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1 Abstract continued

soft points is addressed. Later on the important results are discussed related to these
newly defined concepts with respect to soft points. Several related properties, structural
characteristics have been investigated. Then the convergence of sequence in neutrosophic
soft topological space is defined and its uniqueness in generalized neutrosophic soft Haus-
dorff space (GNSHS) relative to soft points is examined. Neutrosophic monotonous soft
function and its characteristics are switched over to different results. Lastly, generalized
neutrosophic soft product spaces with respect to crisp points have been addressed.

2 Introduction

Cagman et al.[5] defined the concept of soft topology on a soft set, and presented its related
properties. The authors also discussed the foundations of the theory of soft topological
spaces. Shabir and Naz [18] introduced soft topological spaces which are defined over an
initial universe with a fixed set of parameters. The notions of soft open sets, soft closed
sets, soft closure, soft interior points, soft neighborhood of a point and soft separation
axioms are introduced and their basic properties are investigated. It is shown that a soft
topological space gives a parametrized family of topological spaces. Furthermore, with the
help of an example it is established that the converse does not hold. The soft subspaces of
a soft topological space are defined and inherent concepts as well as the characterization
of soft open and soft closed sets in soft subspaces are investigated. Finally, soft T; spaces
and notions of soft normal and soft regular spaces are discussed in detail. A sufficient
condition for a soft topological space to be a soft T} spaces is also presented. Bayramov
and Gunduz [1] investigated some basic notions of soft topological spaces by using new soft
point concept. Later the authors addressed T; soft space and the relationships between
them are discussed in detail. Finally, the authors define soft compactness and explore some
of its important properties. Khattak et al [7] introduced the concept of most generalized
soft open (a, () sets in soft single point topology.The authors generated soft separation
axiom in soft single point topology with the application of generalized soft open (o, ()
sets with respect to crisp point and soft points.The authors further discussed strong soft
separation axioms in soft single points topology with respect to crisp points and soft
points.At the end some hereditary characteristics with respect to crisp points and soft
points of different soft structures are addressed. Zadeh [20] introduced the concept of
fuzzy set. The author described that a fuzzy set is a class of objects with a continuum
of grades of membership. Such a set is characterized by a membership (characteristic)
function which assigns to each object a grade of membership ranging between zero and
one. The notions of inclusion, union, intersection, complement, relation, convexity, etc.,
are extended to such sets, and various properties of these notions in the context of fuzzy
sets are established. In particular, a separation theorem for convex fuzzy sets is proved
without requiring that the fuzzy sets be disjoint. Atanassov [19] introduced the concept
of intuitionistic fuzzy set (IFS) which is generalization of the concept fuzzy set. Various
properties are proved, which are connected to the operations and relations over sets, and
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with modal and topological operators, defined over the set of IFS’s.

Bayramov and Gunduz [2] introduced some important properties of intuitionistic fuzzy
soft. topological spaces and define the intuitionistic fuzzy soft closure and interior of an
intuitionistic fuzzy soft set. Furthermore, intuitionistic fuzzy soft continuous mapping
are given and structural characteristics are discussed and studied. Deli and Broumi [6]
defined for the first define a relation on neutrosophic soft sets which allows to compose
two neutrosophic soft sets. It is devised to derive useful information through the composi-
tion of two neutrosophic soft sets. The authors then, examined symmetric, transitive and
reflexive neutrosophic soft relations and many related concepts such as equivalent neutro-
sophic soft set relation, partition of neutrosophic soft sets, equivalence classes, quotient
neutrosophic soft sets, neutrosophic soft composition are given and their propositions
are discussed. Finally a decision making method on neutrosophic soft sets is presented.
Bera and Mahapatra [3] Introduced the concept of Cartesian product and the relations
on neutrosophic soft sets in a new approach. Some properties of this concept have been
discussed and verified with suitable real life examples. The neutrosophic soft composition
has been defined and verified with the help of example. Then, some basic properties to
it have been established. After that the concept of neutrosophic soft function along with
some of its basic properties have been introduced and verified by suitable examples. In-
jective, surjective, bijective, constant and identity neutrosophic soft functions have been
defined. Finally, properties of inverse neutrosophic soft function have been discussed with
proper example. Smarandache [17] for the first time initiated the concept of neutrosophic
set which is generalization of the intuitionistic fuzzy set (IFS), para-consistent set, and
intuitionistic set to the neutrosophic set (NS). many examples are presented. Peculiarities
between NS and IFS are underlined.Maji [16] studied the concept of neutrosophic set of
Smarandache. The author introduced this concept in soft sets and defined neutrosophic
soft set. Some definitions and operations have been introduced on neutrosophic soft set.
Some properties of this concept have been established. Bera and Mahapatra [4] introduced
how to construct a topology on a neutrosophic soft set (NSS). the notion of neutrosophic
soft interior, neutrosophic soft closure, neutrosophic soft neighborhood, and neutrosophic
soft boundary, regular NSS are introduced and some of their basic properties are studied
in this paper. Then the base for neutrosophic soft topology and subspace topology on NSS
have been defined with suitable examples. Some related properties have been developed,
too. Moreover, the concept of separation axioms on neutrosophic soft topological space
have been introduced along with investigation of several structural characteristics.

Khattak et al. [9, 10] continued work on soft bi-topological structures. The authors
discussed weak separation axioms and other separation axioms in soft bi-topological space
with respect to crisp points and soft points of the spaces respectively.

Mehmood et al. [13] discussed soft a-connectedness, soft a-dis-connectedness and soft
a-compact spaces in bi-polar soft topological spaces with respect to ordinary points. For
better understanding the authors provided suitable examples.

Khattak et al. [11] introduced for the first time application soft semi open sets in
binary topology. An important outcome of this work is a formal framework for the study
of informations associated with ordered pairs of soft sets. Moreover the authors discussed
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five main results concerning binary soft topological spaces in the same article.

Khattak et al.[8] for the first time bounced up the idea of NS b-open set, NS b-closed
sets and their properties. Also the idea of neutrosophic soft b-neighborhood and neu-
trosophic soft b-separation axioms in NSTS are reflected here. Later on the important
results are discussed related to these newly defined concepts with respect to soft points.
The concept of neutrosophic soft b-separation axioms of NSTS is diffused in different re-
sults with respect to soft points. Furthermore, properties of neutrosophic soft b-T; -space
(i=0,1,2,3,4) and some associations between them are discussed.

Khattak et al. [12, 14, 15] continued has work on another structures known as

neutrosophic soft topological structures. The authors introduced generalized and most
generalized neutrosophic soft open sets in neutrosophic soft topological structures. They
discussed different results with respect to soft point of the space.
The first aim of this paper is to reintroduce the concept of GNS-open set and develop
a neutrosophic soft topology on GNS-open set with respect to soft points. Later the
notions of neutrosophic soft point and their characteristics are addressed in connection
with GNS-neighborhood. The concept of generalized separation axioms of neutrosophic
soft topological spaces and related results are studied with respect to soft points. Study
is slowly extended to neutrosophic soft Countability, NS sequences and their convergence
in Hausdorff spaces. Furthermore, neutrosophic soft monotonous function and neutro-
sophic soft product spaces are addressed in connection with neutrosophic soft generalized
open sets with respect to soft points. We hope that these results will be useful for future
study on neutrosophic soft topology to carry out a general framework for most real-world
applications.

3 Preliminaries

In this section we now state certain useful definitions, theorems, and several existing
results for neutrosophic soft sets that we require in the next sections.

Definition 3.1. [8] N'SS on father set (X) is characterized as A"e“rosophic — [, Ttorhic (X
L0 o (X)), T3 () =0, 1% [T+ (X) —]07, 17 [F 5 (X) —]0, 1% o that's
itoo x{T+I+F<3"}

Definition 3.2. [8] let (X) be a fatherset, 4P7"%*" he a set of all conditions, and £((X))
denote the efficiency set of (X). A pair (f, 4P279mater) g referred to as a soft set over (X)
where f is a map given by F : Jperamater) s £((X)) . For n oc JParemater = f(n) may be
viewed as the set of n -softset elements (f, #29%eT) or as a set of n — estimatedthe soft
set components, i.e.(f, FPoromater) = In_ f(n) :n oc qporamater ([ . qparamatery _y p((X))1

Definition 3.3. [8] let (X) be a fatherset, 4“7 ¥ he a set of all conditions, and £((X))
denote the efficiency set of (X). A pair (f, 4Po7emater) g referred to as a soft set over (X)
where f is a map given by F : gperamatery _y £((X)) . Then a NS set (f, daramater) gyer
(X) is a set defined by a set of valued functions signifying a mapping f . dparamater _,
£({X)) is referred to as the approximate NSset function (f : 4#romater) In other words, the
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NSset is a group of conditions of certain elements of the set £({X)) so it can be written as

a set of ordered pairs:(f : dparomatery — {((p, [z, I; il Y@ Iz il V@), F; (x)(”f),n ;o Jparamater?

T f(:c)(z), I Jz(x)(””), F f(:c)(x) [0,1] are membership of truth membership of indeterminacy

and membership of falsehood f (n) Since the supremum of eachT, I, fis 1, the inequality

that 0 < {Ty(2)@+ < {I;(2) @+ < {Fs(z)® < +3*} is obvious

Definition 3.4. [8]Let (f : 4P97@mater) he a NSS over the father set (X). The complement of

(f . gparamatery jg gionified (f : _-Ip‘“"‘”’“”e”)c and is defined as follows:

(f = Freramaterye = {((n, [a, T(2) @, 1p(x) "), F(a)t®), n oc paremeter} Te(a)®), T(a) @), Fy(a)@
It’s clear that ((f . jparamater) ) (f jparamater)

Definition 3.5. [8] Let (f,n) and (5,n) two NSS over the father set (X) (f,n) is
supposed to be NSSS of (p,n) if Tf(x)(z) =< T,;(:L‘)(’”),If(x)(z) =< T,;(:E)(I),If(x)(x) =
Fy(x)® n oc grerematergndy o< (x) It is signifies as (f,n) T (p,n) .(f,n) is is said to
be NS equal to (p,n) if (f,n) is NSSS of (p,n) and (p,n) is NSSS of if (f,n). It is
symbolized as (f,n) = (p,n)

4 Neutrosophic soft points and their properties

Definition 4.1. [8] Let (fi,n) and (f5,n) be two NSSS over father set (X) s.t. (f1,n)
# (fa,n) and then their union is signifies as (f1,n)J(f2,n)=(fs3,n) and is defined as
— () () (ac~) . paramater

() = (O [ T T Fymvox 2 J
e (@ ) @ (@ @) p@ (@ @)

aw = "My T e = ™0y Lty Fraiey = ™ iy Lt
Definition 4.2. [8] Let (fi,n) and (f5,n) be two NSSS over father set (X) s.t. (fi,n)
# (f2,n) and. Then thelr union is signifies as (f1, n)()(f2, n)=(f3,n) and is defined as

r — (z) ({) paramater
(Farm) = {((ms [ Ty I Fifym oc 2 J
Where,

(@) @) ola) (@) @ @) @ @ ()
Tf?,E)_mM[Tf() T iy = masllyz Lo ooy = minll o 10

Definition 4.3. [8] NS (f1,n) be a NSS over the father set (X) is said to be a vacuous
set if Ty(z)@ =0,Ty(x)@ =0,T}(x)@=1,Ye oc nand Y x o () It is signifies as 00y -

Definition 4.4. [8] NS (fi,n) be a NSS over the father set X It is said to be an
absolute neutrosophical softness if T(z)® =0 Tf( )@ =0,Ty(x)@=1,Ye o« nand Y x o
(x)Itissignifiesasl((z) ) clearly, 0(m),n)¢ = L@)nyandlz).n)® = 0¢qz)n)

Definition 4.5. [8] Let NSS ((z), Jr*r*meter) he the family of all NS sets over the father
set (X ) and 7 € NSS((&), 4 #m¢ter) Then 7 is said to be a NST on (X) if:

(1) O¢xym)-L@ymy < 7

(2) The union of any number of NSS in 7 belongs to 7

(3) The intersection of a finite number of N'SS in 7 belongs to 7 Then N.SS ((&), 7 gperameter)
is said to be a NST'S over (X) . Each member of 7 is said to be a NSopen set.
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Definition 4.6. [8] Let ((z), 737**"") be a NST'S over (X ) and (f : dperamater) he g
neutrosophic soft set over (X ) Then (f : dperemater) s supposed to be a NS closed set
if f its complement is a N Sopen set..

