using boundary condition, which
implies equality of wind speed in end point of
wake radius with the undisturbed wind speed:

x=0-1r=ryand U(ry,0) =u  (45)

As mentioned before, Us is determined
using Eq. 37. Note that in order for the region
just behind wind turbine to use this equation,
U. must be found through the parabolic
function.

Solving the above set of equations reveals
the unknowns A and B and results in the
analytic wind speed profile just behind wind
turbine.
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5. Calculation of Wind Speed Profile in
Different Distances Downstream of Wind
Turbine

Equation 39 gives a general shape of wind
speed profile, which is applicable for different
distances. In order to calculate the wind speed
deficit in wake center and wake radius behind
wind turbine, Egs.32 and 34 are taken into
account. Resolving continuity equation for
control volume between distance of zero and
any arbitrary distance along wind turbine axis,
as shown in Fig.9, supplies one of the two
equations to find unknown variables A and B.

myym + pr(r? —rp*)u

= forl pU(r,x)2nrdr (46)
contro!\ volume
u ‘ u >
‘ —_—
—
—
.—’ |
ro —
— T e U
—
] = |
—_— '.-,
D —

X
Fig.9.Control volume considered for continuity

equation

Another equation can be determined again
by pointing out the equality of the wind speed
in end point of wake radius behind wind
turbine with the undisturbed wind speed:

Table 1. Blade specification [16]

(47)

Solving the above set of equations, unknown
variables A and B are derived, thus the
analytic wind speed profile for different
distances behind wind turbine can be
determined.

r=r->Ul,x)=u

6. Results

In this research, axial and rotational induction
factors using BEM theory for a wind turbine
with blade specification according to Table 1
is calculated in the case when wind speed and,
rotor rotational speed are 8 m/s and 30 rpm
respectively, which enables one to obtain
wind speed profile in distance of zero behind
wind turbine. After, through the method
described in section 4, analytic speed profile
in this distance is calculated.

Figure 10 demonstrates speed profiles using
analytic solution and BEM method just
behind wind turbine. Dashed line represents
BEM speed profile while solid line belongs to
analytic results. As observed from the figure,
the wind speed profile declines behind wind
turbine and this declination depends on the
wind turbine blade profile, infinity wind
speed, rotational speed, and other fluid
properties. The approach of this paper has the
advantage to find the downstream speed
profile of each point based on its radial
distance as well as its axial coordinate. It can
be observed from this figure that the analytic
wind speed obtained from Eq.39 is in an
appropriate agreement with the numerical
speed profile. Another advantage of analytic
speed profile in comparison to numerical one

r(m) Twist (deg) Chord (m)
4.5 20 1.63
5.5 16.3 1.597
6.5 13 1.54
7.5 10.05 1.481
8.5 7.45 1.42
9.5 5.85 1.356
10.5 4.58 1.294
11.5 4 1.229
12.5 3.15 1.163
13.5 2.6 1.095
14.5 2.02 1.026
15.5 1.36 0.955
16.5 0.77 0.881
17.5 0.33 0.806
18.5 0.14 0.705
19.5 0.05 0.545
20.5 0.02 0.265
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Fig.10.Comparison of analytic speed profile with
speed profile obtained using BEM method in
distance of zero behind wind turbine

appears for modeling wind speed even far
from wind turbine, which is not possible
numerically. In fact, calculation of wind speed
profile just behind wind turbine leads to
calculate the mass flow rate and therefore the
wind speed profile at different downstream
distances.

Approach of this study proposes wind speed
profile in a region far from wind turbine,
which is very interesting for site assessment
purposes, according to conditions of near
region behind wind turbine, which reflect the
characteristics and nature of this generator of
turbulence very well. For this end, it can be
noticed that speed profile for this region still
follows Eq.39, and the speed deficit and wake
radius downstream of rotor follow Eqs.34 and
32, respectively. Figures 11 to 13 validate the
analytic wind profile against experimental
data from Heistrup [13].
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Fig.11.Comparison of analytic speed profile with
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In addition, these figures show speed profile
calculated by means of Jensen approach for
comparison. The experimental data from
various fields leads to a bell-shape profile. It
is evidently clear from results comparison that
the method suggested here can estimate wind
speed profile more realistically compared to
Jensen.

7. Conclusion

Wind turbines produce vortex in wind flow,
which crosses their rotating blades that cause
wind speed deficit for their downstream wind
turbines. Calculation of wind speed profile
behind wind turbines is of a great interest as it
enables us to estimate their wake effect on the
downstream wind turbines, to optimize wind
farm layout and consequently maximize the
power extracted from wind flow. Wind speed
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has different profiles in different points of a
wind farm and must be predicted using
various equations. The region behind wind
turbine can be divided into two regions, close
region and far region. Most of the previous
researches are not able to capture wind speed
profile just behind wind turbine. For the sake
of wind speed profile calculation just behind
wind turbine by considering its rotor blades
geometrical parameters, BEM method can be
exploited and a third rate function is
considered to estimate speed profile behind
blades hub. Wind speed profile just behind
wind turbine can be obtained through
calculation of mass flow rate crosses rotor
area. A general shape of speed profile, which
is an exponential function multiplied with a
parabolic polynomial with two unknown
variables (Eq. 39) is proposed to achieve a
better match between experimental data and
the resulted analytic speed profile. Afterward,
using continuity between resulted speed
profile in distance of zero and an arbitrary
distance, and also, boundary condition in end
point of wake radius behind wind turbine
where velocity is undisturbed, both unknowns
are calculated. Finally and evidently, the
results are observed to match the Hojstrup
experimental data very well.
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