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ABSTRACT

ARTICLE INFO

For any non-trivial abelian group A under addition a
graph G is said to be A-magic if there exists a labeling
f : E(G) — A — {0} such that, the vertex labeling
1 defined as f*t(v) = > f(uv) taken over all edges
uv incident at v is a constant. An A-magic graph G
is said to be Zj-magic graph if the group A is 7, the
group of integers modulo k. These Z;,-magic graphs are
referred to as k-magic graphs. In this paper we prove
that the total graph, flower graph, generalized prism
graph, closed helm graph, lotus inside a circle graph,
G ® K,,, m-splitting graph of a path and m-shadow
graph of a path are Z,-magic graphs.
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1 Introduction

Graph labeling is currently an emerging area in the research of graph theory. A graph
labeling is an assignment of integers to vertices or edges or both subject to certain con-
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ditions. A detailed survey was done by Gallian in [5]. If the labels of edges are distinct
positive integers and for each vertex v the sum of the labels of all edges incident with v is
the same for every vertex v in the given graph then the labeling is called a magic labeling.
Sedlacek [8] introduced the concept of A-magic graphs. A graph with real-valued edge
labeling such that distinct edges have distinct non-negative labels and the sum of the
labels of the edges incident to a particular vertex is same for all vertices. Low and Lee
[7] examined the A-magic property of the resulting graph obtained from the product of
two A-magic graphs. Shiu, Lam and Sun [9] proved that the product and composition of
A-magic graphs were also A-magic.

For any non-trivial Abelian group A under addition a graph G is said to be A-magic if
there exists a labeling f : E(G) — A — {0} such that, the vertex labeling f* defined as
ft(v) =>" f(uv) taken over all edges uv incident at v is a constant. An A-magic graph
G is said to be Zp-magic graph if the group A is Zj, the group of integers modulo k.
These Zy-magic graphs are referred to as k-magic graphs. Shiu and Low [10] determined
all positive integers k£ for which fans and wheels have a Z,-magic labeling with a magic
constant 0. Kavitha and Thirusangu [6] obtained a Z;-magic labeling of two cycles with a
common vertex. Motivated by the concept of A-magic graph in [8] and the results in [7], [9]
and [10] Jeyanthi and Jeya Daisy [1]-[4] proved that the open star of graphs, subdivision
graphs, square graph, middle graph, mA,-snake graph, shell graph, generalised jahangir
graph, (P, + P;) x P, graph, double wheel graph, mongolian tent graph, flower snark,
slanting ladder, double step grid graph, double arrow graph and semi jahangir graph
admit Zi-magic labeling. We use the following definitions in the subsequent section.

Definition 1.1. Total graph T(G) is a graph with the vertex set V(G) U E(G) in which
two vertices are adjacent whenever they are either adjacent or incident in G.
Definition 1.2. A helm graph H,, n > 3, is obtained from a wheel W,, by adjoining a
pendant edge at each vertex of the wheel except the center.

Definition 1.3. A flower graph Fl,, n > 3, is obtained from a helm H,, by joining each
pendent vertex to the central vertex of the helm.

Definition 1.4. A Cartesian product of a cycle C,, n > 3, and a path on m vertices is
called a generalized prism graph C, x P,,.

Definition 1.5. A closed helm graph CH,, n > 3, is obtained from a helm H,, by joining
each pendent vertex to form a cycle.

Definition 1.6. A [otus inside a circle LC,, n > 3, is obtained from a wheel W, by
subdividing every edge forming the outer cycle and joining these new vertices to form a
cycle.

]geﬁnition 1.7. If G has order n, the corona of G with H, G ® H 1is the graph obtained
by taking one copy of G and n copies of H and joining the i vertex of G with an edge
to every vertex in the i'* copy of H.

Definition 1.8. A m-shadow graph D,,(G) is constructed by taking m-copies of G, say
G1,G9,Gs, ..., Gy, then join each vertex u in G; to the neighbors of the corresponding
vertex v in G, 1 <1,5 < m.

Definition 1.9. A m-splitting graph Spl,,(G) is obtained by adding to each vertex v of
G new m vertices, say v', v?, 03, ..., v™, such that v* , 1 < i < m is adjacent to every
vertex that is adjacent to v in G.