Definition 4.7. [8] Let ((z), 737*"") be a NST'S over (X ) and (f : dperamater) he o
neutrosophic soft set over (X ) Then (f : dparamater) is supposed to be a a — open if.

(f __iparamater) C mt(cl(mt((f jparamater))) and NS a — close if (f __Iparamater) 2
cl(int(cl((f: Aparamater)y)

Definition 4.8. [8] Let NS be the family of all NS over father set (X ) and z o (X)
The NS x4, is supposed to be a neutrosophic point, for 0 < a,b,c < 1, and is defined

as follows:
B (a,b,c) provided y = z} (1)
L(ab,e)y = (0,0,c¢) provided y # x}

Example 4.9. Suppose that (X) = {xl,:cQ} Then N set A = {< 270.1,0.3,0.5 >, <

,,,,,,,,,,

concept of NSpoints for NSsets. .

Definition 4.10. Let NSS({X))be the family of all N soft sets over the father set (X)
Then NSS (X(4,¢))¢ is called a NSpoint, for every z o (X),0 < {a,b,c = 1}, e oc Jparameter
, and is defined as follows:

. ~( (a,b,c) provided e =e Ay =z} @)
(@be)@” 7\ (a,b,c) provided e # e Ay # '}

Definition 4.11. Suppose that the father set (X) is assumed to be (X) = {x1,2,} and
the set of conditions by 47" = {e;, eo} Let us consider NSS (f, 4eremar) over the
father set (X) as follows:

gz = | {{ e ot v 22 ] @

It is clear that (f, 4P*r*mater) is the union of its NSpoints X 030706 X 040608,

€1y AND €1y
X (0.4,0.3,0.8) X (0.3,0.7,0.2)-

N osnny _ | { 6= {<21,03,07,0.6 >, < X,,0,0,1 >} @
__ 62:{<$1,,0,0,1>,<X2,0,0,1>} i

Xe21(0.4,0.6,0.8) _ e = {< 21,0,0,1 >, < X5,0,0,1 >} (5)
eg = {<21,04,0.6,0.8 >, < X5,0,0,1 >} |

X 0.307.02) — er ={<1,0,0,1 > < X5,0,0,1 >} (6)
e2 ={<11,0,0,1>,<X5,0.3,0.7,0.2 >} |

Definition 4.12. Let (F, Aparametery he a NSS over the father set < 7 > . we say that
Ty pey O (F', 3P9emeler) vead as belonging to the NSS (I, 3remeler) whenever
a = Thiy@0 = iy = Fipyw
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Definition 4.13. ((z),7, #7*"<") be a NSTS over (X) (f, dparameter) he a NSS over
(X) NSS (f, gparametery in ((z), 7, gporameter) is called a Nnbhd of the NS point ¢

5 (a,b,c)
oc (f, gparameter) if 3 a NS « open set (g, @€y such that Ty pey < (7 Aparametery

(f’ __Iparameter)

Theorem 4.14. ((Z), 7, 377"} be a NSTS over and (f, Jparameter Thep (f, Aparameter)
is a NS a open set < (f, porameter s q NS nbhd of its NS points.

Proof. . Let (f, 4remeter) he a NS open set and Tlope) © ( f, gparametery = js 3 NS nbhd
of af{,, . conversely, let (f, dparametery he a NS nbhd of its NS points. Let Tlope) &
(f, Jparameter) since (f, pareme’er) is a NS nbhd of the NS pointa(,, , 3 (g, Fme")
o (<j>’7-’ jparameter) s.t. x?a,lbc) o (g’ _-IPaTameter) O (f,__lparameter) Since (f’__lparameter) —
Uz{, ;) such that a(, , o oc (f, Feremeer) it follows

That (f, 47*r@meter) is a union of NS «v open sets and hence (f, 2%7%"¢t") is a NS a open

set. The nbhd system of a NS point Lo bc): denoted by LI x¢ Aparametery g the family

(a7b70) ’

of all its nbhds. [

Theorem 4.15. The nbhd system U a(, , ., ,3P"") at af, , . in a NSTS ((Z), 7, Jeremeter)
has the following properties:

4 (1)Zf(f, _-Iparameter) o< ux?a be) __Iparameter‘)’ thenxe __Iparameter)
(2)if (f, porameter) o Lig, o Jparameter) (f, gporameter) C (f, parameter)hen
(3)7'_/:(];, __Iparameter)’ (97 jparameter) o UZL’?
(a,b,c)7 __Iparameter) (7>
Zf(g, __Ipa'rameter) o Um‘(iz’,b’,d)? __Iparamete'r)’ fO?"fO?“@&Ch

(a7b7c) /
(ﬁ’ __Iparameter) oc Lxe __Iparameter) .
P a,b,c
(4)”('(]?, __Ipm’a,meter) o l—m:fa,b,cy __Iparameter)then
‘rf(;ﬂb’,c’)? __Iparameter)(f’ __Iparameter) M (g7 __Iparameter) oc 1€ __Iparameter)

(a,b,c)?
)7 jparameter)then
(f, __IpaTameter) M (§, jparameter) o Liz®
E|'lf(§7 _—]Parameter) o ux?@b,c)’ __Iparameter)s.t
(a,b,c)?

\

Proof. The proof of 1),2),and 3) is obvious from Definition 3.13.

if (f’ __Iparameter) o Um?@,b,c)v __Iparameter) then 3 NS o open set (g’ —_Iparameter) s.t ‘r?a,b,c)

(g’ __Iparameter) — (f" __Iparzzmete'r) From Pl"OpOSitiOH 3147<§’ __Iparameter) o Ux?a,b,c)? __Iparameter)

/ - ~ ~ !
SO fOI' each x?g’,b’,g’)? o (g’ jparameter% (g’ __Iparameter) o (g7 __iparameter) o Ul’fa/,b/,c’)v __Iparameter)
is obtained. N

__Iparameter) o
)

Definition 4.16. Let Lo by0) and mf;/ Vo) be two NSpoints. For the NSpoints Over father
set (X) we say that the NSpoints are distinct points Tlape) xf;/ p oy = 0, (Z, Fparameter)

It is clear that T{abs0) and xf;,vb,’c,) are distinct NS points if and only if z > y or X <Y
ore -eore <e
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5 Neutrosophic soft a separation axioms

In this section, we define neutrosophical soft o separation in neutrosophical soft topolog-
ical space with respect to NS points.

Definition 5.1. Let ((z), 7, 3#*@m¢tr) be a NSTS over(X) , and

Tlabe) ™ o)
or (8)

Tlabe) < o)

NSpoints. If there exist NS a-open sets ( f, qparametery and (g _-lp‘””“met”) such that
xf@,bﬁ) (f __Iparameter) x?@b,c (f __Iparameter) — O(X”jparamete'r) or y(aﬂbﬂc’) (g’ jparameter)7
yzi;/ 1'% C/) (g, jparameter) = O(X“jpa'r'a'meter) Then (<i‘>’ T, _—IparamEtET) 1S Called a NS Ofo

Definition 5.2. Let ((z), 7, #*%m¢tr) be a NSTS over(X) , and

o) 7 Ty o
or 9)

o) = Ty

NSpoints. Jf there exist NS a-open sets ( f , Jparameter and (g, drerameter guch that
x((aa,b,c) o (f’ __Iparameter) a:?a,b,c) M (f’ __Iparameter) — O(X”_.]pararnete’l‘) or y(ez/z’,b’,c’) o (g, _.Iparameter))

y(e;,,b,,c,) M (g, FParameter) = 0z, sparamerery Then (< X >, 7, dperometer) s called a NS oy

Definition 5.3. Let ((i), 7, #7¢7%"¢tr) he a NSTS over(X) , and

Tlape) ™ Ty
or (10)

T

NSpoints. If there exist NS a-open sets ( 1, Aparameter anq (g, 4parameter) such that
x(abc) (f _-]Pammeter) I?a,b,c (f __lpammeteT) — O(X”jpammeter) or yalz/,b/,c’) o (g) _.]pm‘ameter),

y(e ey (1(G, M) = 0% jparamerery Then (< X >, 7, Jparameter s called a NS as

Example 5.4. Suppose that the father set (X) is assumed to be

(X) = {1, 22} and the set of conditions by dreremeter — fe) ey} Let us consider NS-
Set (f7 __Iparameter) over the father Set (X) and :Lvell(04l,0.4,0~7)7 $621(0~2,O<5,0,6)7 x612(0»3,03,0.5> and
z""%0.40409 NSpoints. Then the family ) ) )

T = {O(X”jparameter), 1()~(”jpammemr)7 (flu __Iparowneter)’(f27 jparameter),(fg’ __Iparameter))(f47
__iparameter) (fN5 —_lparameter) (fﬁ __Iparameter) (f~7 __iparameter) (.f8 __lparameter)}‘

where
(fh jparam@t”) — x€11<0.1,0.4,0.7) (f% _—IpammeteT) — x621(0.2,0.5,046) ; (f& __Iparameter) _ x612<0'370'3’0'5) ’

(f~4’ __Ipm‘ameter) — (f~17 __Iparameter)u(f}’ __Iparameter% (f~5’ __Iparameter) — (f~17 __Iparameter)u(f;’ __Iparameter)’
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(fG’ __Iparameter) — (an jparameter)u(fg’ __Iparmneter)7 (‘f% __Iparameter) — (ho __Ipowameter)U(f27 jparameter)u
(]Eg, __Iparameter)’ (fg, jparameter)} — {$611(0‘1,0.4,0.7)7 ‘/1/-621(0.2,0.5,046)7 x612(043,0.3,0.5) and x612(044,0.4,0.4)
is a NSTSover the father set (X) . Thus (< X >, 7, dPerometer) he a NSTSover the father
set (X) . Also (< X >, 7, Jperameter) i3 NS qy structure but it is not NS «; because for
NSpoints 2~ 1©:10.40.7)

P ~
z 2040404 (< X > 7, gperameter) not soft neutrosophic oy

Example 5.5. Suppose that the father set (X) is assumed to be

(X) = {x1, z2} and the set of conditions by P ameter — fe) ey} Let us consider NSset ( f, gparameter)
over the father set (X) and x611(0A1,0A4,0.7) , x821(0.2,0A5,0A6) , 1-612(0‘3,0‘3,0.5) and 1-612(0‘4,0‘4,0.4) NSpoints.
Then the family

= {0()2'”jpa'ra'meter), 1(X’,jpa'rameter); (fh jparameter)’(‘f% jparameter)v(ﬁ)}’ __Izr)ara’meter)’(ﬁl7

__lparameter)7 (ﬁ_” __Iparameter)’(f(s’ __Iparameter)’(]Z:77 jparameter)7(f87 __lparameter)} """ (f15, __Iparameter)'

where

Jparameter 1(041 0.4,0.7) Jparametery _— 621(042 0.5,0.6) ( f. Jparametery _— 612(043 0.3,0.5)
f17 e (f2 )_ e (f37 )—ZL’ e )
2(0‘4,0'470_4) (f3 jparameter) f3 jparameter) (fQ, jparameter)’ (.fNGa jparameter) —

( ) =

(f4 jparameter) T i ( ! !

(fla parameter)u(f __Jparameter) (f jparameter) ( parameter) (f47 jparameter), (f87 jparameter) —
( ) ) =

( )

( T

f parameter U(f parameter) (f __Iparameter (f __jparameter) (ﬁh __Iparameter)’ (f;()v __Iparameter) —
U(f4, __lparameter) ( 1 ’__Iparameter) — (f ’__Iparameter)u(f2’ __Iparamete’r)’ (fSa __lparrameter)7
f127 __Iparamete ) ( jparameter)u(f2, __Iparabmeter)U(ﬁl7 __Iparameter)’ (f137 jparameter) — (]E27 __Iparameter)
(f3, __Iparameter) (f ’jparameter), (f147 __Iparameter) — (f~17 __Iparmmater)U(J?37 jparameter)u(f:h __I;zaa?"ameter)7
(f15, jpammemr) — {xell(0.1,0r4,0.7) xe21(0.2,05,046) x612(0.3,03,045) and x612(0.4,or4,0.4) iS a NSTSover the
father set (X) . Thus (< X >, 7, Jparameter) be 2 NSTSover the father set (X) . Also (< X >
T, __lparameter) is NS a; because for NSpoints x (0.1,0.4,0.7)7 22(0.4,0.4,0.4) ’(< X >. T, _-]parameter)

not soft neutrosophic axs

Theorem 5.6. Let (&), 7, 3*9™<r) be g NSTS over the father set (X). Then (&), T, gperameter)
be a NST structure iffeach NSpointis a NS o — closed set.

