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The stability of a communication network composed of
processing nodes and communication links is of prime
importance to network designers. As the network be-
gins losing links or nodes, eventually there is a loss in
its effectiveness. Thus, communication networks must
be constructed to be as stable as possible, not only with
respect to the initial disruption, but also with respect to
the possible reconstruction of the network. For any fixed
integers n,p with p > n + 1, Harary constructed classes
of graphs H, , that are n-connected with the minimum
number of edges. Thus Harary graphs are examples
of graphs with maximum connectivity. This property
makes them useful to network designers and thus it is of
interest to study the behavior of other stability param-
eters for the Harary graphs. In this paper we study the
toughness of the third case of the Harary graphs.
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1 Introduction

Let G be a graph with vertex set V. Let A be a subset of V. We define G — A to be
the graph induced by the vertices of V' — A. Also, for any graph G, w(G) is the number
of components of G.

Throughout this paper we will let p and ¢ be the number of vertices and edges of G
respectively. A set of vertices in G is independent if no two of them are adjacent. The
largest number of vertices in any such set is called the vertex independence number of G
and is denoted by S(G) or 5.

A cut-set of a graph G is a set of vertices whose removal results in a disconnected graph
or the trivial graph Kj. The connectivity of G, k = k(G), is the minimum order of a
cut-set in G. A graph G is called n-connected if kK > n.

The toughness of a graph G was defined in [2] as t(G) = min{w(éf_‘A) }, where the mini-
mum is taken over all cut-sets A of G. A subset A of V(G) is said to be a t-set of G if

tHG) = % . Note that if G is disconnected then the set A may be empty.

Given a graph G, the graph G" has V(G") = V(G) and uwv € E(G") if and only if the

distance from u to v in G is at most r. Thus, in particular, C;," has

V(C,)={0,1,...,p—1} and E(C,") ={ij : |i — j| < r}.

For any fixed integers n,p with p > n + 1, Harary [3] constructed classes of graphs H,, ,,
that are n-connected with the minimum number of edges on p vertices. Thus Harary
graphs are examples of graphs which in some sense have the maximum possible connec-
tivity and hence are of interests as possibly having good stability properties.

Also, the Harary graph H, , with n = 2r is the rth power of the p-cycle, C},", for which
both the toughness have been studied. Harary graphs, H, , is constructed as follows:

Casel: If n is even then let n = 2r. Then H, , has vertices 0,1,2,...,p — 1 and two
vertices ¢ and j are adjacent if and only if |i — j| < r (where addition is taken module p).
Note that this is C,," and is n-regular.

Case2: (Moazzami and Bafandeh [4]) If n is odd (n > 1) and p is even. Let n = 2r + 1
(r > 0). Then Hy, 41, is constructed by drawing H,,, and adding edges joining vertex ¢
to vertex i + & for 1 < ¢ < £. Again note that this is an n-regular graph.

Case3: If nis odd (n > 1) and p is odd. Let n = 2r +1 (r > 0). Then Hy 41, is
constructed by first drawing Hy,, and adding edges joining vertex ¢ to vertex ¢ + p—;rl for



53 D. Moazzami, / Journal of Algorithms and Computation 46 (2015) PP. 51 - 71

< %1. Note that under this definition, vertex 0 is adjacent to both vertices I%l
—1

. Again note that all vertices of H, , have degree n except vertex 0, which has

0
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degree n + 1. Hjg is shown in Figure 3.

Figure 1. Harary graph with n odd and p even

The following four proposition were proved in [2].

Propositionl: If G is a spanning subgraph of H, then ¢(G) < t(H).
Proposition2: For any graph G, t(G) > %
Proposition3: If G is not complete, then ¢(G)
Proposition4: If G is not complete, then ¢(G)

2 Toughness of a graph with maximum connectivity:

In this section we start to calculate the toughness of third case of Harary graphs. Through-
out the rest of this paper we will let the connectivity n = 2r+1 and the number of vertices
p="k(r+1)+sfor0<s<r+1. Sowe can see that p=smod (r+ 1) and k = [ ;25 ].
Also we assume that the graph H,, , is not complete, so n+ 1 < p. Note that this implies

that k& > 2.

Lemma 1: Let H, , be the Harary graph with p and n both odd, n = 2r +1 and r > 0.
Then p =1 mod (n+ 1) if and only if s = 1 and & is even.