3 P. Jeyanthi / JAC 50 issue 2, December 2018, PP. 1 - 12

2 Zi-Magic Labeling of Some Families of Graphs

In this section we prove that the total graph of a path, flower graph, generalized prism
graph, closed helm graph, lotus inside a circle graph, G ® K,,,, m-splitting graph of a path
and m-shadow graph of a path are Z,-magic graphs.

Theorem 2.1. The total graph of the path 7'(P,) is Z,-magic for all n > 2.

Proof. Let the vertex set and the edge set of T'(P,) be V(T'(P,)) = {u1,ua, ..., Un, v1, V2,
cooyporyand E(T(R,)) = {uuirr » 1 <i<n—1}U{vvi: 1 <i<n—2}U{ujv;:
1<i<n—1}U{ww; : 1 <i<n—1} respectively.

Let a be an integer such that a € {1,2, .. .,% —1}if kis even and a € {1,2,.. ,%} if
k is odd.

Define the edge labeling f : E(T(P,)) — Zr — {0} as follows:

fluvr) = a, f(ugvr) = a,

k—a, ifi=1n-1,

flusin) = k—2a, if2<i<n-2
foviz1) =k —2afor 1 <i<n-—2
fluv) =2a for2<i<n-—2
fuip1v;) = 2a for 2 <i<n-—2,
fupvy_1) = a; f(Uup_1vp-1) = a.

Then the induced vertex labeling f*: V(T'(P,)) — Z, — {0} is f*(v) = 0(mod k) for all
v € V(T(P,)). Thus f* is constant and it is equal to O(mod k). Hence the total graph of
the path T'(P,) is Z,-magic. O

An example of Zs-magic labeling of T'(Ps) is shown in Figure 1. An example of Zs-magic
labeling of T'(Ps) is shown in Figure 1.

3 ., 3 _ 3
/1\22221
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Figure 1: Z;-magic labeling of T'(Ps)
Theorem 2.2. The flower graph Fl,, is Zy-magic for all n > 2.

Proof. Let the vertex set and the edge set of Fl,, be V(Fl,) = {v,v1,va,...,0n, U1, U,
oouptand E(Fl,) = {vv; 0 1 <i<n}U{vvi: 1 <i<n—1}U{vvU{uw; 1<
i <n}U{vu;: 1 <i<n} respectively.

Let a € Z, — {0}

Define the edge labeling f : E(Fl,) — Z, — {0} as follows:

flov;)) =k—aforl <i<mn, f(vvis1) =aforl<i<n,

flopv1) =a; fluw) =k —aforl<i<n,

f(vu;)) =aforl<i<n.

Then the induced vertex labeling f* : V(Fl,) — Zy — {0} is fT(v) = 0(mod k) for all



4 P. Jeyanthi / JAC 50 issue 2, December 2018, PP. 1 - 12

v € V(Fl,). Thus f* is constant and it is equal to 0(mod k). Hence the flower graph Fl,
is Zi-magic. 0

An example of Z3-magic labeling of Fl5 is shown in Figure 2.

Figure 2: Z3-magic labeling of Fi5

Theorem 2.3. The generalized prism graph C,, X P, is Z-magic for all n > 2 and m > 3.

Proof. Let the vertex set and the edge set of C',, X P, be V(CnxP,) = {vf : 1 <i<mand
1<j<n}and E(Cp,xP,) ={vlv],,: 1<i<mand 1 <j<n}u{v/o/™':1<i<m
and 1< j <n — 1} respectively.
Let a be an integer such that a € {1,2, .. .,g — 1} if kis even and a € {1,2,.. ,%} if
k is odd.
Define the edge labeling f : E(C,, x P,) — Z, — {0} as follows:
f(vaf“):k:—QaforlSiﬁm and 1<j<n-—1,
jotiy= {5, K1E1Em o

2a, if1<i<m; 2<j3j<n-1.
Then the induced vertex labeling f*: V(C,,, x P,) = Z, — {0} is fT(v) =

0(mod k) for all v € V(C,, x P,). Thus f* is constant and it is equal to 0(mod k). Hence
the generalized prism graph C,, x P, is Zy-magic. O

An example of Z,-magic labeling of Cy x Pj is shown in Figure 3.
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Figure 3: Z,-magic labeling of C'y x P

Theorem 2.4. The closed helm graph C'H,, is Zy-magic when k is even, k > 4 and n > 2.