Proof. Let ((Z),, 7*@meter) be a NSTS over the father set (X). (xfa’b’c),:lp“mmet”)

__Iparameter)

f Jparameter

be an arbitrary NSpoint.We establish (:vfavb’c), pararneter is a NS a — open

set. Let ( (’b’ /)7__iparameter) o< (w?abcy__iparameter) . Then either ( Y /)7__iparameter) -

(x€a7b7c)’ jparameter) or (y(e;/’b/’d)’ __Iparameter) < (I?a,b,cy __Iparameter)

or (y(G;’,b’7c’)7 __Iparameter) s (xzza,bﬁ)’ jparameter) or (y(B;’7b’7c’)7 jparamet@r) <= ( (abc
This means that (y(e;,,b,’c,y_-lp“mmet”) and (x{,, ., 3PmT) are two are distinct NS-

points. Thus z > yor X <Y ore =cecore <ex ==yor X << Y ore =>ceor

e <<e Since ((x), T, parameter) he a N ST structure, 7a NS o — open set (g, Perameter)

so that ( (’b’ ) __Iparameter) o< (g’ __Iparameter) and ( (abc) __Ipa'rameter) M (gj __Ipa'rameter) —

0(%,, sparametery SINCE (xfmb’c), Aparametery 7 (g - Aparameter) —

- O(X jpav‘ameter) SO
(ya’;’,b’,c’)’ __Iparameter) o <~ __Iparameter) C (x?abc)7 jparameter) ThUS ( (abc __Iparameter) is a NS

a — open set, i.e.(z¢ Tlape) , Jparametery jg a NS o — closed set. Suppose that each NSpoint
(20 )y TS @ NSa — closed set.Then (zf,, jp“mmet”)cls a NS o — open set.
Let (LE(a b C)7 __Iparameter) m (yf;/7b/7c/)7 _.Ipa?"ameter) - O(X”jparamete’r“)

__Iparameter)
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Thus
(y(ec/z/,b’,c’)’ _-]Parameter) o (x?a,b,cy __Iparameter)C and
(2, eys TN, g FPTTNE = 0 paramerery SO ((E), 7, I e a NS —ay

space. ]

Theorem 5.7. Let ((&),r, 3297 @meter) pe o NSTS over the father set (X).Then ((Z),r, porameter)
be a NST, spaceiff f?r distinct NSpoints . (xfmb’c),jpammet”) and (ya;,’b,’c,yjpammeter) , there exists
a NS o — open set (f4Parametery containing 3 but not (;1/(6;,717,’6,)7 Jparameter) s.ﬁ.(y(e;,yb,’c,), Jparameter

(fjparamete?“)

Proof. (%, p, o FPETEET) = (yf(;, b ey AU be two NSpoints in NSy space. Then 3 disjoint NS

o open sets (f__lparameter) and (gjparameter) such (xe __Iparameter) o (f__lparameter)

(a;b,c)’

and

e’ arameter ~ |parameter
(y(a’,b’,c’)7 B ) & (g__lp )
since

e parameter e parameter) __ ~
(x(a,b,c)7 3 ) M (y(a’,b/,c/)7 3 ) = O(X”jpa'r'anLete'r')
and

(fN, jparameter) M (g’ jparameter) — O(X”jpn,ramete'r) (y?;/7b’7c’)’ jparameter) = (f~, jparameter)

= (y(ea’,b/,c/)V _-Iparameterz > (f_-jparameter). N.e)-ct suppose that, (x((ia,b,c)’ _-];Darameter) }/ (y(ea’,b’,c’y
E| a NS « open set (f’ jparameter) contammg (x?a7b7c)’jparameter) but not (y(ea/,b/7c/),jparameter) s.t.
(il/(e;/ by Jparametery 5 (f qparameter)c that is (f, 4P2remeter) and ( f gparameter)e are mutually exclusive

NS a open sets supposing (z(, ; Aparameter) and (y(e;/ b el Jparameter) in tyrn. O

jparameter)

Theorem 5.8. Let ((z), T, Paremeter) pe o NSTS over the father set (X) Then ((Z), T, gparameter)
is NS space if every NS point (x?a’b’c), Jparametery oc (f  Jparametery oc ((F) g Jparametery f there
exists a NS o open set (g, FParameter g ¢ (%o e)> Jparametery o ((F) 7, Jparametery o NS space.

PTOOf Suppose(mfa bie) jparameter)[—l (y(e(;/ by __Ipammeter) — O(X Jparameter): Since (<j>7 T, __Ipammeter)

is N Sispace. (2, . Jparameter) and (y(e;, oy AA) are NS a—closed sets in ((Z), 7, Pmmerer)

Then (m?a be)? jparameter) oc ((yﬁa’ Vel __Iparameter))c oc (<i‘>, T, _.]parameter) . Thus 3 a NS (g’ _.]parameter o

(<j>7 T, jparameter) s.t. (l.t(sa bc)7 jparameter) o (gy jparameter) C (gj jparameter) C ((y(e[’l, Y C/)’
' SO we have ((y(e// b jparameter))c o (g __Iparameter) and (((g __Iparameter) ! ((g jparameter)c
a s 70 ) ) ) )

O(X”jpa'rameter)y le (<fi‘>, T, __Ipm"ameter) iS a N52 Space. D

)
jparameter ) ) c

Definition 5.9. . Let ((Z), 7, 3**"“™*") be a NSTS over the father set (X) ((z), 7, F2*7eme")

be a NS a — closed set and (z{,;, , ") oc (f, PUrmET) = 0% parametery - 1 I NS
o open sets ((gm __Ipa’/‘ameter) and((gy __Ipara,meter) S.t. (xt(a __Ipara,meter) o <<g~2, __Iparameter)

~ a,b,c)?
(f7 __Iparameter) C ((g;, __Iparameter) and (xfa,b,cy —_Iparameter) M (<g~1, —_Iparameter) — O(X”jparamete'r)
,then (< X >, 7, dperameter) ig called a NS a — regular space. ((Z), 7, 3797%m¢t") is said to

be NS5 space, if is both a a NS a — regular and N.S; space.

?

Theorem 5.10. Let ((Z), 7, 37*7“™'") be a NSTS over the father set (X) ((z), T, Foremeter)
is soft o space iff for every (xf,, . IFPUT) oc (f, FramEEr) e, (f, Paramer) oo (<

X >’7_’ __Iparameter) s.t (x?a,b@)’ __Iparameter) o (g’ __Iparamete’/‘) C W’ (f: jparameter).
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Proof. Let (), 7, 3r™“!") is N'S — a3 space and (xf, , o, F7mer) oc (f, parameter) o

a,b,c)?
(<.%>, T, __lparameter). Since ((i‘>, T, __lparameter) iSNS— Q3 Space for the NS pOiIlt (xfa,lyc)’ __lparameter)
and a NS a—closed set(f, jparameter)c H(QNI, jparameter) and (QNQ, jpm‘ameter) s.t. (xa’bﬁ)’ jparameter) o

(2, 4P, (F, TOMEIET)E C (g, PTOMELT) and (g, PO, ST =05 ety
Conversely, let (¢, , ), UML) O (H, PATEMLE) = 0 ¢ oyamerery and (H, FPUameer) he a NS

a — closed set. (:c‘E‘mb’c), Aparameter) o ([ jparameter)c

and from the condition of the theorem, we have

(xt(aa,b,cy __Ipammeter) o (f], __Iparameter) C (gj __Iparameter)(H’ __Ipzzrameter)c‘Thus

(xt(ia,b,c)’ _—]parameter) o (g, __Iparameter) C (H, __Iparameter)(g’ __Iparameter)c

and

(g’ jparameter)m(g, jparameter)c — O(X”jpammet”)_ So (< X >, T, jparameter) is NS—Oég space. n

Definition 5.11. Let ((Z),7, #97m¢ter) be a NSTS over the father set (X) This space is
a NS a — normal space, if for every pair of disjoint a NS « closed sets ( f1, Jparameter) and
(f% __lpm”ameter)7 diSjOiIlt a NS a—open sets ((g'*l’ __Iparameter) and (jQ, jparameter) S-t.(fl, __Iparameter) C
(g~1’ __Iparameter) and (f27 __Iparameter) C (g~2’ __Iparameter)‘ (<i’>,7’, __Iparameter) is said to be a NS auy
space if it is both a NS a — normal and NS a4 space.

Theorem 5.12. Let ((z),7, #*™") be a NSTS over the father set (X) This space
is a NS — ay space < for each NS o — closed set (f, Sparameter) gnd NS a — open set
(§7 —_Ipm“ameter) ’UJZth (f7 __Iparameter) C (§7 —_Iparameter)) El a NS a — open set (D, __Iparameter)s‘t'
(‘f’ __Ipm'ameter) C (ﬁ’ __Iparameter) C (D’ __Iparameter)

C (g’ __Iparameter) .

Proof. Let ((Z),, 4P97ameter) he a NS — ay over the father set (X). and let (f, Jrerameter)
(g’ __Iparameter)' Then (g, __Iparameter)c is a NS a — closed set and (f7 __Iparameter) N (g’ __Iparameter) —
0((3), 4parametery. Since ((Z), T, Jparametery he 4 NS — oy space,d NS « open sets (D, Jparameter)
and (ﬁ% jparameter) s.t. (f7 jparameter) C (ﬁh jparameter) ,(g’ jparameter)c C (ﬁ% jparameter) and

(-D~17 __Ipzzrameter) N (ﬁ27 jparamete'r) — 0(<j>7jpammeter). Thus (f, __Iparamete'r) C (-D~17 __Ipa'rameter) C
(ﬁg, jparameter)c C (g’ jparameter%(ljz, jparameter)c is a NS b — closed set and (1517 jparameter) C
(D~2, __Iparameter)c . So (f, __Iparameter) C (D~1, __lparameter) C (D~1, __Iparameter) C (g) __Iparameter)
Conversely, let (fi, 37279meter) and (fa, JPeremeter) disjoint a NS a—closed. Then(fy, Jerameter)
(fa, dparameterye  From the condition of theorem, there exists a NS av—open set (D, gparameter) g .
(fl; jparameter) C ([)7 __Iparameter) c (ﬁh __Iparameter) c (f% jparameter)c Thus (D7 jparameter) and
(D7 __]parameter)c are NS ? -opena—open sets and(fl, __Iparameter) C (f27 __Iparameter)c’ (fg, __Iparameter) C
W and (D7 __Iparameter) and (W — 0(<i>7jpammeter)_ ((j>,7‘, jparameter) be

a NS — ay space. ]

6 Neutrosophic soft Countability:

Theorem 6.1. Let (z,,, ) Aparametery pe g point in a first NS countable space (7,5, d)

and let {{(W,0); : i = 1,2,3....} generates a NS countable o — open base about the point
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(2(ap0) Aparametery “then there exists an infinite soft sub-sequence {(V,0); : i =1,2,3....}
of the NS sequence {(W,0); : i = 1,2,3...},such that (i) for any NS a — open set
(U, ), containing (x{,, ., parametery 3 q suffiz m such that {(V,0); € (U,d) for alli = m;
and (it) if (xS, 0) be, in particular , a NS oy — space, then N{{(V,0); :i=1,2,3....} =

{ ('I?a,b,c) , —_Iparameter) } .