Proof: Let 1 < s < r+1and k = 2¢+ 1 for some q. Thus p = k(r +1) +s =
gn+1)+s+r+1. Sincel <s+r+1<n+1,p#1mod (n+1).

Now suppose £k =2gand 1 < s <r+1. Thus p=g¢g(n+1)+s. Since 1 < s <n+1,
p# 1 mod (n+1).



54 D. Moazzami, / Journal of Algorithms and Computation 46 (2015) PP. 51 - 71

If s =0 then p = k(r+1). Since p is odd we know that k is odd. Thus p = g(n+1)+r+1.
Since 1 <r+1< (n+1), then p # 1 mod (n+1).

Finally, consider the case when s = 1. If k is odd, then p = ¢(n + 1) + r + 2. Since
l<r+2<n+1,then p# 1 mod (n+1). If k is even, then p = ¢(n + 1) + 1. Thus
p=1mod (n+1). O

Lemma 2: Let H, , be the Harary graph with p and n both odd, n = 2r +1 and r > 0.
Then

k if pZ£1mod (n+1)

B(H"J’): {k:—l ifpzlmOd (n+1)

Proof: let G = H,,. Since at least r consecutive vertices must be between any two
members of an independent set and s < r + 1, then §(G) < k. Consider the set

B={0,7+1,2(r+1),3(r+1),...,(k—=1)(r+1)}

Let 0 < s < r and assume k = 2g + 1 for some ¢. Since vertex ¢ is adjacent to vertex
i+l =it gir+ 1)+ 41 forany 0<i <2t and 5+1< = +1<r+1, and
vertex 221 ¢ B then vertex t(r+1) € B, 0 <t < k—1, is not adjacent to vertex z(r + 1)
for any 0 < x < k — 1. Thus the set B is an independent set and 3(G) = k.

Assume s =r # 0 and k = 2¢ + 1 for some ¢. Consider the set
C={0,r+1,2(r+1),....q(r+ 1), g+ D)(r+1)+1,....(k=1(r+1)+1}

If s = r, then #f +1 = r + 1. Since vertex i is adjacent to i + 22 =i+ (¢ + 1)(r + 1)
for any 0 < ¢ < p—;l , and vertex p—;l ¢ C, then vertex t(r+1) € C, 0 <t < ¢, is not
adjacent to z(r + 1) + 1 for any ¢+ 1 < 2 < k — 1. Thus C is an independent set and

hence the independence number is at least k. Therefore 8(G) = k.

Suppose 1 < s < r+ 1 and k = 2q for some ¢q. Consider the set B. Since vertex 7 is
adjacent tovertexi—l—’%l :i+q(r+1)+% for any 0 < < p—;l and 1 < % <r+1,
and vertex 221 ¢ B, then vertex t(r+1) € B, 0 < t < k—1, is not adjacent to (r+1) for
any 0 < x < k—1. Thus in this case B is again an independent set. Therefore f(G) = k.

Now let s = 1 and k = 2q for some ¢q. Assume J(G) = k. Since s =1, m = 2¢(r +1) + 1.
Hence there are r consecutive vertices between two members of an independent set and
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so sets of the format B or C are the only possible independent sets. But we also need
to consider edges of the form {i,i + I%l} Hence vertex t(r + 1), 1 <t < g, is adjacent
to vertex z(r + 1) + 1 for any ¢ + 1 < & < k — 2, and vertex 0 is adjacent to vertices
L = g(r+1) and 2% = g(r+1)+1. First consider the set B. In B vertex 0 is adjacent to
q(r+1) and this is a contradiction to the definition of independent set. Now, consider the
set C. In C vertex t(r+1), 1 <t < g, is adjacent to vertex z(r+1)+1,¢+1 <z < k-2,
and again this is a contradiction to the definition of independent set. Hence B(G) # k

and thus §(G) < k.

Finally consider the set
C=A{0,r+1,2(r+1),...,(g—=1)(r+1),q(r+1)+2,(¢g+1)(r+1)+2...,(k—=2)(r+1)+2}

Since vertex i is adjacent to ¢ + ’%1 =i+q(r+1)4+1forany 0 <i < ’%1, and vertex
p%l ¢ D it can be seen that vertex t(r +1) € D, 0 <t < ¢ — 1, is not adjacent to vertex
x(r+1)+2, ¢ <x <k—2. Thus D is an independent set. Hence k —1 < 5(G) < k.
Therefore since 3(G) and k are integers, we can conclude that (G) =k — 1.

