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1 Introduction

In this paper, we study the following fuzzy system in which the constraints consist
of the intersection of two types fuzzy relational inequalities defined by “Fuzzy Or”
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Operator:
AVx <b!
DVx>b? (1)
x€[0,1]"

where Il = {1,2,..,1’)11}, Iz = {m1 + 1,m1 + 2,..,m1 + m2} and ] = {1,2,..,1’1}. A = (aij)mlxn
and D = (d;j)u,xn are fuzzy matrices such that 0 < a;; <1 (Yi € I; and Yj € ]J) and
0<d;<1(Yiel,and Vje€]). bl = (b})mlxl is an m;—dimensional fuzzy vector in
[0,1]™ (i.e., g<pi<1,Yi € I;) and b? = (biz)mle is an my—dimensional fuzzy vector in
[0,1]™2 (i.e., 0<h2<1/ Vi € I;). Moreover, “V” is the max-V composition where V is “Fuzzy

Or” Operator, that is,

(1-y)(x+y)

A(x,y) = ymax {x,p} + 5

in which y € [0,1]. Furthermore, let S(A,b') and S(D, b?) denote the feasible solutions
sets of inequalities typel AVx < b! and type2 DV x > b?, respectively, that is, S(A,b') =
{x €[0,1]" :AVx < bl} and S(D,b?) = {x €[0,1]" : DVx> bz}. Also, let S(A,D,b', b?)
denote the feasible solutions set of problem (1). Based on the foregoing notations, it is
clear that S(A, D, b',b?) = S(A,b1)NS(D, b?).

By these notations, problem (1) can be also expressed as follows:

ma]x{V(aij,xj)} < bl-l , i€y

JE

ma]X{V(dZ],x])} > blz B 1€ 12 (2)
JE

x€[0,1]"

Especially, by setting A = D and b! = b?, the above problem is converted to max-“Fuzzy
Or” fuzzy relational equations.

The theory of fuzzy relational equations (FRE) was firstly proposed by Sanchez and
applied in problems of the medical diagnosis [54]. Nowadays, it is well known that
many issues associated with a body knowledge can be treated as FRE problems [50].
In addition to the preceding applications, FRE theory has been applied in many fields,
including fuzzy control, discrete dynamic systems, prediction of fuzzy systems, fuzzy
decision making, fuzzy pattern recognition, fuzzy clustering, image compression and
reconstruction, fuzzy information retrieval, and so on. Generally, when inference rules
and their consequences are known, the problem of determining antecedents is reduced
to solving an FRE [40,48]. The solvability determination and the finding of solutions
set are the primary (and the most fundamental) subject concerning with FRE prob-
lems. Actually, The solution set of FRE is often a non-convex set that is completely
determined by one maximum solution and a finite number of minimal solutions [5].
This non-convexity property is one of two bottlenecks making major contribution to
the increase of complexity in problems that are related to FRE, especially in the op-
timization problems subjected to a system of fuzzy relations. The other bottleneck
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is concerned with detecting the minimal solutions for FREs [2]. Markovskii showed
that solving max-product FRE is closely related to the covering problem which is an
NP-hard problem [47]. In fact, the same result holds true for a more general t-norms
instead of the minimum and product operators [2,3,12,13,22 — 30,43,44,47].

Over the last decades, the solvability of FRE defined with different max-t composi-
tions have been investigated by many researchers [22-30,49,51,52,55,57,58,60,63,66].
Moreover, some researchers introduced and improved theoretical aspects and applica-
tions of fuzzy relational inequalities (FRI)[12,13,15 -20,21,31,32,41,65].

The problem of optimization subject to FRE and FRI is one of the most interesting and
on-going research topic among the problems related to FRE and FRI theory [1,8,9,11
-30,38,42,45,53,56,59,61,65]. The topic of the linear optimization problem was also
investigated with max-product operation [11,34,46]. Moreover, some generalizations
of the linear optimization with respect to FRE have been studied with the replacement
of max-min and max-product compositions with different fuzzy compositions such
as max-average composition [14,37,61], max-Discontinuous t-norms composition [29],
max-monotone operators composition [30] and max-t-norm composition [15 - 20, 22
- 28,35,42,56].

