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Abstract

Providing an appropriate definition of a horizontal subbundle of a Lie
algebroid will lead to construction of a better framework on Lie algebriods. In this
paper, we give a new and natural definition of a horizontal subbundle using the
prolongation of a Lie algebroid and then we show that any linear connection on a
Lie algebroid generates a horizontal subbundle and vice versa. The same
correspondence will be proved for any covariant derivative on a Lie algebroid.
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Introduction

Lie algebroids are now a central notion in differential
geometry and constitute an active domain of research.
They have many applications in various parts of
mathematics as well as physics. (See for example [2],
[3], and [4]).

Since Lie algebroids are in fact generalized tangent
bundles, it’s quite normal to try to redefine notions like
exterior derivative, vertical and complete lift, Lie
derivative, SemiSpray and etc on Lie aglebroids, which
most of them has been carried out by now.

At first in this paper, we review the basic concepts of
Lie algebroids, fix our notation and address the
prolongation of Lie algebroids and it’s basic properties.
Mostly, we use W. A. Poor’s [6] notation for vector
bundles and extend it to Lie algebroids based on the
new basis we present for the prolongation. Then we
have generalized the notion of horizontal subbundle on
Lie algebroids in a very natural manner. The relations
between this notion and the related concepts like
covariant derivative and linear connections have been
declared.

A Lie algebroid over a manifold M may be thought
of as a “generalized tangent bundle” of M. Here is the
definition.

Definition 1.1 A Lie algebroid over a manifold M™

is a vector bundle A — M (of rank n) equipped with a
Lie algebra structure [, | on its space of sections and a
bundle map p:A— M (called the anchor) which
induces a Lie algebra homomorphism (also denoted p)
from sections of A to vector fields on M. The identity

(X, fY] = FIX. Y]+ (p(XDN)Y
must be satisfied for every smooth function f on M.

The standard local coordinates on A (as a vector
bundle) have the form (p,a) = (x!(p),a’)where
the x!’s are coordinates on the base manifold M and the
a’’s are linear coordinates on the fibres, associated with
a locall basis @; of sections of A.

For a bundle chart (¢,U) where ¢: 7~ 1(U) — R,
we denote the components as ¢/’s (R™ is the standard
fiber of A.)

So the local basis of Tj,A consists of {% (p)}Z, and
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{a%]. (P)}}=1, where ' = x' o .

In terms of such coordinates, the bracket and anchor
have expressions

[, 0] =T L¥ 0k

and
;0
plp) = z P 57
where the L’i‘j and piJ are “structural functions” lying
in C*(U).

We also have the relations
pUX. YD) = [p(), p(V)]

and

[X,[v,Z]] +[v, [z, x]] + [z, [x,Y]] =0

for all sections X,Y,Z € TA.

The basic example of a Lie algebroid over M is the
tangent bundle TM itself, with the identity map as
anchor. Clearly, the structure functions are L’i‘j =0 and
pl =6

Any integrable subbundle of TM is a Lie algebroid
with the inclusion as anchor and the induced bracket.

On the other hand, any Lie algebra g is a Lie
algebroid over a point. More generally, if P is a
principal G-bundle over M, then TP/G is a vector
bundle over M whose sections are the G-equivariant
vector fields.

A function f on M can be lifted to a function f on
vector bundle E — M by

f(@) =f(r(a)), fora€E.

A section of the dual bundle A: E* — M also defines
a function 8 on E by means of

0(a) =< 0,,a>, fora€E,.

A function of this kind will be called a linear
function. When 0 is the differential of a function f on
M, the corresponding linear function will be denoted by
f. Therefore f = df.

Theorem 1.2 (Local splitting) Let x, € M be a point
where p,  has rank g. There exists a coordinates
(X1, 1 Xgs Y15 +» Ym—-q) Vvalid in a neighborhood U of
X, and a basis of sections {¢;, ..., 9} of A over U,
such that

] .
plo) =55 » (=19,

p(p;) = pi’% , i=q+1,..,n)

Double Lie algebroid LA to A, also called the
prolongation of A, plays the role of T(TM) MM
for A. It is defined as follows:

Definition 1.3 The total space of the prolongation is
the total space of the pull-back of m,: T:A — TM by the
anchor map p
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LA={(b,v) EAXTA | p(b) =m,(v)}

but fibered over A by the mapping pr;: LA — A,
given by pry (b, v) = 174(v) where 7 4: TA — A is the
tangent projection.

In fact, by showing LA as
{(a,b,v) EAXAXTA |m(a) =n(b),v
€ Ty A and p(b) = m,(v)}

one can easily define three projections (pry, pr, and
pr3)to A, A and T A , respectively.