Theoreml: Let H, , be the Harary graph with p an n odd, and n = 2r 4+ 1, then

r < t(H,

n?p

) < r+¢ ifp#1mod (n+1)
B ifp=1mod (n+1)

Proof: Let G = H,,. By proposition 4, {(G) < p;(ﬁé();). Thus by lemma 2, if p #£ 1
mod (n + 1), then ¢(G) < &£ = W =7+ 1, and if p = 1 mod (n + 1), then
t(G) < pfk(kfl) _ k(r+1)+s—k+1  krt+s+1

> TR

k—1 k—1

Since V(Ha,,) = V(G) and E(Hy,,
By proposition 1, we have t(Hs, )

») € E(G), then Ho,., is a spanning subgraph of G.
< t(G). Thus we have r < t(G).
Corollaryl: If p and n are odd s = 0, then t(H,,) = r.

Corollary2: If p and n are odd, s = 1 and k is odd, then r < ¢(H,,) <r +

el

Corollary3: If p and n are odd, s = 1 and k is even, then r + 1 < ¢(H,,) < 5+2.

Lemma 3: Let H, , be the Harary graph with n = 2r 4+ 1, p and k both odd, r > 2,
1l < s <r+4+1and s < k. Then there is a cut-set A with kr elements such that
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w(H,,—A) =k.

Proof: We may assume H,, , is labeled by 0,1,2,...,p — 1. Let s <k, so s = k — for
some [. Thus p = s(r +2) + (r + 1). Since k is odd then k = 2¢ + 1 for some gq.

Casel: If r is odd then s is odd and [ is even. Then s = &k —1 > 1 and [ = 2t for
some t. Hence k — [ = 2q + 1 — 2t > 1 which implies that ¢ > t. Define the sets W; for
1 <i<2q+1 as follows:

{ir +1i} 1<i<t
W — {ir—t+2i—1,ir—t+ 2} t+1<i<gq
Yo {ir—t+q+i} g+1<i<q+t

{ir—2t+2—1,ir—2t+2} q+t+1<i<2q+1

Let W be the union of the sets W;, 1 <i <2¢+ 1 and A = V(G) — W. The number of
vertices in Wisequal tot +2(¢ —¢t)+t+2(q—t+1)=2(2¢q+1) -2t =2k -l =k +s,
so |A| =p—Fk — s = kr. Now, we can see that for any 1 < ¢ < 2¢ + 1, the elements in
W, differ from those in W1 by at least r + 1. Hence, no vertex in W; is adjacent to a
vertex in W;, 1 < i < j < 2¢+ 1, by an edge in the copy of Hs,, in G. Thus we only
need consider edges of the form {z, z + I%l} In fact, we need to consider only such edges
when z is at most p%l. Hence, since p%l = qr—l—?q—t—i—%—i—% <(g+Dr—t+q+(q+1),
we need to consider only vertices in W; for 1 <1 < gq.

So consider W; = {ir +i} for 1 <i <t. Then

it P = (g =t gt (g ) 1A > (g —th g+ (g i) = jr—t+q -+,
for j = q+1.

Also, since r > 2,

ir+i+ B < (g+i)r—t+q+(g+i)+1l+r=(q+i+)r—t+qg+(¢+i+1) =
J+1)r—t+q+(+1).

Therefore the set {ir + i+ p—;rl} is strictly between W; and W;;, for j = ¢ + ¢, and so it
is contained in A.

Finally, consider W; = {ir —t +2i — 1,ir —t + 2i} for t + 1 < i < ¢q. Then
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ir—t+2i— 1422 = (g+i)r —2t+2(q+14) + = > (¢+i)r —2t+2(q+14) = jr—2t+27,
for j =q+1.

Also,

ir—t+2 4+ = (g+i)r —2t+2(q+i)+1+r=(g+i+)r—2t+2(q+i+1)—1=
G+1)r—2t+2(j+1)—1.