Proof. Given (W, 9)10(W, 9)oN (W, 8)3N....(W, 3) is NSopen sets, contains the point CTAPTE

As the NS sets {{(W,0); : i = 1,2,3....} Forms NS o — open base about (2, ; . gparameter) 3 one among
theNSsets {(W,9); : i = 1,2,3....} , which we shall denote by (V,d), such that (a:fmb’c),_-lpammet”) o

(V,0), € (W, 0)10(W, 8)2 N (W, 0)3N....(W, D)y, for k =1,2,3....... The NSsequence {(V,9); : i =1,2,3....}

Thus obtained, has the required properties. In fact, if (U,9) is any NS « — open set, containing
(:cfayb’c),:lp“mmd”) then 3 a NS set (W,d),, say, belonging to the family {(W,9); : i = 1,2,3....},
8.4.(2(, 5 )0 U)o (W,0) (U, 0). Also, since(V,0); € (W, 0)yy, Jfor all i = m.Next, let (xerir 5, 0)

be NS oy — space and letN{(V,8); : i = 1,2,3....} = {(M, 0) As{(z(, ;, ., Jparameter) g contained in each
{(V,0)i :i=1,2,3...} thatis (2, , ). Fparametery o (V. 9)y, (@00 Fparametery o (V. 9)g, (e Jparameter) o
(V.0)s, (5 0y 70NV, )k (g0 377 7) (VD). i follows that (a7, 7727157) o

(M, 0), Let (y(y 4 o), P74 ") be any point of z**P from x that is (z{, ; .y, ¥ ™T) = (Ylp o)), T
or (2, 4.0 Jparameter) (y(e;,ﬁ,,c,), Jparameter) By definition of NS ay — space,d NS « — open set(U, 9)

St (2, 0 Jparameter) o (U, 9) and (g/(e(;,,b/7c,))7 Fparametery 5 ({J 9) .There exists a suffix m ,s.t.

(V,0)1 € (U,0),(V,0)2 € (U,0),(V,0)3 € (U,0),(V,0)4,(U,0).....(V,0); € (U,09) for all i = m. conse-
quently,

/ ’

(Ylar b ery> FPUT) 3 (V, 0); for all i = m 5 hence(y, ooy, F74T) 5 (M, 0);. Thus (M, 0); cosists

of the point (xf, ; ., %" *"'") only. O
Theorem 6.2. Soft second NS countability is first NS countability.

Proof. Let (" S, 0) be a soft 2nd NS countable space. Then this situation permit
that there live a NS countable base R for (z“?, ¥, 9) In order to justify that (z“?, S, 9)
isNS, we proceed as, let(z¢ Jparameter) o X he arbitrary point. Let us assemble

(a,b,c)?
those members of % which absorbs (zf,, ,, #**"“") and named as R(labr
If (N,0) is soft n — hood of(xfabc),_-lpammet”), then this permit 3 NS open set(gp, 0)
arresting (xfa,b,cy—-lpammeter) in B and so in REaser st <xfa,b,c)7jparameter) o

(9.0) € (X,0). This justifies that is a NS local base at (z{,, ., 3*"*"").One step

jparamete'r

__Iparameter)

jparameter')

more,ﬂ?(x?aﬁb»fl)’ ) being a sub-family of a NScountable family R, it is therefore NS
countable. Thus every crisp point of 2“7 supposes a countable NS local base. This leads
us to say (z?, ¥, d) is soft first N countable. O

Theorem 6.3. A NS a countable space in which every NSconvergent sequence has a
unique soft limit 1s a NSay space.

P

Proof. Let (" 3,0) be NSas space and let ((xfa b’ dJparameter) ) he a soft convergent se-
quence in (xS, 0) .We prove that the limit of this sequence is unique. We prove this

result by contradiction. Suppose <(33‘(3a7b70),:lpa”amete’")n> converges to two soft points I and
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m such that T % m. Then by trichotomy law either I < mor I > . Since the pos-
sess the NSasf characteristics, there must happen two NS « open sets (p,d) and (p,d) such
that {p,d)N(p,d) = 0(< 7),gvarameter). That is, the possibility of one rules out the possibility of

other.Now, <(xfa b _-lpammem’)n) converges to I so 3 an interger n; s.t.((x( Jparameter) ) o

a,b,c)’
(p,0)Vn > ny. Also, ((mfa be) dparameter) \ converges to T so there exists an interger ng such
that((:c‘(fa b dparameter) \ o (p,d)¥n > ny. We are interested to discuss the maximum possi-

bility, fot that we must suppose maximum of both the integers which will enable us to discuss
the soft sequence for single soft number. Max(ni,ng) = ng. Which leads to the situation

<(xfabc)7_—|pammet€7‘)n> o (p,0)Vn > ny and <(:Efabc),_-lpammet”)n> o (p,0)¥n > ng. This im-

plies that ((x?a’b’c),jpwt”)n) o (p,d) and <(xfa7b7c),_-ipg“?‘\7_”/€t”’)n> o (p,d),Vn > ngy.This

guarantees that ($?abc),jPMte’”)n o ({p,0)N{p,0))Vn > ng. Which beautifully contra-

dict the fact that (p,d)N(p,d) = O()gperametery. Hence, the limit of the NSsequence must
be unique. Let (z¢", ¥, 9) be NSas be the NS first axiom space in which every NSconver-
gent sequence has a unique soft limit. We prove the space is NSy space, suppose if possible
(x¢T 3, 0) be N Sasg is not NS space. Then there must exists two points (x¢ ( Jparameter)

(y(a’,b’,c’)7 jpaTameteT)7tha't 1S (m(a’b7c)7 jparameter) >_ (y(a/,b/70,)’

such that every soft set containinig (mfmb’c),

a,b,c)?

parameter e
. ) or (2 p,00 3

parameter) <

__Iparameter) jparameter)

(y(e;/,b/,c/)a has a non-empty in-

tersection with every NS « open set containing (y(e;, Vo) , gparameter) - GQince the space is NSfirst
countable, there exist nested monotone decreasing NS local bases at x and (y¢ ( ) _-Ipammd”).
Let

%(xia,b,c)’ jparameter) _ <B1( t(?a bc)’ jparameter)’ '''''' Bn((x((aa,b,c)’ jparameter)) ‘N o N> and

§R(y(€;/ b)) _-]Parameter) <Bl( (a’ Vo) __Iparameter)’ ...... B”(y(ec;’,b’,c’)’ __jparameter) ‘n o N) be the
nested NS local bases at(x¢ Tl ) _-Ip“mmet") and (y¢ Y b ') , Jparameter)
have Bn(az( be)’ , Jparametery\A B ((y/¢ ( ) , Jparameter)y OVn oc N and so J(x¢

<$crip7%78> s.t. ( ?a’b,c),jparameter) o Bn(xfa,b o jparameter)mB ((

. respectively. Then, we nust

parameter
Tla b)) = )

( b ) jparameter))vn o N.
Therefore,

(x((aa,b,c)’ _-]Parameter)n oc Bn(CC) and ( (abc)’ __Iparameter)n o B (( ( el jparameter))vn o N.Let
(g, 0) and (p, d) be arbitrary NS « open set such that (z¢ Lo be) :Jpammete”) o (p,d) and

(y(e;, b C,),_-lpammete’") o (p,d). Then by definition of soft nested base, there exists an inte-
ger n, such that Bn((:UE:abc)’__lpammeter)) e <KJ, 6) and B (( (e//b/ c/)7__lpa7"am€t6’l”)) IS <p’ 8>n >
nog. This means that (xfabc),jpammet‘”")n o (p,0) and (y¢ Yiar v ey jp“mmet”)n o (p,d)yn >
no . It allows that (mga’bjc)j:jparameter)n — (l.t(ea’bjc)j__]parameter) and ( ( b C/y_.]parameter)n N
(y(e;, Vo) Jparameter - Byt this is contradiction to the given that every soft convergent sequence

in (% S, 9) has unique soft limit. Hence (xS, 9) is NS s space. O

Theorem 6.4. The cardinality of all NSopen sets in a neutrosophic second countable
space is at most equal to C (the power of the continuum,).

Proof. Let (", ¥, 0) be NSSTsuch that is NSsecond countable space. Let (¢, ) be any
soft set of (xS, 0) . Then (¢,0) is the soft union of a certain soft sub-collection of
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the NScountable collection {(W, ), : i = 1,2,3....}. Hence the cardinality of the set of all
NS? open sets in (z?, ¥, d) is not greater than the cardinality of the soft set of all soft
sub-collections of the NScountable collection {(W,9); : i = 1,2, 3....}. thus the cardinality
of (z7? ¥, 0) < C . O

Theorem 6.5. Any collection of mutually exclusive NSopen sets in a NSsecond countable
space is at most NScountable.

Proof. (z"?,,0) be NSSTsuch that it is NSsecond countable. Let (3,9) signifies any
collection of mutually exclusive NS « open sets in (z“?,,9). . Let (U,0) o (3,0),
then 3 at least one soft set (W, d),, ,belonging to the collection {(W,9); : i = 1,2,3....}
such that(W, d),, € (U,0). Let n be the smallest suffix for which (W, 0),, € (U, d). Since
the soft sets (U, 0) in (3,0) are mutually disjoint, it follows that, for different soft sets
(U, 0) o (3,0),there correspond soft sets(W, d),, with different suffices n. Hence the soft
sets in (C,0) are in a (1,1)-correspondence with a soft sub-collection of the NScountable
collection {(W,0); : i = 1,2,3....}; consequently,the cardinality of (3,9) is less than or
equal to d. O

Theorem 6.6. Let (2%, S, 9) be NSST such that it is ay space. Then this space posses
an infinite soft sequence of non NS « open sets which are mutually exclusive

Proof. Given (7,3, ) be NSST.If the space (27, S, 9) is soft discrete, then definitely every
one-pointic soft set is NS « open ; and these NS « open sets constitute an in-finite soft set of
mutually dis-joint non-null NS o open subsets of ("7, S, 9),and an infinite soft sequence can
be picked from this infinite soft set. Next, (2", S, d) be not a soft discrete space; then ?a point
(y(e;,b,,c,), gparameter in geP which is not a limiting point of 2. Let (xfa,b,c)’ Jparameter), he g

/

poit in ¢ which may be at least one of the possibilities (y(eaab,’c,), Jparameter . (xfmb’c), Jparameter)

or (wfabc),:lp“mmd”)l =< (yf;, b c/),_—lp“mmet”) then by NS a» space,d two NS « open sets
(U1,8) and (V3,0) such that (af,, ), 77t o (U, 8),q o (Vi,) and (Ur, 0)73(Va,8) =

/

0((5() Jparameter) - Again, since (yfa/ Vo) gparametery o (V1 9) and q is limiting point of 2% 3 a

point (mfayb’ o)’ Jparameter), o (1, 0) which behaves as (xfa’b’c), Jparametery, g or ($?a7b’c), Jparameter),

. This implies that these are points of NS g space. So by definition 3 two

arameter
, 3 )

(@/(eé/ b C/)
NS « open sets (Us, 9) and (Va, 9) such that (x?a,b’c)’ Aparameter), o (U5, 9) ’<y(€c/b’,b’,c’)7 Jparametery o
(Va,0) and (U, 0)N{(V1,0) =0 ~ . ——  Again, since (y(ezng/,c')v gparametery o (V1 9) and q is

(<$> 7aparameter)
limiting point of

LCTP (xfa,b,c)’ jpammeter)Q o <V1, 8> which behaves as (le’b’(:)’ jpammeter>2 — gor (x€a7b7c),

. This implies that these are points of NS g space. So by definition 3 two

jparameter ) 9 <

jparameter)
)

(Yar )
NS a open sets (Us, 9) and (Va, 9) such that (:cfa be) gparameter), o (Us, ), (yﬁ;, W)
(Va,0) and (Us, 0)N(Va,d) = O (5 gparameter) as(Us,0) € (V1,0) and (Va,0) € (V4,0) , for other-
wise we could pick (U, 9)N(Vi, ) and (Va, 0)N(V1, d) in place of (Us, d) and (Va, ) respectively.
Keeping continue the above process repeatedly and determing the points

e arameter e arameter e arameter :
(:c(a’bﬁ), 4P )1, (x(aﬁbﬁc), Jp )2y, (x(mbﬂc), 4P )n, which may behave as

e arameter e arameter e arameter e arameter e
(@0 by ¥ )1 (@ pe) FF )2 = (20 5.0 FF ERICITWIE & )4 (200 .0y