An element of L A is said to be vertical if it is in the
kernel of pry,. Therefore it is of the form (a, 0, v) with
v € T,A. The set of vertical elements in LA is a vector
subbundle of LA and will be denoted by VLA. One can
define vertical lift as we had in the case of ordinary
vector bundles. For a and b in fiber A, the vertical lift
of b through a is defined as

J.b = (a,0,1,b)

Where 1,b = %h:o(a +tb) is the vertical lift of
elements of A,,. Thus the vertical lift of a section X of
A is denotes by XV and

(XV)a = JoXn(a) = (a, O’X;;(a))

where again XV denotes the vertical lift of X to TA.
Martinez [5] also defines a complete lift of section X
of A to a unique section X€ of LA as

(Xc)a = (Xn(a)r (Xc)a)

where X¢ is the ordinary complete lift on TcA which
is computed by Anastasiei [1]. In the local form we
have:

. d
XGpay = X )Pl 57 (0. @)
an srk r g
dxi (p) -X Lsr)a 6_<p" (p: a)

+ (pt

Lemma 1.4 [5] The complete and vertical lift satisfy
the properties

(fX)’ = fX¢ and (fX)°=
fXC+ fXV forfeC*(M)and X €TA.

Theorem 1.5 [5] There exists one and only one Lie
algebroid structure on pry: L&A — A such that the
anchor is pr3 and the bracket [,] satisfies the relations

[XV,Y"]=0,
XV, Y] = [x,¥]" .
[X€,Y¢] = [x, Y],
forX,YeTA.
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Results

Let (A, m, M, p) be a transitive Lie algebroid of rank
n over a smooth manifold M™. For a €A, if
{01(0), ..., Pn_m(p)} is a local basis for Ker(p,) , we
can extend it to a local basis for A, say { ¢;(p),...
Orem (D), --., @n(p) }. On the other hand, Martinez [5]
shows that {(a,0,9})}r-; and {(a,@; ’%)}111 is a
local basis for (LA),.

So we can write the basis as

{(a: 0, (pl‘g)};cl=1 ’ {(a, Di 0)}711:_111

Definition 2.1 We call a vector subbundle H of a
double Lie algebroid LA of a transitive Lie algebroid
A, horizontal provided that

LA=VLA O H

Theorem 2.2 For every double Lie algebroid LA
there exists a horizontal subbundle.

Proof: Let H be a horizontal subbundle of A. We
claim that {:=pr;~*(H) has the properties of a
horizontal subbundle of LA.

For a € A, and any choice of (a,b,u),(a,c,v) €
H, and A € R\ {0}, we have u — Av, (a,b — Ac,u —
Av) € H, since u,v € H,qy. Hence H, is a vector
subspace of LA, and so H is a vector subundle of LA.

Clearly, VLA N H = 0. Consider the function

(pr3), H > H

So Ker((pr3),,,) = Ker(pr3), also it’s obvious that
Ker(pr;) = {(a, b,0)|b € Ker(p,)} has the same
dimension as Ker(p,). So

dim(Ker(prg)m) =rank(A) —rank(TM) =n—m
and
dim(H) = dim(H) + dim(Ker(pr;)) =m+n—m
=n

Thus H is a horizontal subbundle of LA.

The above theorem shows that for every double Lie
algebroid, there exists (at least) a horizontal subbundle.
Immediately, one can define connection map for each
horizontal subbundle of a double Lie algebroid:

Definition 2.3 We define the connection map
K: LA — A as follows:

K@) =0
K (a,0,Il,w) =w for a,v,w € A.

Considering the basis given in the last section one
can easily see that

K (o, 9]) = ¢;
K(p;,0) = NFo,

F) ~
K(pi50 = N o

where NF,Nf:m='(U) > R. We call these,
connection coefficients.

Definition 2.4 We call a horizontal subbundle H of a
double Lie algebroid LA, linear if the connection
coefficients are linear.

Remark  Note that the above definition is
independent of the choice of coordinates. In fact, M.
Anastasiei ([1]) shows that changing coordinates on A
is done based on the following invertibale matrices:

dxt
J= (W) and M= (M,‘}(x))

and changing coordinates on LA is done based on

the following invertible matrices:

afl a Vi va
] = P and M, = (M{(x)) and M = (Mb (E))

where x! and x? are coordinates of two charts on M.
So let {¢;} and {i;} be two local basis of A and © , ¥
be the corresponding bundle charts on LA. Then for
m € M and (ap, by, v,) € LA we have:
(a,b,v)

(M, Mpa),

y ~ L0 - a
(7, M), (m, Myna, pjb’ W,M}(a)vf 31 )

where the left hand side is written with resrepct to @
and the other side with respect to V.