Hence the set {ir —t +2i — 1+ 2 ir — t + 2i + 221} is strictly between W; and W4 for
j = q+1and so it is contained in A. Also note that O—i—p—;rl =qr+2q—t+1+ %—i—% Z W,
for any 7 and so is in A. Therefore the W;, 1 < i < 2¢g + 1 = k are the components of
H,,—A sow(H,,—A) =k

Case2: If r is odd, then s is even and [ is odd. Hence s = 2h for some h. Define

{ir + 20 — 1,ir + 2i} 1<i<h
W {ir+i+h} h+1<i<gq
Yo {ir42i—gq+h—1ir+2i—q+h} q+1<i<q+h
{ir +i+2h} g+h+1<i<2g+1

Let W be the union of the sets W;, 1 <i < 2¢+ 1 and A = V(G) — W. The number
of vertices in W is equal to 2h + (¢ —h) +2h+q—h+1 =29+ 14 2h = k+ s, so
|Al = p—k —s = kr. Now, we can see that for any 1 < ¢ < 2¢ + 1, the elements in
W, differ from those in W;,; by at least » + 1. Hence, no vertex in W; is adjacent to a
vertex in W;, 1 <4 < j < 2¢ + 1, by an edge in the copy of Hy,, in G. Thus we only
need consider edges of the form {z, z + 1%1} In fact, we need to consider only such edges
when z is at most ’%1. Hence, since ’%1 =qr+q+h+5<(qg+1)r+2(qg+1)—q+h—-1,
we need only consider vertices in W; for 1 <17 < gq.

So consider W; = {ir + 2i — 1,ir + 2i} for 1 <1i < h. Then

ir+2i—14+22 = (g+i)r+2(g+i)—q+h+% > (g+i)r+2(q+i) —q+h = jr+2j—q+h,
for j =q+1.

Also, since r > 2
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424+ = (g+i)r+2(g+i)—g+h+i+1<(q+i+)r+2(q+i+1)—qg+h—1=
G+)r+2(j+1)—qg+h-1

Therefore the set {ir +2i — 1 + Z-L ir + 2i + 221} is strictly between W; and W;y, for
j =q+1i, and so it is contained in A.

Finally, consider W; = {ir + i+ h} for h+1 < i < q. Then
ir+ith+2L = (g4+i)r+(q+i)+2h+L+1 > (q+i)r+(g+i)+2h = jr+j+2h, for j = g+i.

Again we have, ir+i+h-+22 < (g+i)r+(g+i)+2h+2+1 < (q+i+1)r+(g+i+1)+2h =
(J+1)r+(+1)+2h.

Hence the set {ir +i+ h+ p—;l} is strictly between W; and Wj,, for j = ¢+ and so it is
contained in A. Also O—I—I%1 =qr+q+hg+1€ A Therefore the Wi, 1 <i<2¢+1=k
are the components of H, , — A, so w(H,, — A) = k.

Theorem 2: Let H,, , be the Harary graph with n = 2r+1, pand k bothodd, 1 < s < r+1
and s < k. Then t(H,,,) = 7.

Proof: First we see that r > 2, since if r = 1, 1 < s < 2, a contradiction. By Theorem 1,
we have r < t(H,,). By lemma 3, there is a cut-set A of H,,, with kr elements such that
w(H, ,—A) = k. Therefore, the toughness attains the lower bound using A, so t(H,,,) = 7.

Now we consider the cases when s > k and p and k are odd. Again as before the following
lemmas are required in the proofs of Lemmas 6,7 and 8.

Lemma 4: Let H,,, be the Harary graph with n = 2r+1, pand £ both odd, 1 < s <r+1
and s > k, where s = ak + b, for some a and b.

Case 1: For 0 < b < k,
()If r is even, then

{4 a odd
r 2z

8 a even

(i))If r is odd, then
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5 a odd
>
7 a even
Case 2:For b =0, s = ak,

(i) If r is even, then r > 6,
(ii) If r is odd, then r > 3.

Proof:

Case 1. Let r be even and 0 < b < k. Hence s is even.

Subcase (i). If a is even then b is even and the minimum values for b and a are 2. Since
k is odd and b < k, the minimum value for k is 3. Therefore the minimum value for s is
2(3) +2 = 8. Since r is even and s < r + 1, we have r > 8.

Subcase (ii). If a is odd then b is odd and the minimum value for b is 1. Since a and k
are odd and b < k, the minimum values for k£ and a are 3 and 1 respectively. Therefore
the minimum value for s is 1(3) + 1 = 4. Since r is even and s < r 4+ 1, we have r > 4.