Recently, many interesting generalizations of the linear programming subject to a sys-
tem of fuzzy relations have been introduced and developed based on composite op-
erations used in FRE, fuzzy relations used in the definition of the constraints, some
developments on the objective function of the problems and other ideas [4,6,10,22 —
28,32,39,45,62].

The optimization problem subjected to various versions of FRI could be found in the
literature as well [12,13,15 - 21,29 — 32,64,65]. Yang [64] applied the pseudo-minimal
index algorithm for solving the minimization of linear objective function subject to FRI
with addition-min composition. Xiao et al. [65] introduced the latticized linear pro-
gramming problem subject to max-product fuzzy relation inequalities. Ghodousian
et al. [12] introduced a system of fuzzy relational inequalities with fuzzy constraints
(FRI-FC) in which the constraints were defined with max-min composition.

It is well — known that for any membership values p(x) and pp(x) of arbitrary fuzzy
sets A and B, the membership value of their union A( B (defined by any S-norm).

lies in the interval [max{p(x), up(x)}, Sas{pa(x), up(x)}]. Similarly, the membership
value of the intersection A() B (defined by any T-norm) lies in the interval

[po {pa(x), up(x)}, min{pa(x), yB(x)}]. Therefore, the union and intersection operators
cannot cover the interval between min {p(x), up(x)} and max{p(x), up(x)}. The oper-
ators that cover the interval[min {4 (x), pp(x)}, max{ps(x), pp(x)}] are called averaging
operators. Similar to the S-norms and T-norms, an averaging operator is a function
from [0,1]x[0,1] to [0, 1]. Many averaging operators were proposed in the literature [7].
In this paper, problem (1) was investigated where V is “Fuzzy Or” Operator. Clearly,
the “Fuzzy Or” covers the range from (p4(x)+ pp(x)) /2 to max {ps(x), up(x)} as the pa-
rameter ) changes from 0 to 1.

The remainder of the paper is organized as follows. In section 2, some basic properties
and the shape of the feasible solutions set of the typel “Fuzzy Or”-Inequalities have
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been attained. It is proved that the set is formed by a unique minimum and a unique
maximum solution. Also, two necessary and sufficient conditions for the feasibility of
this type of fuzzy systems are presented. The shape of the feasible region of the type2
“Fuzzy Or”-Inequalities is investigated in section 3. It is shown that this region is de-
termined as a union of the finite number of minimal solutions and a unique maximum
solution. Moreover, two necessary and sufficient conditions for the feasibility of this
type of fuzzy systems are presented. In section4, the intersection of these two fuzzy
systems is studied. A necessary and sufficient condition is proposed to determine the
feasibility of the main problem and an algorithm is presented to resolve Problem (1).
Finally, in section 5 an example is described to illustrate.

2. Basic properties of typel “Fuzzy Or” — Inequalities

This section describes the structural properties concerning system AVx < b!. This
fuzzy system consists of m; inequalities nj;g}x{V(aw x;)} < bl (Vi € I;). For this purpose,

we firstly investigate corresponding partial inequalities V (a;;,x;) < b!,iel andje]J.

As before, for each i € I3, let S(ai,bil) = {x e[0,1]" : ma]x{V(aU, x;)} < b; } Similarly,
JE

letS(a;j, bll) = {xj €[0,1] : V(ajj,x;) <b; } that is, set S(a;;, b, b!) includes all solutions x;

[0,1] such that

i€

(I=y)(aij +x;)

V(alj, X;) = ymax{a,], ]}+ Sbil el ,je]

2
Definition 1. For each i € I; and each j € ], define
1 _ 2p! (I+y)a;; 2 Zb}—(l—y)ui-
Wy ==~ and Wi = =

The following four lemmas are easily verified for each i € I; and each j € ], and are
very useful for some next proofs.

Lemma 1. Suppose that ,, ;. Then, i<l oa<w]

Lemma 2. 4 <bl ey <W-

«o ) « ” o 3

Also, Lemmas 1 and 2 are true if “.” is replaced by “_.”, “S” or “.”.