Thus, one can write a basis element (a, ¢;, 0) of LA
as

(@,;,0) = (7, Mpa), M/ (M), 0).
Applying K to both sides, we have:
IYI-J (C_l)fpj = M{(F)N, (i, M a)p;
where N,V are connection coefficients of ® ,¥ ,
respectively.
So if NIJ ’s are linear, then
N!(Aa + b)g; = M} (@)N, (1, M, (Aa
= (AM{ )N, (71, M)
+ MYAN, (L, Myub) ) @
= (AN (@ + N/ () ¢,
which means that 1\_Iij ’s are linear too. One can use
similar proceedure to prove the independency of N/’s
of the choice of coordinates.
Linearity of N} and N} allow us to write:
N, e) = NE (/o)) =
JIN (0;0) = &/ DITED)
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and
NE@.e) = NF () (0)g; () =
DIV (0;0) = &/ OITE®)

Where FL’]‘ , Fk U — R. Similar to the ordinary case
of vector bundles one can call T, Tf% Christoffel
symbols of .

Based on this, and applying the same method as used
for the ordinary case of vector bundles, i.e. VyY:= X o
Y, o X , we can derive a covariant derivative of H:

Theorem 2.5 The mapping

V:iFAXTA — TA
VY =K oYCoX
is a covariant derivative (linear connection) on A.

Proof: R-bilinearity of ¥ is obvious. So let f €
C°°_(M) and X,Y € T'A then
VixY = K oYC o (fX)
. .9 . ayJ
| =5 (v or(fx), Yipi-=+ (phos—
YL ) FXT i.)
_ v yspi 9
_?C(OO+(pra P VL) FXT W.)
+H (Y )m(fX), 0)
+36 (((V om0, Vip) 5%)
- ol _ysyi 9
_fyc(o,o+ (P —ryeil)x 25)
N (FO @i+ YN (FXO i
_ o ysyi 9
_fyc(oo+ (prg L —vsLt )XT aW.)
+fY'T tjPr + fY' L U‘Pk
= fUyY
On the Other hand
VxfY = Ko (fY)¢oX
HKo(fY)eX+Ho(fYV)oX
K (FOOYee) +x (foorven)
f(X)ﬁXY + f Y
=(fomoX)VxY +df -Y
=fVxY + (p(X) - )Y
This completes the proof.

Naturally, we expect to see that the inverse image of
a linear horizontal subbundle of A, is linear with our
new definition; i.e.

Theorem 2.6 If H is a linear horizontal subbundle of
A, then H := pry~1(H) is a linear horizontal subbundle
of LA.
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Proof: By Theorem 2.2, H is a Horizontal subbundle
of LA; so we need to prove that H is linear.

For (H, N/ ') and (H, Nj, N) we'll show that

N N]and N} =o0.

K(cpk, 0)=NL @y but (@ 0)€ H  since
pr3(¢, 0) = 0 € H. Hence K (¢, 0) = 0 and so Nf=0
for any choice of t and k.

Moreover, For a € A (a) is a vector in T, A .

> axi
Thus %(a) =h@ vforsome h€ H and v € VA
Vector v is vertical, so K(v) = Nl.j (@)¢;(n(a)). By
linearity of vertical lift we have

v(a) = N/ (@} (n(@) ic.

0 .
=@ = h® (N (@] (n(@)).

Similarly,

(007z:) =@ (W@ (0.9} (@)

where h € H.

Since pr;(¢;, 6x‘) = — we can write:
h @ N/ (a)e? (ﬂ(a)) =
oy (R ® V(@) (0,0}(n(@))))

= prs(h) © N/ (@) (¢} (n(@)))
So N/ = N/which completes the proof.
We can say even more. Somehow the converse is
also true.
Theorem 2.7 If H S LA is a linear horizontal
subbundle such that all N/’s are zero, then H:=
pr3(H) is a linear horizontal subbundle of TA.

Proof: Clearly (by linearity and smoothness of pr3)
H is a subbundle.
If veEVANH then v € pry(H) . So
da,b€A, s.t (abv)€EH, ie, pb)=mr(v)
Since v € VA , we have p(b) =0 . Hence b€

ker(p). Thus by the assumption, X (b,0) =
b‘Nk @, =0 where b=b'ep, . So (ab,0) is
horizontal.

On the other hand

€H €
—t—— —t——
(a,b,v) = (a,0,v) D (a,h,0) = (0O,v) €
H ie v=0.
Therefore VANH =0.