Proof. Let the vertex set and the edge set of CH,, be V(CH,) = {v,v1,v,..., 0, uy, Uz,
oouytand E(CH,) = {vv; 0 1 <i<n}U{vugr: 1 <i<n—1}U{v,v}U{uw; :
1<i<n}U{wuiyr: 1<i<n-—1}U{u,us} respectively.
We consider the following two cases.
Case(i): n is odd.
Subcase(i): k= 0(mod 4).
Define the edge labeling f : E(CH,) — Z — {0} as follows:
flov;)) =%for1<i<nm,
foivip) = F for 1 <i<n—1,
fluw;) =%forl1<i<n,
flusu,) =5 for 1 <i<n—1,
flugur) =5, f(opvr) = %.
Then the induced vertex labeling f* : V(CH,) = Z, — {0} is f*(v) = £(mod k) for all
v € V(CH,). Hence f* is constant and it is equal to &(mod k).
Subcase(ii): k= 2(mod 4).
Define the edge labeling f : E(CH,) — Z; — {0} as follows:
f(vv;) zgfor 1<i<n-—1, fvv,) =k —2.
For1<¢:<n-—1.
o = {170 o
1, if i is even,
flopvy) =1, flwv;)=k—2for1<i<nmn,
fujui) = g for 1 <i<n-—1, f(uyuy) = g
Then the induced vertex labeling f* : V(CH,) — Zx — {0} is f*(v) = (k — 2)(mod k)
for all v € V(CH,). Hence fTis constant and it is equal to (k — 2)(mod k).
Case(ii): n is odd.
Subcase(i): k= 0(mod 4).
Define the edge labeling f : E(CH,) — Z;, — {0} as follows:
flov;) =1fori=1,2, f(vy;)=%for3<i<n.
For1<:<n-1.
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3k p e
22— 1, if7is even
4 ) )

VU4 = e .
f(vivir) {%—1—17 if 7 is odd, 7 # 1.
f(’U1U2) = f f(Unvl) = % -1
fluw;)) =2 forl<i<n,
f(ujuiyq) zgforlgign—l,
flupuy) = g

Then the induced vertex labeling f* : V(CH,) — Zx — {0} is fT(v) = 2(mod k) for all
v € V(CH,). Hence fTis constant and it is equal to 2(mod k).
Subcase(ii): k= 2(mod 4).
Define the edge labeling f : E(CH,,) — Z;, — {0} as follows:
flov;)) =%41fori=12 f(vv)=2E,for3<i<n.
For1<¢:<n-—1.
2 ifi is even,

k;_
4
V;U; =
J(vivia) {% if i is odd,i # 1.

flow) = %, f(oav) = %,
fluw;)) =2 forl<i<n,
fuui) = g for1<i<n-—1,
flupuy) = g

Then the induced vertex labeling f* : V(CH,) — Zx — {0} is fT(v) = 2(mod k) for all
v € V(CH,). Thus f* is constant and it is equal to 2(mod k). Hence the closed helm
graph C'H,, is Zi-magic. O

The examples of Zg-magic labeling of C'H; and Zg-magic labeling of C'H, are shown in
Figure 4.

3 4 2
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Zs-magic labeling of C' Hy Zg-magic labeling of C'H,
Figure4

Theorem 2.5. The lotus inside a circle graph LC,, is Z,-magic when n > 2.

Proof. Let the vertex set and the edge set of LC,, be V(G) = {vg, vy, va, ..., Uy, u1, usg,
ooty and E(G) = {vev; 0 1 < i <n}U{ww, : 1 <i<npU{vus : 1<i<
n— 1} U{vur } U{wuipg 0 1 <i<n—1}U{u,us} respectively.

We consider the following two cases.

Case(i): n is odd.
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Define the edge labeling f : E(LC,) — Z; — {0} as follows:
flogv;)) =%for1<i<n, fluw;) =5 for 1 <i<n,
floug)) =%for 1<i<n—1, f(vau)= g,
flugu) = 5 for 1 <i<n—1,  f(upu) = %.

Then the induced vertex labeling f* : V(LC,) — Zx — {0} is f*(v) = 0(mod k) for all
v e V(LC,).

Case(ii): n is even.