Lemma 3. Suppose that y<l- Then, 2} ay;
W!>0sa;;=0 or 0<y<—L—1

—ij ] 4aij
Lemma 4. (a) , aj-2b)
wijZO‘i:}(Zi]‘:O or T -

(b) o

WZ <1 =1 Zbi_ai]_ < <1.
Nii= <:>al]— or 1_“ij SYs

<y<1

Lemma 5 below determines set S(a;;, b; b!) where alj < b1
Lemma 5. Suppose that ajj < bil. Then, S(a,], [O mm{WiZj, 1}]

Proof. Since 4;; < bil, Lemma?2 implies 0<a;;<W?* Thus, 25o. Now, assume that x; €
<aj<W} w?>

[O , min {ﬂizj, 1}] If aij=1 0T yz(zb}—aij—l)/(l—afj)’ then by Lemma4(b), x; € [O , min {ﬂlzj, 1}]
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means x; € [O , ﬂizj
Therefore, in this case we have V (4;;,x;) <V (aij,ﬂizj) =y W W +(1—p)(a;; + W2 /2 b
ie., xj € S(ajj, b. ). If 4, <1 and y<(2b}-ai-1)(1-a;)’ then by Lemma4(b), X; [O , min {ﬂizj, 1}]

means x; € [0, 1]. In thlS case, we have

(1-y)(ajj+1) 1-ajj ijt1
Vi(aij, %)) < V(ajj 1) =y + =52 :( za])7+a]z

1—611" Zb}—a,"—l ai-+1 1
<( 21)( Ta; )+ 7 =b
Thus, x; € S(azj,b ). On the other hand, if x; < 0, then clearly x; ¢ S(azj,bl). If x; >

min {ﬂfj, 1} =1, then obviously X € S(al], b! ). Finally, if x> mm{W?j, 1} = ﬂiz]-, then
we have b1 = V(aij, W..) <V(ajj, x; ) that implies x; ¢ S(a,],bi ). ?

Lemma 6 below determmes set S(a;j, b; b!) where ajj > b1
Lemma 6. Suppose that a;; > b;. Then,

S(ay;, b)) {[0 Wi| o<y <(2b} ~a;j) fa;

1] , otherwise

Proof. Note that in this case we have 4;; > 0 and (Zbi1 —ai]-)/aij < 1. Since a;; > bil
and y <1, Lemmal implies that W <ay<t- Thus, wl<t- Also, by ¥ <1 and Lemma3

we have w! >0 Now, assume that 0 < y < (Zb alj)/al] and x; [0 W ] Hence,
Viaij, xj) < V(alj, ) vaij+(1—=y)a;+ W1 /2 = bl that means x; € S(a,],bl). On
the other hand, if x; <0, then x; ¢ S(al],b ). If 0 <y< (Zb —al])/al] and x; > ﬂ}j, then

bi1 = V(aij,ﬂi].) < V(ajj,xj), i.e., xj & S(a,-j,bl.l). Finally, if y > (2bi —aij)/a,-j, then we
have

1
B 7/(11']' al-]- Zb al] i 1
V(ai]‘,Xj)ZV(ai]’,O)— 5 +7>(T']~ 5 2 —b
that implies x; & S(a;;, bil). ?
Corollary 1. For each i € I; and each j €],
0, min{mf-,l}] ajj < b1
S(ayj,bj) =4 [0, W, aij > by, 0<7/<( b} - ai;) a;
0 ,a;j> b}, 7/>(2b )/al]

The following theorem gives a necessary and sufficient condition for the feasibility of
inequality.
Theorem 1. Leti € I;. S(a;, b ) = ( iff either a;; < bl or y < ( b al])/azj, Vie].
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Proof. For an arbitrary x € [0,1]", x € S(al,bl) if and only if ma]X{V(aij,xj)} < bil.
JE

Also, the last inequality holds true iff V(a”, x;) < b Vj € J. Therefore, S(ai,bil) =0
iff S(a;j, b; )20, Vj € J. Now, the result follows from Corollaryl ?
Deﬁnltlon 2. Suppose that S(al, ) = (.