On the other hand, rank(H) = rank(H) —
dim(ker(p)) since the mapping
:Ker(prs) — Ker(p)

T
p 2|Ker(pr3)
is a bijection on each fiber.
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So dim(Hy=n—(n—m)=m. Thus H is a
horizontal subbundle of TA.

Put B:=pr; 1(H) . Clearly H < B. Agian by
Theorem 2.2 B is a horizontal subbundle of LA i.e.,
LA=B@ VLA. Consequently B=H and So by
Theorem 2.6 we have IVL.] = Nij . Thus linearity of IViJ
cause NL.J to be linear too. Hence H is linear.

So there is a one to one correspondence between
linear horizontal subbundles of TA and linear
horizontal subbundles of LA that N} = 0.

Example 2.8 Let A = TM. Then it’s easy to see that
LA =TTM, but X¢#X, for X €e(TM) = X(M),
since

a axk a
Xopay = X*®) 522 (0, @) + 57 ()a” 5 5 (p, @)

ax”
while
d axk a
X)) = akﬁ(p, a) + Py (p)arw(p, a).

On the other hand, we have two linear connections
on TTM now: the ordinary one which is denoted by
VyX=KoX,oU and the one that comes form
Theorem and will be denoted by VyX = Ko XCo U
forU,X e I'TM.

Surprisingly, these two connections are equal!

In fact on one side we have

axT Ur )

VuX=KoX. oU=K(U -+
axk .
5 U Pk

= USNe(X) o, +

= U*X'Tip, +2

i axk
XlUk ur o Fkli(pl

and on the other side

5 v _ ar o wC ol — k2 L X yr 0
VoX =K o XCoU =K (X* 5+ T2u 5%)
—Xka<Pz+—UT<Pk
= XUt Fkl P
)
=WWW§%%-
that confirm our cl_aim.
Note that if V:IAXTA—>TA is a linear

connection on A and U, X € I':A and U,=u then
VX = u'XI(V,,0;) + u'(p(0) X)),
= u'XI (LK i) + u' (p(9) X)),
Where [[¥ are the Christoffel symbols of 7.
Moreover,

283

~7u(7ux) = (u' 0, [u(ﬁuX))

axt a -
u,0,u prﬁﬁ+ u X', (6K gak)>

- (u, 0, ((pra S+X’<r;k)u %))

Again in local coordinates we have

XC(u) = (u,X(ir(u)),XC(u))

= (u X (), X' (PP} 5z () +

— XKLL )ur a%)

(2

And finally
X — 7,(7,X) = (u X(r(w), X" (p)ps 5= 9%
(Lkr rk)Xku a_qﬂ) (1)

Theorem 2.9 If V:[AXTA - TA is a linear
connection on A and If we put H,:={X%(a)—
1,(V.X) | X €eTA} for p€M and a € Aythen
H = Ugen H, is a linear horizontal subbundle of LA.

Proof: Vertical and complete lift and also ¥ are all
linear, so
(Xc(a) - ~7a vaX) - A(Yc(a) - ga vaY)

=X - (a) — 9,(V (X — aV))

for arbitrary X,Y €A and 41 € R. Hence H, is a
vector subbundle of (LA), .

Moreover, if (X¢(a) — 7, V,X) € (VLA), then

pra(X¢(a) — 3, V,X) = 0.

Hence pry(X€(a)) =0 since I, V,X is vertical.
So pry (X(n(a)),XC(a)) =0,i.e, X(n(a)) =0
which means, Vk X*(m(a)) = 0.

So X%a)—39,V,X)—A2(¥Y%a)—-3,V,Y)=0
ie.,

H,NVLA),=0

To complete the proof, we must show that one can
write any arbitary element (u,b,v) € LA as a
summation of a vertical element and one of the type

X¢(a) -3,V X

forsome X €A .

Considering the mentioned basis for LA, the
problem is clearly solved for the case of vertical
elements of the basis.

So let (¢ 0) be a basis member that p(¢;) =0,
putting

v = (o0, (L -
easily check that:
(0, 0)q =Yg + (Xg -

k)urc?k ) and X: = ¢,, one can

7, 7, %)
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since Y is vertical and X¢ — 7, VX = ((pt, —(Li —
. a
I )u” 8t a—(pi)-

Now let (¢, %) be another member of the basis of
the form p(¢s) = % . This time put
Y= (L + Hiousl ==

X = ¢, and

(which is vertical).

S 3t
Hence
= a
K€ =170 = (0:0, 75 @ V(@)
So

d _
(‘ps’ﬁ) =Y, + (XC —Ja l7aX)a-

This completes the proof.