, __lparameter) o
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__lpm‘ameter)5 - ($6
)

(abc)? jparameter)6 — (:Ee

t t
(ab,c)’ Jparame 67’)7 — (xfa,b,cy Jparame er)n

or

(:Lfa,b,c)’ _-]Parameter)l <, (xﬁa,b,cy jparameter)2 <, (x?a,b,c)’ __Iparameter)g <, (wfa,b,c)’ __Ipm“ameter)4 =<, (:Lfa,b,c)’
jparameter)5 =, (wt(za’bp)’_«]parameter)ﬁ =< (1. jparameter)7 < .= (wt(ia’b’c)’jparameter)n and ac-
cordingly the NSsoft open sets

<U1,8>,<U2,(9>,<U3,8>,(U4,8),(U5,8> """ <Un7a> and <V176>7<‘/278>7<V378>)<V4)8>7<‘/578> """ <Vn’8>
such that for k = 1,2, 3,4, ., (27, o), 7O o (U, 0), € (Viee1,0), (5l o> 71T cx

(Vi,, 0) € (V3_1,0) and (Uy, 0)N\(V},,0) = O (5} oparameter) Now, since (y(e;ab,’d),_-lpammd”) is a

limiting point of X and (V,0) NS a open set containing (y( 1Y el) , there exists
a point (z¢ (abc) gparametery, | in X% different from q and lying within (V},,d) . Then by NS as
space, 3 two NSopen sets (Uy,+1,0) and (V;,41, 0) satisfying the conditions (azfa be) Jparametery, | o

(Un41,0) (y(e(/z/,b’,c’)> Aparameter) o (Vy1,0) and (Up41, 0)(Voy1,0) = 0~ —— . As above

x 7(‘)pn.rrwnete?”
it may be so disciplinized as (Up+1,0) € (V,,0) and (V,41,0) € (Vj,,0).The infinite soft se-
quence of NS « open sets
(U, 0),(Us,0), (Us, D), (Us, 0), (Us, 9)...... thus defined by induction, the presence of one rules

out the possibility of other. Since (U,.1,0) € (Vy,d), (Ug, 0)N(Vy,d) = O (5} oparameter) and

(Vi,0) € (Viuy1,0) forn =1,2,3.... O

e
(a,b,c)’

jparameter)

Theorem 6.7. Let (x|, d) be NSSTsuch that it is NSsecond countabley NS oy space.
Then set of all NS o open sets has the cardinalityC.

Proof. Let (% S, 0) be second countable NS as.Then, by theorem 2.6, there exists in NSST
(z°"P |3, ) an infinite soft sequence of NS o open sets (¢, d)1, (¢, )2, (¢, D)3, (¢, 0)4(C, D)5, ey ((, Dppevee

SuCh that <<7a>1 # O(<;>78pam/ete'r)7 < > # O 8pam/¢ater < > # O >8parameter <C a>4 #

O(<x~>7apamter),

<C78>n 75 O(<$~>78pa%t”) ....... <C,8>15<C,8>25<C,a>3ﬁ<g,8>4ﬁ ..... ﬁ<<,a>nﬁ = O(<z~>7apa7a\m/et”).
sub-sequences of the sequences ((,0)1, (¢, 0)2, (C,0)3,((,0)4(C, D)5, ..., ((,0)n, nwill determine,
as their unions, different NS a open sets. But since the soft set of all soft sub-sets of a countable
soft set has the cardinality C, it follows that soft set of all the NS « open sets in (%7, S, 9) has
the cardinality>= C'. Again by the theorem 2.5, the cardinality of the soft set of all NS open sets
in (xS, 0) = C. consequently, the cardinality of all NS « open sets in (2%, 3, ) is exactly
equal to C. O

Theorem 6.8. Let (xS, d) be NSSTsuch that it is NS second countable oy space the
the soft set of all NSpoints in this space has the cardinality at most equal to C(i.e, posses
the power of the continuum at most).

Proof. Given that (xS, 9) is NS second countable Tj space, for which the NS sets

(W,0)1, (W, ), (W, )3, (W, 0)4(W, D)5, . Forms a soft countable NS a open base of (%, S, 9)
. Then, for any given point

( (a bic)? jparameter) o xcrzp <W 8)41, <W 8)42, <W 8>C3’ <W 8><4<W 8><5, generate count-

able NS open base about the point ¢ in NSST (2", 3, 0) , where (i,i = 1,2,3, ..., is a

soft sub-sequence of the soft sequence (W,0), : n = 1,2,3, ..., consisting of all those
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(W, d), which contain the point ¢ .Since a second NS countable space is necessary first
NS countable. So corresponding to the point ( , there exists an infinite soft sequence
of NS open sets {(¢,0), : i = 1i,2,3,} which is a soft sub-sequence of the soft sequence.
{W,0)pn, : n = 1,2,3,...},and therefore also a soft sub-sequence of the soft sequence
{(W,8),, : n=1,2,3,..}, such that N{((,0); : i =4,2,3,} = {(2f, 4.0, Fememeter) b, Thus

to each point (zf, Aparameter)

) in ¢ there Corresponds a soft sub-sequence {(¢,0); :
i = 1i,2,3,} of the soft sequence {(W,d), : n = 1,2,3,...}; and two different points
there correspond two such different soft sub-spaces {(¢,0); : i = ,2,3,} . Hence the
soft set of all points in % i.e. the crisp set 7 has the same cardinality as that of
a certain soft sub-collection of the soft collection of all soft sub-space of the sequence
{{W,0), : n=1,2,3,...}. Thus the cardinality of 2% less than or equal to C. In other

words, the crisp set £ has the power of the continuum at most. O

Theorem 6.9. Let (7. ¥,0) be NSST such that it is NS second countable. Every soft
uncountable soft subsets contains a point of condensation.

Proof. Since (" ¥, 0) is NS second countable space and {(W,d); : i = 1,2,3,...} be a

soft countable NS « open base of (xS, d). Let (p, d) be a NS sub-set of 7 such that

(p,d) does not contain any point of condensation. For each point (x(a’b’c), parameter’) o
,0Y, (z¢ , ., Jparametery ig not point of condensation of (g, d). Hence there exists NS «a

<p (a7b7c) K“)

open set ((,0) containing (z(, ; ., 3*"*™“") such that (¢ ,0)N (g, ) is soft countable at

most. 3 a suffix n ((Z{ape)s Aparameteryy “guch that (0 p.cys gparametery o (W, 0)n(p) € (¢, )

;and then (p, 0)N(W, 0),, ) is also NS countable at most. But we can express (p,d) in

the form

(9,0) = V{2, g FU T 2 (2 ey T ) o (, 0)T{ {0, )1

(W, 0)n(( (25, 5.0y P0remeten)) (0 p)» FTOm) o (0, 0)} be at most a NS countable number

of different suffices. So, (p,d) is at most a NS union of NS uncountable soft sub-set;

that is (p,d) is at most a NS countable soft sub-set of X. Consequently, if (p, ) is soft
uncountable soft subset of, then it must possess a point of condensation. O

Theorem 6.10. (z? ¥, 9) be NSST such that it is NS second countable. If (V,0) is
uncountable NS sub-set of (x? ., 0) , then the soft sub-set (w,d) , consisting of all
those N points of (V,0) which are not points of condensation of (V,0) , is at most NS
countable.

Proof. Since (xS, 0) is NS second countable space, and {(W,9); : i = 1,2,3,...} be a
countable NS? open base of (2,3, 9). Let {(V,0); : i =1,2,3,...} be a soft sub-sequence of
the soft sequence {(W,0); : i = 1,2,3,...}. consisting of all those soft sets (W, 0); for which
(W, 0);N(wz,0) is at most soft countable. Then {(V,8);}N(wz,d) : i = 1,2,3,...is at most NS
countable .We shall establish that (c,d = (¥, 9))N((V, 8)10(V, )20, ....). (xfa,b,c)v Jparameter) o
(¥, 0) ,there is not a point of condensation of (¥,d) ;hence there exists a soft nbd (U, d) of
(xf&b’c), Jparameter)y “guch that (U, 0)N(V,d) is at most NS countable.Also, 3 a soft set (¥, d);,

belonging to the soft sequence {(W,0); : i = 1,2, 3, ...} satisfying (:Uf gparametery oc (W, 0); €

a,b,c)’



53 Arif Mehmood / JAC 52 issue 1, June 2020, PP. 37 - 63

(U, ). Then (W, d);N(¥,d) is at most NS countable, and so (W, d); must be one of the soft sets
(V,0); and therefore (x(,, . Jparametery o (V 9); . Again, since (@) Jparametery o (§ 9)
it follows that

(x¢ (ab.) , gparametery — (¢ _9N\A((V, 0)1U(V, 0)2U, ....).. Next, let

(vf (a, Vo) , Jparametery — (g ONA((V,9)10(V, 8)2U, ....). then

(y(a, Vo) gparameter) helomgs to some (V,d);. Now, as (V, d); is a soft nbd of
(y(e el gparametery and (V,3);N(¥, d) is at most NS countable.

(y(e el Jparameter) can not be a point of condensatlon of (U, 0). Also, as

(y ea, by , gparametery o (¢ 9). Tt follows that (y¢ ( b el) , Jparametery o (g5 9). Thus
(,0 = (¥,0)N((V,010(V, 9)2U, ....) = (w,0 = (T, 9))N({V,0)10(V, 0)2U, ....).

and since each (¥, 9)U(V,d); is at most NS countable. It follows that (zz,d) is also at most NS
countable. N

7 Neutrosophic soft Monotonous Functions

Theorem 7.1. Let (x“"?,¥,0) be NSST such that it is NS ay space and (Y ¥, 0)
be anyNSST. Let(f,0): (x“?,S,0) — (x“?,,0) be a soft fuction such that it is soft
monotone and continuous. Then (x“"?,S, d) is also of characteristics of NS as.

P’I"OOf. Suppose (3;-61,1)70)’_-|;Darameiter)17 (334(3(171)70)7__|;Darameter)2 l>< Xcrip s.t. either (x?mb,c),__lparameter)l >
(@0 0y AT ) 08 (@, 4 0y FPTIEET) T < (T, 0, U)o, Since (f,0) is soft monotone.
Let us suppose the monotonically increasing case. So, (m?a’b?c),jp“mm””)l > f(xfayb’c),jp”am””)g
or (xfa’b’c), Jparameter), < f(xfa’bﬁ), Jparameter), implies that

f(z‘(e%b,c),jpamme’f”)l > f(z2) or f(;l:‘(embjc),jpammet”)l < (xfa7b7c),jparam5ter)2 respectively. Suppose
Jparameter), o yerip guch that

__Iparameter)

parameter e/
E )la(y (a/ b/ ,c/)?

/ / /
(Y ar b 0y 3N Yt ey 2 08 (Y (a/ 4/ o/ 3
SO, (ye{a/,b/7c/)7jparameter)l > (ye(a/7b/7c/)’jparameter)Q or

AJparameter), yegpectively such that

e/
W s ey

parameter) jparameter)Z

e/
< W ety

__Iparameter)

e/ e/
(Y a0/ /) Y a7 ey

__Iparameter) — f __Iparameter) — f

e/ e/
(y (a/,b/,c/)’ (I((i(hb)c))jpa,ranzeter)l’(y (a/,b/,c/)’ (a b, c))jparanzeter)g.