We define X (i [X LX), .0 X n]where

— min{ﬂfj,l} al]<b1
j =
ﬂ}j , 1]>b1 0<)/<( 2b} azj)/a,-j
By Theorem?2 below, the solutions set S(a;, bl) is completely determined. The theorem
shows that S(al,b ) has actually the unique maximum solution, X(i), and the unique

minimum solutlon, 0, where 0 is an n—dimensional zero vector.
Theorem 2. Suppose that S(al,bl) # (. Then, S(al,b )= [0 X(i )] Viel.

Proof. Similar to the proof of Theoreml, for each x € [0,1]", x € S(az,b ) iff x;
S(alj,b ), Vj € J. Thus, from Corollaryl and Definition2, for each j € | we have
; €0, X(i);]- Therefore, x € [0, X(i); | x[0, X(i),] x -+~ x [0, X(i),| =0, X(5)]. 2

Definition 3. Let X(i) be as in Definition2, Vi € I;. We define X = min {X(z)}

lEIl
According to Theorem?2 and the fact that S(A,b!) = Mier, S(a;, b ) the following theo-
rem is attained. B
Theorem 3. Suppose that S(a;, b ) #(,Viel,. Then, S(A,b1 = [0, X].

Proof. by Theorem?2, we have S(A,b!) = Mier, S(ai, b ) Mier, [O X(i ] [O,min {X(i)}l.

i611
Now, the result is obtained from Definition3. ? B
Theorem3 determines the solutions set S(A,bl) as an n—dimensional interval [0, X]

with 0 as the unique minimum and X as the unique maximum solutions. The follow-
ing Corollary gives a necessary and sufficient condition for the feasibility of general
inequalities AVx < b'.

Corollary 2. S(A,b') =0 iff 0 € S(A,b').

3. Basic properties of type2 “Fuzzy Or” — Inequalities

In this section, the properties of system DV x > b?are investigated. This fuzzy system

consists of m, inequalities ma}x{V(dl],x )} > bi2 (Vi € I;). As the previous section, we
JE

firstly investigate corresponding partial inequalities V (d;;, x;) > b}, iel,and j€].

For each i € I,, let S(d,,bz) {x e[0,1]" : ma]X{V(dl],x )} = blz} Also, letS(dlj,b2)
JE

{X]' € [0,1] : V(dl],x]) > blz}

Definition 4. For each i € I, and each j € ], define
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=1 2b2—(1+y)d;; 2b2—(1-y)d;;
Wij = = and Wi = =g

The following four lemmas are easily verified for each i € I, and each j € J, and are
very useful for some next proofs.

Lemma 7. Suppose that , ;. Then, 4y <biod, <W

Lemma 8. diij,'z@dijSWizj'

Also, Lemmas 7 and 8 are true if “

” «o »n «« o n

is replaced by “.”, “>” or “.”.

Lemma 9. Suppose that , ;. Then,

—1 Zb,z—di]‘ .
WlJZO(:)d =0 or OS)/SIHT
Lemma 10. (a) 4oop?
L—L<y<i

]

W,-ZjZOc)d,-j:O or

(b) _ 202 -d;: -1

Wii<lodj=1 or —i ’,], <y<1

Lemma 11 below determines set S(d;;, bz) where d;; < b2

Lemma 11. Suppose that d;; < b?. Then,

[ij, 1] (262 -di-1)[(1-d;j) <y <1

S(dyj, b7) =
0 , otherwise
Proof. It is easy to verify that d;; <1 and (Zbi2 —d;j— 1)/(1 —dij) < 1. Also, by d;; < b?

and Lemma8 we have _ <y W Thus, — W20 . Additionally, Lemmal0(b) implies W<t
Now, assume that (2b‘2 —d-~ - 1)/(1 - di]-) <y<land X € [Wf] , 1]. So, bi2 = V(d”, W )
V(d;j,xj),i.e., x; € S(d;j, b2) On the other hand, if x; > 1, then x; does not clearly belong
toS(dl],bz)

If (2b2 —dij— 1)/(1 —d;; ) <y<landx;< Wl], then it can be easily calculated V (d;;, x;) <