Define the edge labeling f : E(LC,) — Z; — {0} as follows:

flugv;)) =L for1<i<n, fluw;) =% for 1 <i<n,

fug) =% for 1 <i<n—1, flu,uy) =
flugui) = 7 for 1 <i<n—1, fluyur) = 3.
Then the induced vertex labeling f* : V(LC,) — Zx — {0} is fT(v) = 0(mod k) for all
v € V(LC,). Thus f* is constant and it is equal to O(mod k). Hence the lotus inside a

circle graph LC), is Z-magic. O

I

Ll eSS

The examples of Z;-magic labeling of LC'5s and LC), are shown in Figure 5.

Z
&

Z4-magi% labeling of L Z4-magic labeling of LC,

Figure5

Theorem 2.6. The two odd cycles connected by a path P, denoted by P,(Ci,Cy) is
Zr-magic when k is even and k # 2.

Proof. Let P,(C4,C5y) be a graph obtained by joining two odd cycles by a path P,. Let the
vertex set and the edge set of P,(Cy,Cy) be V(P,(C1,Cs)) ={v; : 1 <i<n}uU{v):1<
i <n}pU{v, =ug,ug,...,u, = v, }and E(G) = {vviy1 : 1 <i < n—1}U{v, 0 JU{uui -
1<i<n-—1}U{viv,:1<i<n—1}U{v,v]} respectively.

We consider the following two cases.

Case(i): k = 0(mod 4).

Define the edge labeling f : E(P,(Cy,C3)) — Zx — {0} as follows:

E o if 4 is odd,

flowin) = fvjvin) = 5
4 )

fluuip) = g for 1 <i<n.

Then the induced vertex labeling f* : V(P,(Cy,Cy)) — Z, — {0} is fT(v) = 0(mod k)

for all v € V(P,(Cy, Cy)).

if 7 is even.
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Case(ii): k = 2(mod 4).
Define the edge labeling f : E(P,(Cy,C3)) — Zr — {0} as follows:

B %’ if 7 is odd,
floig) = =2 if j is even.
“ = E—1, ifiisodd,

Uilit+1) = g +1, ifis even.
If n is odd
o) =23 if 7 is odd,
ivitl %7 if 7 is even.
If n is even
futla = { gy e
Vi1 3k—=2 if 7 is odd.

4
Then the induced vertex labeling f* : V(P,(C1,C2)) — Z is fT(v) = 0(mod k) for all
v € V(P,(C1,Cy)). Thus f* is constant and it is equal to 0(mod k). Hence P,(Cy, Cs) is

Z-magic. [

An example of Zg-magic labeling of P5(C5, Cy) is shown in Figure 6.

Fiure 6 : Zg-magic labeling of P5(Cs5, Cy)

Theorem 2.7. If G is Z,,-magic with the magic constant a then G ® K,, is Z,,-magic
for all m > 2.

Proof. Let G be any graph with the vertex set {vy,vs,...,v,}. Let G is Z,,-magic with
magic constant a where a € Z,, — {0}. Therefore f*(v) = a(mod m) for 1 < i < n.
Let G ® K,, be the corona graph. Let the vertex set and the edge set of G ® K,, is
VGO K, =V(@)U{v! :1<i<n1<j<m}and E(GOK,)=EG)U{vv :1<
i <n,1 < j<m} respectively.
Let a € Z;, — {0}.
Define the edge labeling g : E(G ® K,,,) — Z,, — {0} as follows:
gle) = fle) for e € B(G),
g(vivg):a for1<i<n,1<j<m.
Then the induced vertex labeling g* : V(G ® K,,) — Z,,, is
gt (v;) = fT(v;) + ma for 1 <i <n,

= a + ma = a(mod m).
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g*(vg):aforlgign,lgjgm. o
Thus ¢g* is constant and it is equal to a(mod m). Hence G ® K,, is Z,,-magic. [

An example of Zs-magic labeling of C; ® K3 is shown in Figure 7.

Figure 7: Zs-magic labeling of C; ® K3

Theorem 2.8. The m-splitting graph of a path Spl,,(P,) is Zg-magic when n is even
and k > (2m — 3)a for any integers m € N — {1} and a € Z; — {0}.