Case 2. Let r be odd and 0 < b < k. Hence s is odd.

Subcase (i). If a is even then b is odd and the minimum value for b is 1. Since a is
even and k is odd and b < k, the minimum values for £ and a are 3 and 2 respectively.
Therefore the minimum value for s is 2(3) + 1 = 7. Since r is odd and s < r+ 1, we have
r>"T.

Subcase (ii). If a is odd then b is even and the minimum value for b is 2. Since a and k
are odd and b < k, the minimum values for a and k are 1 and 3 respectively. Therefore
the minimum value for s is 1(3) +2 = 5. Since 7 is odd and s < r 4+ 1, we have r > 5.

Case 3. Suppose r is even and b = 0. Then s is even and so a is even. Since £ > 1 and k
is odd, the minimum values for @ and k are 2 and 3 respectively. Therefore the minimum
value for s is 2(3) = 6. Since r is even and s < r + 1, we have r > 6.

Case 4. Suppose 7 is odd and b = 0. Then s is odd and so a is odd. Therefore the
minimum values for a and k are 1 and 3 respectively. So the minimum value for s is

1(3) = 3. Since 7 is odd and s < r + 1, we have r > 3.

Lemma 5: Let H,, , be the Harary graph with n = 2r+1, pand k both odd, 1 < s <r+1
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and s > k. Where s = ak + b for some @ and 0. If 0 < b < k then a +1 < ¢ with equality
possible only if r is even and a is odd. If b = 0, so that s = ak, then a +1 < [r/2].

Proof.

Case 1. Let r be even and 0 < b < k. Hence s is even.

Subcase (i). If a is even then b is even and the minimum value for b is 2. Since b < k and
k is odd, the minimum value for k is 3. Thus 3a +2 < ak+b = s. Since 2a+ 2 < 3a + 1,
we have 2a + 2 < r. Therefore a +1 < 3.

Subcase (ii). If a is odd then b is odd and the minimum values for b and k are 1 and 3
respectively. Thus 3a +1 < ak + b = s. Since a is odd, we have 2a + 2 < 3a + 1 and so
2a + 2 <r. Therefore a +1 < £.

Case 2. Let r be odd and 0 < b < k. Hence s is odd.

Subcase (i). If a is even then b is odd and the minimum value for b is 1, and since k is
odd and b < k, the minimum value for k is 3. Thus 3a 4+ 2 < ak + b = s. Since a is even,
we have 2a + 2 < 3a + 1. Thus 2a + 2 < r. Therefore a +1 < 3.

Subcase (ii). If a is odd then b is even and the minimum value for b is 2. Since k is odd
and b < k, the minimum value for £ is 3. Thus 3a+2 < ak+b = s. Since 2a+2 < 3a+ 2
and s <7, we have a +1 < £.

Case 3. Let r be even and b = 0. Thus a is even. Since a is even, we have 2a + 2 < 3a.
Since k is odd and k£ > 1, the minimum value for £ is 3. Hence 3a < ak = s < r.
Therefore a +1 < 5

Case 4. Let r be odd and b = 0. Thus a is odd. Therefore we have 2a+1 < 3a. Since k is

odd and k£ > 1, the minimum value for k£ is 3. Hence 3a < ak =s <r,andsoa+1 < % .

Lemma 6: Let H, , be the Harary graph with n = 2r + 1, p and k both odd, 1 < s <
r+ 1 and s = ak for some a. Then there is a cut-set A with kr elements such that
w(Hm,p) —A) =k.

Proof. Let s = ak and k = 2¢ + 1 for some ¢. Thus

m=2qr+2q(a+1)+r+a+1.

Let W; = {ir+ (i —Da+1i,...,ir+ia+ i} for 1 <i<2q¢+ 1 and let W be the union of

the sets, W;, 1 <i <2q¢+1, and A =V (G) — W. The number of vertices in W is equal
to (2¢+1)(a+1)=ka+k=s+k,so|A =p—k—s=kr. Now we can see that for any
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1 <i <2g+1, the elements in W; differ from those in W;,; by at least » + 1. Hence, no
vertex in W; is adjacent to a vertex in W, 1 <i < 5 <2¢g+ 1, by an edge in the copy of
Hy,., in G. Thus we need only consider edges of the form {z,z + 1%1} In fact, we need
to consider only such edges when x is at most p—;l. Hence, since by Lemma 5, § < 5, so

Elogr+qatq+i+2<(g+1l)r+qa+tqg+l,

we need to consider only vertices in W; for 1 < i < ¢. So consider
W,={ir+ (G —Da+i,... ir+ia+1}

for 1 <i < ¢q. Then

ir+(i—Dat+i+BE = (q+i)r+(q+i)a+(q+i)+5—2+1> (¢+i)r+ (g+i)atq+i=
Jr+ja+j, for j = q+1.