V(dl],W ) = yW +(1-y)d;j+ Wij)/Z = bi2 that implies x; € S(dl],b ). Moreover, if

Y < (21712 _dij - 1)/(1 —di]'), then

V(dl],x)<V(di],1 =y + Jdij+1)[2=((1=dij)y +d;j+1)[2
<((1-dij)/2) ((2192 ~1)[(1=dij)) + (dij+1) [2 = b7
, that is, x; eS(dl],bz)
Lemma 12 below determines set S(d;;, b; b?) where dij > b2
Lemma 12. Suppose that d;; sz Then,

—1
(dZ]lbz) [max {O, Wij}l 1] ,OS')/<1
[0, 1] ,y=1
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Proof. Since d;; > b? and y < 1, Lemma?7 implies that . Thus, 1 _ . As-

1]—

sume that x; € [max {0, Wij} , 1]. If either d;;j =0 or 0 <y < (2171.2 —dij)/dz-]-, then by

W <d;;<

Lemma9, x; € [max {0, Wllj} , 1] means x; € [Wll] , 1. In this case, we have V (d;;, x;) >

V(dl],W ) =ydi;+(1 —y)(d,-j+W3])/2 b2 that means x; € S(dl],b ). Furthermore, if

dij>0and y > (Zbiz—dij)/dij, Xj € [max {0, Wi]-} , 1_ means x; €

j €10, 1] from Lemma9.

In this case, we have

V(dij,x;) > V(d;j,0) = yd,]+( v)d; /2 1+7/)d /2

! > ((267 - i) [ ) 1]/2) (dij2) =

, that is, x i € S(d,],bz) On the other hand, if Xj > 1 or xj < max {O Wl} =0, then ob-

ijs ijo ijr ijs
x; & 5(d, b ). Moreover, if y =1, then V(d;}, x;) > b2 is converted into max {d X; } > biz.

viously x; & S(d;;, b2). Iij<max{O,W-l-}— then V(d;;, x;) < V(di;, W) = b2, ice.,

ijs ijr ijr
In this case, we have trivially x; € S(a;;, b; b, Vx;€[0,1]. 2

Corollary 3. For each i € I and each j €],

[ma { } 1] ,dij> b7, 0<y<1

o s

S(dzjyb)_ 2 d"<b2 (2b2_d_1) 1-d.:)1<vy<1
, Po(20P-di=1) (1-dy) <y <

ydij<b7,y < (207 —di—1)[(1-dy)

The following theorem gives a necessary and sufficient condition for the feasibility of

inequality.

Theorem 4. Let i € I,. S(di,biz) # ( iff there exists some j € | such that either

dij 2 b? or (267 —d;; - 1) [(1-d;j) <y < 1.

Proof For an arbitrary x € [0,1]", x € S(d,,bz) if and only if n;l(?]x{V(dZJ,x )} > biz.

Therefore, x € S(d;, bz) iff V(d;j,x;) > biz, for some j € J. Therefore, S(di,biz) = ( iff
(dl],b ) # 0, for some j € J. Now, the result follows from Corollary3. ?

Definition 5. Suppose that S(d;, b2) = 0.

Let ], = {]e] di; > b2, y<1} ]2_{]e] di; > b2, y:l}and

]3:{j6] : dij<bi2' 7/2(21712—(11]—1)/(1—621])}
Definition 6. Suppose that S(di,biz) # (. For each j € ] UJ,U]J3, we define X(i,j) =
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[X(3,7)1, X (1, )2, -, X(i,j) ] where

max{O,Wllj} ,k:j,j€]1

X(ijn={ 0, K=1ich
Wij k=j.j€]3
0 , otherwise

By Theorem5 below, the solutions set S(d;, b?) is completely determined. The theorem
shows that S(d;, bz) has actually the finite number of minimal solutions, X(i, j), and the

unique maximum solution, 1, where 1 is an n—dimensional unite vector.
Theorem 5. Suppose that S(d;, b?) = 0.