Since (x“"?, S, 0) is NS g space so there exists mutually disjoint NS « open sets (k1,0) and (ks,d), x
(x"?. S, 0) = f((k1,0)) and (k2,0), x (X", ). We claim that f((ky,0))Nf((k2,0)) = 0((%),0parameter)-
Otherwise 3 (t ot oty FTIT) o (ke ODAF (K2, 0)) = (L) 11 o0ys 37T F (R, 0))

and (te(/tf//’b//’c//),:Ip“mmet”)l X f(<k2,8>), (te{({//yb//yc//),jp‘"“met")l % f((kl, d)), f is soft one-one 3

(teg//,b//,c//y—“pammewrh X f((k1,0)) s. (teg//yb//,c//)v—“pammeter) = f(( a// b/ ,;//) , Fparameter)s),
(te{c{//,b//,c//)’jpammem)l [ (ko >) 3 e{(f//,b//,c//)»jpammd”) X f((k2,0)) s

(te{c{//,b//,c//)’—"pammmr)l f((t (a/! b/ ,cl])? , Jparameter) ) = (te(/(f//yb//,c//)vjpammemb x f((k1,0)),
(0 100y A7)y 0 f (R 0)) = ({0 4110y P70 )2 ¢ f (R, 0)) AF (k2. 9)). This s

contradiction because (k1, 9)N(k2, 8) = 0((5),0parameter)- Therefore f({k1,d))Nf((k2,0)) = 0¢(z),0parameter)-
Flnally, (x(a,b,c) Parameter)l > (x?a7b7c)’jparameter)2 or (xfa,b7c)’jparameter)l < ( fabC)’__|;Da7“ameiter)2 =
(m?a’b)c),jparameter)l 75 (xfabc) jparameter>2 = f((x?a’b’c),jparameter)l) > f(( (b, jparameter)z) or
F U gy F97T),) < (2, o O, )



54 Arif Mehmood / JAC 52 issue 1, June 2020, PP. 37 - 63

= f((x?mb,C)’:]PaTameter)l) ?é f((x?a,b,c)’ jparameter)Q). Given a pair Of pOiIltS (ye(/a/7b/7c/),
(ye(a/,b/,c/)’jp arameter)y ) Y s (ye(/a/,b/,c/)a Jparameter), o (ye{a/ b/ ey FTEET)2 We are able to

find out mutually exclusive NS o open sets f((k1,9)), f({ka,d)) x (Y S, 0) s.t. (y© {a/ b el )

x f({k1,0)), (ye{a/7b/7c/),jp‘"“met”)g X f((k2,0)). This proves that (Y7, ,9) is NS a(o space. [

Theorem 7.2. Let (xS, 0) be NSST and (Y"?| 3, 0) be an-other NSST which satis-
fies one more condition of NS . Let(f,0): (x“?,,0) — (Y'P ., 9) be a soft function
such that it is soft monotone and continuous. Then (x"?,,0) is also of characteristics

Of NS Q.

P?“OOf. Suppose (xfa’b’c),jparameter)h (xt(ea’b’c)7jparameter)2 X X s.t. either (;I;?a’byc),jpa?”ameter)l
> (.%‘faﬁbycw_-]PaTamet@T)z or (q:?a,b,c)>jp“"am€t67')1 < (w?a’b’c)’jpmumeter)z. Let us suppose the mono-
tonically increasing case. SO, (x?a7b7c)’_-lpa’rameter)1 > f(l.ﬁa.’bycwjparameter)Z or (x?a7b7c)7jparameter)l <
f(zfmb,c), AJparameter), implies that

f((x((ia,b,c)’ jparameter)l) > f((xf(imb’c),jparameter)Q) or f((x((ia,b,c)’ jparameter)l) < f((x((ia,b,c)’ jparameter)Q)

respectively. Suppose (ye{a/ b C/) _-Ip“mmet”h,(ye(/a/7b/7c/),:Ipammet”)g X Y such that

jparameter)
’

jparameter) 1

__Iparameter) ( __Iparameter)

2 Or

./
(yp(a/,b/7c/)7 a/ b/ el )

parameter)

__Iparameter)2 So (

e/ arameter arameter
Y (a/,b/,c/y—"p 1> ( & )

e/ / e/
(Y v/ el < b ely Y (ar v ey 2

or
(yeéa/’b/’c/y_-Iparameter)l < (ye{aﬂb/’c/)’jparameter)Q respectively such that (yE{a/’b/’c/y__Iparameter)l _
f((x?a,b,c)’ _-]Parameter)l)7(ye{a/’b/’c/)7__]Parameter)z _ f((x?a b’c),jparameter)z) st (x€a7b76)7jparameter)1 —
f_l(yl) and (xeéa/,b/ﬁ/)?—"pammet@r) =f- (( a/ b/ el —"Ipammet”)z)~ Since (Z/F’{a/,b/}c/)v—'Ipammewr)l,
(yeéa/’b/’c/), Jparametery, Yy erip hut (Y P, S, 9) is NS ag space. So according to definition

(yeéa/’b/’c/)7 _-]Parameter)l N (ye(/a/’b/’c/)7 __|pammeter)2 or (ye(/a/ b oy _-];Darameter)l < (ye(/a/’b/’c/)’ _-]Parameter)z.
There definitely exists NS open sets (k1,d) and (k2,d) x Y &, 9) such that

(ye(/a/7b/7c/),jp“mmet”)l x (k1,0) and (ye{a/vb/yc/),:Ip“mm“”)g x (ko,d) and these two NS open sets
are guaranteedly mutually exclusive because the possibility of one rules out the possibility of other.
Since f~1((k1,0)) And f~1((ks,0)) are NS open in (x“"?,$,0). Now f~1((k1,0)) N f=1({ky,0))
= f_1(<k178>) N f_1(<k27 >> = f_l(g) = 0(<~>,apaﬁ;ﬁ§tw) and (ye{a/,b/,c/yjparamEter)l X <k178> =
f—l((ye(/a/’b/’c/yjparumeter) ) x fo (<k‘1, 9)) = (w?a by __Iparameter)l x ((ky,0)), (ye{a/’b/’c/yjparumeter)2
X (k2 0) = UL 4 oy FPTO)) 71 ((ka, 0)) implies that (af, , ), PUIET )y ¢ (ks 0)).
We see that it has been shown for every pair of distinct points of x°"*P, there suppose disjoint NS «
open sets namely, f~1((k1,d)) and f~1({k2,d)) belong to x"*?, ¥, d) such that (z¢ Jparametery,

(a b,c)’
ft((k1,0)) and (xfa)b7c),_-lpa7"“m@t”)2 X f71({ks,d)). Accordingly, NSST is NS a3 space. ]
Theorem 7.3. Let (xS, ) be NSST and (Y?,S,0) be an-other NSST. Let(f,0):
(X?.3,0) — (Y? ,0) be a soft mapping such that it is continuous mapping. Let
(Yc”p, $,0) is NS aq space then it is guarateed that
{((a:?a,b,c)? _-Iparameter% (ye{a/yb/ﬁ/)’ __Iparamete’/‘)) . f((x((aa,b,c)’ __IparameteT) — f<ye{a/,b/,c/)’ __Iparameter))}

is a NS closed sub-set of (x“"?,,0) x (x“"?,,0).
Proof. Let (x"?,3,9) be NSST and (Y7 3, 9) be an-other NSST. Let(f,d): (x"*?,3,9) —

(YerP . 9) be a soft mapping such that it is continuous mapping. Let (Y &, 9) is NS aq



55 Arif Mehmood / JAC 52 issue 1, June 2020, PP. 37 - 63

space then we will prove that
{((‘r?a,b,c)’ _-]parameter)’ (ye{aﬂb/,c/)’ _.]parameter)) . f((xfa,b,c)’ __Iparameter) —_ f(yeéa/,b/,c/)’ __Iparameter))}
is a NS closed sub-set of ("7, S, 0) x (xS, 9). Equavilintly, we will prove that

(4
{((x?a,b,c)’ _-]Parameter% (ye(aﬁb/,c/)’ __]Parameter)) . f((x?a,b,c)’ jparameter) — f((ye{a/,b/,c/)’ jparameter))}
is a NS closed sub-set of (Y, J,0) x (x"P, S, d). Let

((‘,Et(?a b,c)’ jparameter), (ye{a/’b/p/)’ __Iparamete’r)) X {((‘Tfa,b,c)’ __Iparameter), (yeéa/l,/’c/)’ __Iparameter)) With

(( (a,b,c)’ __iparameter) > (ye(a/b/’c/), __Iparameter)) . f((xfa,b,cy jparameter)) > f((ye(a/7b/7c/)7 jparameter))}c
or

((l‘?a,b,cy __]parameter)7 (ye{a/’b/7c/)’ __Iparameter)) X {(( __Iparameter)’ (ye(a/ W C/) __lparameter)) with

((x((zabc) jparameter) < (ye{a/7b/7c/),__Iparameter)) . f((x((iajb,c)’jparameter)) < f(( (a/ bl ol __Iparameter))}c.
Then f(( (abc)’ _-]Pammeter)) > f((ye(a/,b/,c/)’ __]Parameter)) or

< (@0, 40y , Jparameteryy < f((ye{a/’b/’c/),:Ipammet”)) accordingly. Since, (Y S, 0) is NS ag
space. Deﬁmtely,

f((acfmb’c),_-Ip“mmet”)),f((ye{a/ b/ el , Jparameter)) are point of (Y S, 0), there exists NS «
open sets (G, 9), (K, ) x (Y & 9) such that

f((mfavbvc),_-lp“mmete’")) (G, O)andf ((x(, 4 . , gparameter)y e (| 9) provided

(G,0)N(K,0) =0 Since, (G,d) is soft continuous. f~1({G,d)) and f~1({K,9))

are NS «a open sets in (x“", S, 9) supposing ($?a,b,c)’ Jparameter) and (yeéa/’b/,c/), _-Ip“mm‘jt”)
spectively and so f~1((G,0)) x f~1({(H,d)) is basic NS open set in (x“"?,3,9) x (x“"?,S,0)
containing ((x‘(fayb,c), Jparameter) "(ye Jparametery) - Gince (G, )N (K, d) = 0
It is clear by the definition of

{((x?a,b,c)7 _-]Parameter% (ye(aﬁb/,c/)’ __]Parameter)) . f((x?a,b,c)’ jparameter) =

P 0y 3] that

{/71(G,9)) and [~ ((K,0))} 1)

{(( ?abc) jpm‘amete?’)7 (ye(a/7b/7c/)’jparameter)) . f(a:) — f((ye(a/’b/yc/),jparameter))} —
) jparameter) that is

H((G0) x [TH(K,0)) e

(xs(z by __Iparameter) ( e/ __Iparameter)) . f((xe(a/,b/,c/)7 __Iparameter)) —

(a,b,c)?

(6% ,jparameter)y
re-

(a/ b/ /)’ ((X).4parameter)y

0
f
{ (a/ b/ o/’
( (a/ o C/)’ __Iparameter))}c Hence,
(f

_-]parameter) ( e(a/ W C/) __]parameter)) . f(($€(a/,b/,c/)7 __Ipm"ameter))
e/

(Y ) s oy 30} implies that

{ (.’B ,b,c jparameter) ( e{a/ b o)’ jparameter)) . f((xe(a/’b/,c/),jparameter)) —

f (ye (a/ b/ /)’ Sparametery)t is NS « closed. 0

S~

X

=

a,b,c)’

S~

(
(
(
(
(
(

Theorem 7.4. Let (x“"P,S,0) be NSST and (YP S, 0) be an-other NSST. Let(f,d):
(XS, 0) — (Yrr S 8} be a NS open mapping such that it is onto. If the soft set
{((xiz,b,c)’ _-Iparameter) (ye{a/ o ely jparﬁzmeter)) : f((x(zlmb,c)f jparameter) — f<ye{a/,b/,c/)’ __Iparameter))}
is a NS closed in (x"?,3,0) x (x“?,S,0), then (x?, ¥, d) will behave as NS s space.
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Proof. Suppose f((:nfmb’c),_-lpar“metw) = f(yeéa/’b/’c/),_-Ip“mmeter)) be two points of YP such
that either f((x?a,b,c),_«]parameter)) > f((ye(aﬂb/ o jparameter)) or f((x?a,b’c),jparameter)) < f(y)

)’
Then ((x(e%b’c)’ _—]Parameter))’((ye{a/’b/’c/)’ __Iparameter)) not belong to
{(=, (ye(a/,b/,c/)’ Jparameter)) with
(‘Tfab o) jparameter) > (ye(a/76/7c/), __]parameter) . f((x?a,b,c)? __Iparameter)) >

(e (@l ety FT))} or
((x (ab.c) __lparameter))’((ye(a/7b/,c/)7 __iparameter)) not belong to {(.%', (ye/

(a’/7b/7c/)7
_—]parameter) < (ye{a/ﬁ/,c/)’ jpammeter) . f((xfa,b,c)’ __Iparameter)) <

A (a/,b/yc/)’ Frerameten))} or ((2y,p,0): jWameter))’((ye{a/,b/,c/)’ parameler)) that is

jparameter) ) with

—~

xa,bc’

((xea be) __]Parameter)7 (ye(a/7b/7c/)’ jparameter))

X
[ 2 Y gy 1y 27074 with

(@f ey F7M) > (ye(a/7b/,c/)’

b
f((x((amb,c __lparameter)) > f((yeéa/’b/7c/)’ __Iparameter))}c or

(JJ o) jparameter) (ye{a/ o C/)’ jparameter)) %

jparameter) .