So our definition of horizontal subbundle looks really
compatible with our expectations.

In order to observe the application of the new
definition of horizontal subbundle on Lie algebroids we
need to review some usefull facts about transitive Lie
algebroids. We use [4] for this purpose.

Again let (A,m, M,p,[,]) be a transitive Lie
algebroid of rank n over a smooth manifold M™ and let
L:= ker(p). Clearly L is a Lie algebra bundle and the
short exact sequence 0 - L - A - TM — 0 of vector
bundles always splits. One can define a linear TM-
connection on L for any splitting A of the above
sequence:

VA:X(M)xT'L > TL
Vi s =[AU),S]
called adjoint connection and satisfies
V4 [S1,S5] = [V Sy, So] + [S1, V1S, ] .

The curvature of V* is denoted by R* and the 2-form
N* € A%(M, L) is defined such that

204U, V) = [A(), A(N] = AU, VD)

and relates to the curvature tensor of V4 by
RMU,V)(s) = [20*(U, V), s]

Consequently, the Lie bracket on A with respect to
the decomposition A =A(TM) @ L is written as
follows:

[AU) + 5, A(V) + S, ]
= A([U,V]) + V]S, — VS, + [S1,S,]
+ 20U, V).

Conversely, if L is a bundle of Lie algebras, and V is
a connection on L that preserves its Lie bracket and the
curvature of V is in the form [202(U,V),S] for S € I'L
and some 2% € A%(M, L), then one can make TM @ L
into a transitive Lie algebroid by defining a Lie bracket
onI'(TM @ L) as follows:

M. Tayyebi and A. Heydari.
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[U +51,V +52] = [U,V] + Vusz - VVsl +
[S1,S,]1+ 20U, V).

Thus we have the following theorem:

Theorem 2.10 [4] All transitive Lie algebroids have
the above structure.

Having these in mind, we can have a Lie algebroid
structure on TM @ L(TM) where L(TM) is the bundle
of all vector bundle morphisms on TM.

Let V be a torsion-free connection on M. Denote also,
the induced connection on L(TM), by V; the curvature
tensors of V on M and L(TM) by R and R’ respectively.
If we consider the Lie bracket [T,S]:=ToS—SoT
then It is easy to check that L(TM) is a bundle of Lie
algebras and I preserves its Lie bracket, i.e.,

VylT,S] = [VyT,S] + [T, VyS].

Moreover, a simple calculation shows that
R'(U,V)(T) =[R(U,V),T] where U,V € X(M) and
S, T e 'L(TM).

So we can define a Lie algebroid structure on
TM @ L(TM) by the following Lie bracket on I'(TM @
L(TM)):

[W+rt,v+Ssl=[Uv]+wsS—-v,T+IT,S]
+20(U,V)

and projection as the anchor map.
Now, A =TM @ L(TM) is a Lie algebroid. We
define
Vyrr(V+8):=2V,(V+S)—V,(U+T)
—[U+T,V+5S]

One can check that V is a linear ¢4 —connection. So
by Theorem the set

Hy:={X(a)—-79,V,X | X€TA} for p € Mand
a €A,

is the horizontal subbundle of TM @ L(TM) , i.e., by
(1) we should calculate

Xipf 525 = (L + Bi)X U 57

p is the projection, so if {e;}r-, is a local basis for
A then

pL=0 k>m

and p.=1 k<m.

Clearly, It’s not easy to calculate the coefficients L,
but the tricky point in choosing the linear A-connection
allows us to omit them. In fact while calculating the
Christoffel symbols of V, the bracket coefficients
appear again with the opposit sign. So by Theorem 2.9 it
remains just to evaluate 2V,(V +S) —V,(U+T) on a
local basis, which can be done by a straightforward
calculation.

Note that {9;}U{ T} is a local basis for A where T
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takes J; to d; and annihilate the other basis members.
This can make the above calculation, yet more
convenient.

Discussion

A transitive Lie algebroid is in fact a tangent bundle
plus a bundle of Lie algebra. On the matter of
connections, we knew what happened for the tangent
bundle part but not for the other part or the whole thing.
Here we showed that with a natural definition of a
horizontal subbundle, many relations —which we had on
tangent bundles- remain unchanged in the new
framework. Moreover, the paper shows that the bundle
of Lie algebras (commonly denoted by L) plays the
main role in determining the structure of the Lie
algebraic, from the connection theory point of view.

Besides, the new natural and compatible definition,
leads to construction of a better framework to deal with
other important notions relating to connections like
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Sprays, Lagrangians and Hamiltonian and etc.
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