Then, S(dllbl) UJEIIUIZU]S[ ( ]) ], VlEIz
Proof. According to the proof of Theorem4, for each x € [0,1]", x € S(dz-,biz) iff x; €

S(dlj,b ), for some j € J. Therefore, S(dl-,biz) = U]e] (dlj,bz) Thus, from Corollary3
and Definition5, we have S(di,biz) = Ujeh Ul UJs S(dlj,b ). Now, the result is attained

from Corollary3 and Definition6. ?

Definition 7. Lete: I, — J;JJ>UJ; so that e(i) =j € J; UJ,U]J3, Vi € I, and let Ep
be the set of all vectors e. For the sake of convenience, we represent each e€ Ep as an
my—dimensional vector e = [}y, j2,..., jm,] in which jp =e(k), k=1, 2,..

Definition 8. Let e = [ji,j2,...,jm,] € Ep. Let X(e) = [X(e);,X(e )2,...,5(6),1], where

X(e); = max{X(i,e(i));} = max{X(i, jij}, Vj € ]

Based on Theorem 5 and Definition8, we have the following theorem characterizing
the feasible region of the general inequalities DV x > b.

Theorem 6. Suppose that S(di,bf) #0,Viel,. Then, S(D,b?) = Ueek,, [X(e), 1].

Proof. Since S(D, b?) = Mier, S(d;, biz), Theorem5 implies that

S(D,b?) = Nier, Uje, Us, Ugs [X(57), 1]. Therefore, we have

sop)= | ﬂmMM:Uﬂ@www=UhgwMWJ

jelh Ul UJs i€l ecEpi€l, e€Ep

Now, the result follows from Definition8. ?

Theorem6 determines the solutions set S(D, b?) as the union of the finite number of #—dimensional
interval [X(e), 1] with X(e) as the minimal and 1 as the unique maximum solutions. The follow-
ing Corollary gives a necessary and sufficient condition for the feasibility of general inequalities
DVx > b

Corollary 4. S(D,b?) = 0 iff 1 € S(D, b?).

4. The resolution of Problem (1)

In this section, a necessary and sufficient condition is derived to determine the feasibility of
the main problem. As is shown, the feasible region is completely found by the finite number
of closed convex cells.
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Lemma 13. S(A, D, b', b?) = 0 iff there exists some e € Ep such that [0, X]([X(e), 1] = 0.
Proof. Since S(A,D,b!,b?) = S(A, b)) S(D, b?), from Theorems 3 and 6 we have

s(,D,b",6%) =[0, x| ) (X(e), 1= | ([0, X]()(X(e), 11)

eEED EEED

This completes the proof. ?

The following Corollary gives a necessary and sufficient condition for the feasibility of the
intersection of general inequalities AVx < b'and DV x > b2

Corollary 5. Assume that S(A,b') # 0 and S(D,b?) = 0. Then, S(A,D,b',b%) = 0 iff X € S(D, b?).

Proof. According to Lemmal3, S(A,D,b',b%) = 0iff [0, X][X(e’),1] # 0 for some ¢’ € Ep. Thus,
S(A,D,b',b%) = 0 iff X € [X(e’),1] that means X € Ueek, [X(e), 1]. Therefore, S(A, D, bl,b%) = 0 iff
X € S(D, b?), from Theorem6. ?

The following theorem characterizes the feasible region of Problem (1). The theorem deter-
mines the solutions set S(A, D, bl, bz) as the union of the finite number of closed convex inter-
vals.

Theorem 7. Suppose that S(A, D,bl,b2) # (0. Then S(A, D,bl,bz) = UeeED [X(e),f].

Proof.

According to the proof of Lemmal3, we have S(A,D,b',b?) = Ueek, ( [0, X] N[X(e), 1] ) Now,
the required equality is resulted from Corollary5. ?

We now summarize the preceding discussion as an algorithm.

Algorithm 1 (solution of problem (1))

Given problem (1):

1. If for some i € Iy and j €], a;; > bl-l and y > (2171-1 —aij)/aij, then stop; S(ai,b}) is infeasible
(Theoreml).

2.1f 0 ¢ S(A,b'), then stop; S(A,b') is infeasible (Corollary?2).