—~

{((xea7bc ’jparameter) (ye(a/ W C/) __Iparameter)) with (xﬁa,b,cy jparameter) < (ye{a/,b/,c/)’ __]parameter) .
f((xab’c ’_-jparameter)) (( (a/ bl ol jparameter))}c_ Since ((xab’c)’ _.]parameter)’y)[x

{(2¢ o) jparumeter)y( e/ ol b/ ol __Ip(zrameter) with (z¢ T __Iparamete'r) > (ye(a/,b/,c/)’ __Iparameter) :
f((xea,b,c ’__lparameter)) > (( /a/ By __Iparameter))}c or

((ac?w’c)7 parameter (ye(a/ o ol , parameter))

{(Iea bo) __Ipa,’r“mneter)7 (ye

(:L,ea7 o)’ __Iparameter) < (y a/ b/vc/)’

f(( i) jparameter)) < f(( e/a/ ooy __Ipm"ameter))}c is soft in <Xcm'p7%78> % <Xcm'p7 %7 8), then
3 NS open sets (G, d)and(K,0) in (x“"?,J,9) s.t.

(xea bo) parameter), (ye{a/’b/’c/)’ __Iparameter)) X <G, 8> <K 8> c {(( (abic)? __Iparameter)’

(a/ y c/)’ jparameter)) With

l‘? _—]parameter) > (ye{a/ y c/)7 jpammeter) . f((xfa,b,c)’ __Iparameter)) >

((x?a,b,c)’ _-jparameter)’ (ye{a/b/,d)’ jparameter))[x <G, 8> % <K, 8> c

jparamete'r’ ) ) with

b/ C/) __lparameter) . f((:E?a,b,c)’

Then, since f is NS « open, f((G,0))andf({(K,d)) are NS «
open sets in (Y &, 9) containing f (( (ab,c)’ Fparameter)) and ((ye/

s (a/ b/ C/)’ _-{Parameter)) respec-
tively,and f({G, d))Nf((K, otherwise f((G,9)) x f({K,d)) ﬁ{((mfa@c)’ Aparameter)y

parameter :
/ b el)? = ) with

m/\\

__Iparameter) .

—~ /\ —~
(‘b

4 parameter )

F((ye a/ oy
{

» )7__Iparamete'r) (
(a,b,c

(xfabc) __Iparameter) < (

e/
f((y (a/,b/,c/)’

)}

e/

(a/ b/ /)’
{ __Iparameter)) <
)}

4 parameter )

>) - 0(()?),jpm%ter)
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with (‘/L‘fa,b,c)’ __Iparameter) > (ye{a/,b/’c/)’ __Iparameter) . f((xftab,c)’ _.]parameter)) > f(y)} or

(((x?a,b,c)’ _«]parameter)’ (ye{a/b/,d)’ jparameter))) not belong to

{((x?%b’c)’ _-]pammeter)’ (ye(a/ W C/) __Iparameter)) with (xﬁa,b,cy jparameter) < (ye{a/,b/,c/)’ __]parameter) .

f((a:fmb’c), Jparameter)y - f((y€ (a/ b el Jparameter)yl — 0((;),jpa7%%§ter)‘ It follows that (Y S, 9)
is NS «g space. ]

Theorem 7.5. Let (X7, 3, 0) be a NS second countable space then it is guaranteed that
every family of non-empty dis-joint NS a open subsets of a NS second countable space
(x?,3,0) is NS countable.

Proof. Given that (x“?, S, 0) be a NS second countable space. Then, 3 a NS countable
base 5 = (Bl,BQ,B3,B4,..B" :n X N) for (x?,3,0). Let (C,0) be a family of non-
vacuous mutually exclusive NS « open sub-sets of {(x“"?, ¥, 9). Then, for each (f,d) of
in (C,0) a soft B™ x 8 in such a way that B™ € (f,0). Let us attach with (f,d), the
smallest positive interger n such that B" € (f,d). Since the candidates of (C,0) are
mutully exclusive because of this behaviour distinct candidates will be associated with
distinct positive integers. Now, if we put the elements of (C,d) in order so that the order
is increasing relative to the positive integers associated with them, we obtain a sequence

of of candidates of (C,0). This verifies that (C,d) is NS countable. O

Theorem 7.6. Let (x7,S,0) be a NS second countable space and let (f,d) be NS
uncountable sub set of (x"?,3,0). Then, at least one point of {f,) is a soft limit point

of (f,0).

Proof. Let = (B, B2, B3, B* ..B" : n x N) for (x*""?,3, d). Let, if possible, no point of {f, d) be a soft
limit point of (f,d). Then, for each (z?a bie) Jparameteryy (£ 9) 3 NS « open set {p, 3>(w?a ot
such that ( (a be) jpammeter) <P, a>( e

(p, a>(w(ea,byc),jpa7‘a7nete7‘) N (f,0) = {(z{,, bcy—"par‘lmet”)}. Since 3 is soft base 3 Bn(x?a,b,c)’
such that (xfa,bvc)’jpammemr)x B"(M b,y raTaTLET) € (p, 8>( la,be)’
Therefore Bn(I?a,b,u))jpammef,w) N {(f,0) € (p ('3}(96 ) dparameter) N(f,0) = {20, 5.0y , qparameter)} More-
over, if (z, ; ), 3474, and (2§, , ., _-Ip“mmet”) be any two NS points such that

(‘T?a,b,cy jparameter)l 75 (l“(ea,b,c)’ jpm“ameteT>2 which means either (‘r?a,b,c)’ jparameter)l > (m?a,b,cy jpm‘ameter)2
or (x?a be) __Iparameter)l i (‘rfa bc)7_-|17a7‘amete7‘)2 then 3 Bn(gg breyt

B such that Bn(m oy Aparameter), (] (f,0) = {(x(abc),_—lpaﬂlmeter) } and By (e

Jparameter)
parameter) and
jpa,'r‘ameter) D(ﬂ

dparametery-

dparameter), and B"(zfa,b,c) o
vi - amerameteny, 01 {F,0)
= {(z (abc),jp‘”“met”) }. Now, (z fabc),jp‘”“m“”)l # (z (abc),jp‘"’“mete’”) which guarantees that
{(x(a bo __Iparameter) } £ {( ¢ ) jparameter) } which = Bn(x( ooy APaTameter) N (f,0) # Bn(x( oy

N (f,0) = gparameter),. Thus, 3 a one to one soft correspondence of
(f,0) on to

,dparameter) (xfa’byc),:lp“mmet”) x (f,0). Now, (f,0) being NS uncountable,it follows that
dparameter) | (zfmb’c), Jparameter) (£ 9} is NS uncountable.But,this is purely a contradiction,
€y oy dparameter) (x‘(f%b,c),_-lpammet”) x (f,0)} being a NS sub-family of the NS countable

collection 8. This contradiction is taking birth that on point of (f, ) is a soft limit point of (f, 9}, so at

~jparrnnete7‘)2 in

dparameter),

qparam 6197‘)1 # B’I’L

( T(ab,e)’ (@0 b0

n(m( be)?

n($(a b,c)’
since { By (ye

least one point of (f,d) is a soft limit point of (f,9). O
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8 Neutrosophic soft Product Spaces

Theorem 8.1. Let (XC”pl, 3, A) and (Xc”p2, I, A) be two NS second countable NST Spaces
then their product, that is (X‘”’ipl, I A) * (X”ipz, I, A) is also NS second countable NST
Space.

Proof. To prove (x#' 3, A) % (x*°, S, A) is NS second countable NST Spaces. Our
assumption = 3 countable NS bases B! = {B":i € N} and B> = {C':i € N} for
(x®' 3, A) and (x*°, S, A) respectively. B = (U, A) * (Uy, A); such that (U, A)
and (U5, A) are NS open s.t. (U1, A) € {(x**", S, A), <\I/2,A) (x? |, A)} is a soft
base for neutrosophic soft product topology(NSPT) (x®' &, A) = (x* | S, A).

Write C = {B'*(’;i,j € N} = B'x B? is soft Countable this implies that is NS

countable. By definition of soft base B, and ((zf,, ), "), (yeéa /o) el parametery)
e (xS A) +(xP°, S, A)
= NS « open sets (G,A), (H,A) € B s.t. ((mfa,bﬁ),_-lpammem), (ye{a/ W C/),_-Ipammd”)) e

(G, A),*(H,A)CN

= (2, .0 P € (G, A) € (TP, S, A),y € (H,A) € (xS, A)
= B' ¢ B',C’ € B? such that

(x‘(ia’bﬁ)’ _—]Parameter) € BiC <G A> ( (/b o) __Ipav"ameter) c CJC<H, A>

> (@ T, (g FTETY) € Bk CIE (G A % (H, A)EN. By defini-
tion this proves that C is s.t. base for the neutrosophic soft product topology(NSPT)
(x®' S, A) * (xS, A). Also C has been shown to be NS countable. Hence, (y"#', S, A)

* (XCTiPQ, ¥, A) NS second countable relative to NS a open set. m

Theorem 8.2. Let (XC”pl, $,A) and (XCMP2, 7, A) be two NST Spaces on the crisp sets (XC”pl, 3L A)
and (x erip? o ,A) respectively. The collection B = (G1,A) x (G2, A) : (G1,A) € S,

(Ga,A) € T isas.t. base for some (NSPT) (x eripl LS A) * (Xcripz,T, A) such that (G1,A), and(G1, A)
are NS « open sets in their corresponding NST Spaces.

Proof. Let (xcripl,%,A) and (XCTiPQ,T, A) be two NST Spaces on the crisp sets (XC”pl, 3L, A)
and (XCMPQ,T, A) respectively. Suppose (XCMPI,%,A) * (chp2,7', A) be the (NSPT).

B = {(u1,A) * (ug,A) : (u,A) € (Xcripl,%,A), (ug, A) € (XCMPQ,T, A)} where (u1,A) is NS av open
in (mel 3, A) and (ug,A) is NS a open in (XCMPQ,T, A). We need to prove B is a NS base
for some NST on (Xcripl,%,A) * (Xcripz,T, A). To prove that U {B : B € 8} = (x criph A)
* (XCMPQ,T, A). Clearly, (XC”pl,%,A) * (me2,7', A) € (. This implies that (XC”pl,%,A) *
(x®* 1 A) = U {B : B € B}. Next let (up,A) * (ug,A), (31,A) * (Ig,A) € B where
(31,A) is NS « open in (Xcripl,%,A) and (J2,A) is NS « open in (XCMPZ,T, A) and sup-
pose 1,79 € ({(u,A) * (ug, A)) N ((I1,A) * (I9,A)) € B. To prove that 3 ({(31,A)) NS «
open in (mel 3, A) and ((S2,A)) is NS « open in (Xc”pz,T, A) st (f1,A) % (39, A) € B s.t.