Proof. Let P, be the path vy, vs,...,v,. Let Spl,(P,) be the m-splitting graph of a
path P,. Let n be even such that k > (2m — 3)a for any integers m € N — {1} and
a € Z,—{0}. Let the vertex set and the edge set of Spl,,,(F,) be V(Sply,(Pn)) = {vi: 1<
i<niU{v]: 1<i<n and 1<j<m-—1}and E(Spl,(P,)) = {viviz1 2 1 <i <
n—l}U{vwgJrl :1<i<n-—1 and 1§j§m—1}u{vgvi+1: 1<i<n-—1and
1 < j <m — 1} respectively.

Let a € Z — {0} be an integer and k > (2m — 3)a.

Define the edge labeling f : E(Spl,,(P,)) — Z — {0} as follows:

f('U1U2) — 2@,
f(’Unflvn) =k — (2m — 3)@,

a, if 7 is odd,
fovi) = k—(m—1)a, if1iis even.

flowl,)=k—afor1<i<n-—2 1<j<m-—1,

f(u vz+1)—2af0r2<@<n—1 1<j<m-—1,

(vjvn )=afor1<j<m-—1,
f(Wiv) =afor1<j<m-—1.
Then the induced vertex labeling f* : V(Spl,,,(P,)) — Zi is fT(v) = a(mod k) for all
v € V(Spl(P,)). Thus f* is constant and it is equal to a(mod k). Hence m-splitting
graph of a path Spl,,(P,) is Z;-magic. ]

An example of Zp-magic labeling of Sply(Ps) is shown in Figure 8.
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Figure 8: Z;-magic labeling of Sply(Fs)
Theorem 2.9. The m-shadow graph of a path D,,(P,) is Z;-magic for all m,n > 2.

Proof. Consider m copies of P,. Let u{,ué, ...,u} be the vertices of the j-copy of
P,, 1 <j<m. Let D,,(P,) be a m-shadow graph of a path P,, then |V (D,,(P,))| = mn
and |E(D,,(P,))] = m*(n —1).

Let a € Z;, — {0} be an integer and k > (m — 1)a.

Define the edge labeling f : E(D,,(P,)) — Z — {0} as follows:

Futudy) =k — (m — )a

f(e) = q for all other edges of E(G).

Then the induced vertex labeling f* : V(D,,(P,)) — Zy is fT(v) = 0(mod k) for all
v € V(D,,(P,)). Thus f* is constant and it is equal to 0(mod k). Hence m-shadow graph

of a path D,,(P,) is Zy-magic. O

An example of Zi-magic labeling of D3(P,) is shown in Figure 9.

S
Figure 9: Z,-magic labeling of D3(P;)

Theorem 2.10. The graph CE(C4, Cs) of two cycles C; and Cy with a common edge is
Z-magic if one of the cycle C or (s is an even cycle.
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Proof. Let CE(C1,Cs) be a graph of two cycles with a common edge. Let u and v be the
end vertices of the common edge. Let u; and vy are the vertices adjacent to v and v in
C1 and us and vy are the vertices adjacent to v and v in Cs. Let aq, a, a3 be the distinct
elements from Z; — {0} such that a; + as # 0(mod k) and ay + a3 # 0(mod k). Assign
a1 to the common edge uwv.

We consider the following two cases.

Case (i): C) and C, are even cycles.

Label the edges of C; starting from uu; with as and a; + a3 alternately. Then the edge
vv; receives the label ap. Again label the edges of Cy starting from uus with ag and
a1 + ao alternately. Then the edge vvy receives the label as. Hence all the vertices of
CE(Cy,Cy) get the sum oy + as + as.

Case (ii): Either C) or C; is even cycle.

Suppose that 4 is an odd cycle and (5 is an even cycle. Assign the label a; to the
common edge and as to all the edges of (. Also label the edges of Cy starting from wus
with ay — ay vv; and oy 4 g alternately. Then vvsy receives the label ay — . Hence all
the vertices of CE(CY, Cy) get the label 2as.

Then CE(Cy,Cy) is Zi-magic. O

An example of Z;-magic labeling of CE(Cy, Cy) are shown in Figure 10.

> o N
<& X o X ¢
W @ & o & o
. u; U Us | up U Us
1 1
1 a1 1 o) a1 a9 — oy
1 1
1 (FERY, Vg 1 U1 \" (%)
1l Py Py Py 1 r'y
77 % =,
o e

Figure 10: Z,-magic labeling of CE(C4, Cy)
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