3. If for some i € I and each j €], d;; < bi2 and y < (2bi2 —dij - 1)/(1 —dij), then stop; S(di,biz)
is infeasible (Theorem4).

4.1f 1¢ S(D,b?), then stop; S(D, b?) is infeasible (Corollary4).

5. Compute vectors X(i) (Vi € I;) from Definition2, and then vector X from Definition 3.

6. If X ¢ S(D,b?), then stop; S(A, D, b!,b?) is infeasible (Corollary5).

7. Compute vectors X(e) (Ye € Ep) from Definition8.

8. Find the feasible solutions set S(A, D, b',b?) as Ueer, [X(e), X] (Theorem?).

5. Numerical example
Consider the following problem formed as the intersection of two fuzzy systems defined by
“Fuzzy Or”-Inequalities:

[ 0.4 0.8 04 ] [ 0.8 ]
0.7 04 0.5 |[Vx<]| 0.7

| 05 05 03 0.4

[ 0.8 0.8 0.7 ] [ 0.2 ]
0.6 0.2 0.9 [Vx>]| 0.3
0.2 0.5 03 | | 0.4

xe[0,1]"
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Stepl: for i = 1,2 and j = 1,2,3, we have a;; < b1 Then, from Theorem1 S(aj,bl) # 0 and
S(ap bl)#0. Also, 0.5=7y < (2b3 —a31)/a31 =0.6,05=y< (Zb3 —a32)/a32 = 0.6 and a33 < b}
that imply S(as,b3}) = 0.

Step2: The following calculation shows that 0 € S(A,b?).

0.4 08 04 0 0.6000 0.8
0.7 04 05 |V|O0]|=] 05250 |<| 0.7
0.5 05 0.3 0 0.3750 0.4

Therefore, S(A,b') = 0, from Corollary?2.

Step3: Since d;j > b% for each j € J, then S(dl,b%) # () from Theorem4. Also, dy; > b§d23 > b%,
and

~0.75= (20} - dp, - 1) / (1-d,y) <y = 0.5 that imply S(d,, b3) 0. Finally, since

~0.5=(2b3 —d3; —1)[(1-d3)) <y =0.5,-0.7143= (2b3 ~d33— 1) [(1 - d33) <y = 0.5 and d3 >
b3, then S(d3, b3) = 0.

Step4: Accordmg to the calculation below, 1 € S(D, bz). Hence, from Corollary4, S(D, bz) = 0.

0.8 0.8 0.7 1 0.9500 0.2
0.6 02 09 |V|1]=] 09750 |>]| 0.3
0.2 05 03 1 0.8750 0.4

Step5: From Definition2, we have

X(1)=0.9333 0.8000 0.9333]
X(2) =[0.7000 0.8000 0.7667]
X(3)=[0.1000 0.1000 0.4333]

Therefore, from Definition3, we attain X =[0.1000 0.1000 0.4333].
Step6: From Corollary5, since X € S(D, bz), then S(A, D, bl, bz) # (). It can be easily verified as
follows:

0.8 0.8 0.7 0.1000 0.6333 0.2
0.6 0.2 09 (V]| 0.1000 |=| 0.7833 [>]| 0.3
0.2 0.5 0.3 0.4333 0.4000 0.4
Step7: From Definition8, the feasible vectors X(e) (i.e., X(e) < X) are resulted as follows:
[112]:>X61:[ 0.1 0]
32_[1 13] = X(es)=[0 0 0.43333]

Vectors X(eq) and X(e,) are actually minimal solutions of the problem.

Step8: From Theorem?7, we attain S(A,D,b',b?) = [X(e;), X]U[X(e2), X].

Conclusion

In this paper, we proposed an algorithm to solve the intersection of two types of fuzzy rela-
tional inequalities defined by “Fuzzy Or” operator. The feasible solutions set of each type of
these fuzzy systems was obtained. Based on the foregoing results, the feasible region of the
problem is completely resolved and four necessary and sufficient conditions were presented to
determine the feasibility of the problem. As future works, we aim at testing our algorithm in
other type of fuzzy systems and linear optimization problems whose constraints are defined as
FRI with other averaging operators.
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