(E LG s P € (f1, A) % (S, A)

C (w1, A) * (g, A)A((S1, A) * (S2,A)) that is ((zF, , ), 7" );, (yefa/,b/,c/), Jparameter),)

& ((un,A) % G, ADA(ST,A) % (8, 8)) = (25, 002 P71, (4 s FTOT)0) €

jparameter)
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(<U1,A> * <U2’A>)7 ((xfa,lxc)’ _—]paw*mneter)17 (ye{a/’b/@/)’ __Iparameter)Z) c ((31’1%) % <%2,A>)
S (0, gy FETY € (g, A, (25, ), F), € (g, A), (., e € (S, A),
(xe Y __Iparameter)Q c <$2,A>
S (0, s P), € (a1, AN, A)), (27, o PN € (i, AV, AY)
S (0 s PO & (1, AY)(2F, 0, PO ), € ((f5, AY). Ontaking ((f1, A)) = ((u1, A))
N <%17A ’<%27A> = (<u27A>) N <‘§27A>
S (0, gy T (8 T € (f1AY 5 (S, A) (1, A) * {uz, A) € B, (31, )
* <%2,A c 5
= (u1, A) € (Xc”pl,% A),(ug, Ay € (Xc’"iPQ,T, A); (S, 4A) € (XC”p I A),(Se, A) € (XCMPQ T, A)
1 ~ in2 1
= <U1, > <\y1, >€ erip 7%7A)7<u27A> N <%27A> S (Xcmp 77—7A) <f17 > ( erip ;S ) <f27 >
e (X 7, A) = (f1,A) = (f2,A) € B. Tt revealed that 3 (f1,A) * (f2,A) € 8 st
(92 P71, (00 P T)2) € (1, ) 5 (o, ). That meed to be proven (fi, A) *
(f2, A) T (((u1, A)) * ((u2, A))) N ((S1, A) * (32, 4)).
e/ , gparameter) o)y e (f1 A) x (fa, A) be arbitrary matually ex-
clusive points. ((ye/

__lparameter)
(a/ b/ /)’ ye(a/,b/c/)’jpammmr)) ((f1, A) % (f2, A))

= (ye(a/7b/7c/)7_-]parameter)l c <f17A>’(ye{a/,b/7c/) __Iparameter)z c <f27 >

Let ((.’L’fahc), 15 (y (a/ b/ c/)’

jparameter) 1 (

= (y e(a/ bl oy TN € ((ur, A)N(S1, A)), (v {a/,b/,c/) Jparameter), ¢ (<m, AN (S, A))
= ( e(a/ y C/) __]Parameter)l c (uhA)?(ye{a/’b/’C/)’__Iparameter)l c < 3, >7( (a/ b C/)’__Iparamei&er)2
€

<U2, A>’(y€{a/,b/ c/)’ __Iparamete'r)Z € <C‘§2’ A>

= (U oty PN W g 4y FON2) € (2, 4)) % (2, 4))),

(W 1 0y TN (U 4 o1y F70)2) € (31, 4)) * ((32,A)))

= (s TN (W ) oy P )2) € (G, A)) ¢ (2, A))) P
((S1,8)) # (32, 4))) = (((F1 4)) % ((f2, ) T (1, 8) * ((uz, 4))) 7 (((S1,8)) * (32, 4)))-
Thus 3 is a NS base. [

Theorem 8.3. Let (7" |3, A) and (z°°, 7, A) be two nstas spaces on the crisp sets
2P and 17" respectively. that is (x crip! C‘ A) (x crip® o A)be the NS product space,
Then the product spacex{((z“?", 3, A) « (mc”p .7, A))P9<LY s NS regqular space iff each
NS co- ordmate space

x{ (xS, A) * (2% 7, A))?} is NS reqular space.

Proof. Suppose each co-ordinate space x{((xc”pl, 3, A) (:UC”pz,T, A))?} is NS regular space.
Let ((a:?a’b’c),jpammet‘""),A> = ((x, A)%94) be any point of the NS space x{((z°"" S, A) x
(ze7%* 1, A))?0€8) and £, g, A) be any NS a open in x{((z%#" S, A) « (z° 1, A))MGA}
s.t. <(a:fa7b7c),_-Ip“mmet”),A> € (,9,A4) Then 3 a NS « open set <h A) in x{((z°P" | S, A) *
(:CC”p2, 7, A))%9€2} such that

<(xfavb’c),jpammet”),A) e (h,A)C(,g,A) . Let,x{({,g, A)?P€2} is the NS product space such
that (,g, A)? is NS a open in x{((z"", S, A) = (2°%*, 7, A))?} . Since each x{((z<"?", S, A) *
(zrP® |7, A))?} . Since each x {((z<"" | S, A) (:CC”I’Q,?, A A))?} is NS regular and (, g, A)
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is NS o open in x{((z"" | S, A)*(z<"P* 7, A))?} containing (( (abc)’ Jparameter)  AY9 NS o open

set (B, AP in < {((@7P, 3, A) 5 (@797, AP st (25,00 PTOE), A € (K, A))

and ((, h, A))9C(, g, A)? Let {((h, A))??€2} | then {((h, A))?P€2} is NSopen set in x{((z77" | S, A)x

(ze%* 1, A))?} and contains (x, A). Also, x((h, A))9:94 = x{((h, A))?9€2 . 9 €a} Further,

since ((, h, A))PC(, g, A)? for each & ,we have x{((h, A))?9€2 : 9 en}C{((g, A))?9€L} . this

shows that for every soft point

<(xl(€abc)7 jparameter)7A> c X{((xc?"ipl,%7 A) * (xcripzﬂ_, A))@:(?GA}

and every NS a open set (, g, A) containing (z, A) there exists NS « open set x{((h, A))

8 e x{((z=?" |3, A) * (7% 7, A))%9€4} such that (@0 b0y Jparametery  A\9 ¢ (( b, A))? and

X((h, AYPDERE{({g, AY)*P€2} . Hence, x{((z",3, A) x (z#* 7, 4))P9<4} is NS regular.

Conversely, let the non-empty NS product space x{((z%®" 3, A) x (x<7P* 7, A))%9€4) be NS
Y pty p p AN y Ty

regular and let x({((azmpl,%, A) x (2% 7, A))99€21)8 he an arbitrary soft co-ordinate space.

Then, we must show that is NS regular. Let ((:Efabc),:lp“mmete’"),A)/B be any soft point of

< {((z=#" 3, A) * (27" 7, A))?92) and let (, g, A) be any NS open in x{((z%', S, A) *

(mc”ip2, T, A))a‘aeﬂ} such that ((a:(ea b gparametery  AVB ¢ (g, A). now, choose, soft element

(@0, p0): Aparameter)  A) in s { (x| S, A)x (2P 7, A))%9€5Y whose Bth co-ordinate in (z, A).

Let <,Q,A> — ﬂ-ﬁ 1(( (abc) __Iparameter)jA)i' Then, ((xf(iabcy__]parameter),A),B c (,g,A> and by

soft continuity of =1, (, g, A) is NS soft open in x{((accripl,%, A) * (:L‘CMPQ,T, A))F9€LY Since,

x{((x erip! ,A)*(x crip? o A))9:9€21 is NS regular space so 3 basic NS open set x {((h, A))?9€4}

Where each ((,h, A))? is NSopen in x {((a", S, A)x(aP", 7, A))P0L ) s 4. ((af, , ), Frometer), A) e

< {((h, 4))?9€2 } and {({h, A))PPER]C (g, A)? This shows that x { (7', 3, A)x(zem#*, 7, 4))?9<01

is NS regular and hence, each co-ordinate space is NS regular. L]

0:0€N .

Theorem 8.4. Let (P |3, A) and (xcriPQ,T, A) be two nstas spaces on the crisp sets
P and 2P respectively. that is (xC”pl, I, A) * (mmPZ,T, A)be the NS product space,
Then the product space x{((:vm"ipl,%, A) * (z% 7, A))%9€8Y s NS completely regular
space iff each soft co-ordinate space {((xc”pl, I, A) * (a;c’"ip2, 7, A))?} is soft completely NS
reqular space.

Proof. Let each soft co-ordinate space x{((xc”pl,%,A) * (xmpz,T, A))?} is NS completely regular.
Then, we must show that the NS product space x{((a:“”pl,%,A) x (zo?" 7, A))29€8) | Let (R, A) be
any member of the usual soft sub-base for the NS product topology and let ((xfa,b,c)’ :IP“/T;\T_’;“’“), A) =
(2, bc),:lpmt”LA)a:aEA) be any soft point in (X, A). Then (X, A) = 77~1({g, A)?) is NS « open
in {(( eriv’ & A) (2% 7, A))P} and contains ((xfa’b’c),_-Ip“mm“”),AW). Since, {((zTP", S, A) *
(zerie® | 7, A))ﬁ} is NS completely regular = soft mapping f : {((z=®", S, A) * (z=%", 7, A))?} — [0, 1]

such that f({(z{, ;. Jparametery - A)VB) — 0(@> jmﬁm) and f(§, A) = 1Vy € {((z=%" | S, A)x(am?" 7, A))P}—

(g, A)?. . Since 77 is NS continuous and f is soft continuous, so the NS composite mapping (for” :
x{((zrP" |3, A) « (27" 7, A))P} — [0,1] is NS continuous. Now, if

<($<a,b,c),j’°”“met”),A>ﬁ ) € (N, A) then ((f,, ), orameter) A) € 77" ((g, A)?) implies that
Trﬂ(<(xfa,b,c)7 jparumeter)7 A>) E <g7 A>ﬁ

= I ey 20, AD] = F((0 g0 37N, A)) = 0 ) i)
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= (forP)((x, A)) =0 Again, if

(Z), jpa:a\w;tcr)

(25, 4.0y FP0T0E0T), A) € x{((277", 3, A) # (z77" 7, A))?9€0} — (R, A) Then,

(25, 4.y FP0T0E), A) € {277, S, A) % (z77", 7, A))?0€4} — (R, A) implies that

(26, p) FUImtT), A) € 7877 x {((xmpl 3, A) # (z°7P° 7, )%} — 787 (g, A)) implies that
(( S

greremeten), A) € 7 x (@ sA)*(xﬂft’pQ?T,A))@:@eA}f<g7A>>imphes that
T (@6, .0y POrameter), A) € 7871 x ({((a7P', S, A) x (29797, 7, A))20€8} — (g, A)) =

f[ﬂ'ﬁ((( (abcyjparameter)’A))] _ 1(<§>7jpamt”) = (fOWﬁ)(zf%b’C)’jparameter)’A) = 1(<£>7jpa%tcr)
thus .

O(<§>’jpa7r;n/eter) =if(z,A) € (g,4)

f[ﬂ-ﬁ(<x7 A))] = O((Q“),jpa:;n/eter) = ((m((ia,b,c)’ __Iparameter)’ A) (11)
hance x {((z°"#", 3, A)x € x{((z#" 3, A) = (z" 7, A))P0€4} — (R, A)

(zeriP® | 7, A))a‘aeA} is soft =--regular. Conversely, let the soft product space
x{((zmP" |, A)x € x{((z°P", S, A) % (z7P" 7, A))9:9S8} be soft NScompletely regular and let
x{((x eriv’ , A)x (mc’"ipz, 7, A))?} be arbitrary soft co-ordinate space. Then, keeping continue on the lines
that are traced in the second part of the proof of the Theorem 3.6, we can show that x{((mC”pl, $, A) *
(acc”p2 , 7, A))?} is the NS homeomorphic image of a NS sub-space of x {((:v‘”’ip1 , S, A)x € X {((x‘”’ip1 , S, A)x
(xC”T’Q,T, A))%9€21 | Now, every NS sub-space of a NS completely NS regular space being NS com-
pletely regular and NS image of a NS completely regular space being NS completely regular, it fol-
lows that x{(( eriv' g, A) * (:cC”pz, 7, A))?} is NS completely regular. Hence, each co-ordinate space of
x{((zr?" |, A)x € x{((z<"P" |3, A) * (z°7P° 7, A))?:9€2} is NS completely regular.

[

9 conclusion:

The concept of a neutrosophic set was introduced by Smarandache. This theory is a
straight forward generalization of classical set theory, fuzzy set theory, intuitionistic fuzzy
set theory etc. This set attracted the attention of mathematicians more because of the
strange characteristics. This set supposes three possibilities at a time that is truth mem-
bership function, an indeterminacy membership function, and a falsity membership func-
tion. When separation in neutrosophic soft topological spaces among points are measured
then in that case the concept of separation axioms come in action. Neutrosophic soft sep-
aration axioms are the most important and interesting concepts via neutrosophic soft
topology. We have introduced the concept of generalized neutrosophic soft separation
axioms in neutrosophic soft topological spaces with respect to soft points. Later on the
important results are discussed related to these newly defined concepts with respect to
soft points. The concept of neutrosophic soft 7-separation axioms of neutrosophic soft
topological spaces is used in different results with respect to soft points. Results on
neutrosophic Countability, convergence of sequences in Hausdorff spaces, neutrosophic
monotonous functions and neutrosophic soft product spaces with respect to soft points
are addressed...
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