Also,
ir+ia+i+ 2 < (g+i+Dr+(g+i)a+(g+i+1)=(G+1)r+ja+j+1.

Hence, the set {ir + (i — 1)a+i+ 2, ... ir +ia + i+ 22} is strictly between W and
Wi for j = ¢+ 1, and so it is contained in A. Also

0+p—J2rl:qr+qa+q+§+%+1eA
Therefore the W;, 1 < i < 2g+1 = k are the components of H,,, — A, so w(H,,—A) = k.

Theorem 3: Let H,,, be the Harary graph with n = 2r+1, pand k bothodd, 1 < s < r+1
and s = ak for some a. Then t(H,,) = r.

Proof: By Theorem 1, we have r < ¢(H,,). Set A of Lemma 6 achieves this lower bound,
since |A| = kr and w(H,,, — A) = k. Therefore t(H,,) = 1.

Lemma 7: Let H,,, be the Harary graph with n = 2r+1, pand £ both odd, 1 < s <r+1
and s > k where s = ak + b for some a and b, 0 < b < k. Then there is a cut-set A with
kr elements such that w(Hn,p) — A) = k.

Proof: Let s > k, and s = ak + b for 0 < b < k. Thus

p=kr+ (k—>b)(a+1)+0bla+2).
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Write p = k(r + 1) + s. If r is even, then s is even. In this case a is even if and only if b
is even. If r is odd, then s is odd. In this case a is odd if and only if b is even. Thus we
have the following two cases.

Casel: Let r and a both be even, or r and a both odd. Hence b is even. Therefore b = 2h
for some h. Since k is odd, k = 2g + 1 for some q. Hence k — b = 2q + 1 — 2h > 1 which
implies that ¢ > h. Define the sets W; for 1 <i < 2¢ + 1 as follows:

{ir+(i—1Da+2i—1,...,ir+ia+ 2i} 1<i<h

W {ir+(i—1a+i+h,...,ir+ia+i+h} h+1<i<gq

Yl {ir+(i—1Da+2i—q+h—1,.. ir+ia+2i—q+h} q+1<i<q+h
{ir+(—Va+i+2h,... ir+ia+i+2h} g+h+1<i<2¢+1

Let W be the union of the sets W;, 1 <i <2¢+ 1 and A = V(G) — W. The number of
vertices in W is equal to

h(a+2)+(qg—h)(a+1)+h(a+2)+(¢—h+1)(a+1) = (2¢+1)a+2h+k = ka+2h+k = k+s,

so |Al = p—k —s = kr. Now, we can see that for any 1 < ¢ < 2¢ + 1, the ele-
ments in W; differ from those in W;,; by at least r + 1. Hence, no vertex in W; is
adjacent to a vertex in Wj;, 1 < i < j < 2¢ + 1, by an edge in the copy of Ho,),
in G. Thus we only need consider edges of the form {z,z + p—;l} In fact, we need
to consider only such edges when z is at most p—gl. By Lemma 5, %1 < 5 Hence,
p%l =qr+qat+q+h+5+5 < (¢+1)r+qa+2(q+1)—g+h—1. Thus we need to consider
only vertices in W; for 1 < i < g. So consider W; = {ir+ (i —1)a+2i—1,...,ir +ia+2i}
for 1 <¢<h. By Lemma 5, 5 — 5 > 5+ 1> 1. Hence

ir+(Gi—1Na+2 -1+ = (g+ir+(g+i)Ja+2(q+i)—g+h+5i—-2>
(g+i)r+(g+i)a+2(q+i)—q+h=jr+ja+2j—q+h,for j=q+i.

Also, by Lemma 4 and 5, § + § < r Hence

ir+ia+2i+22 = (g+i)r+(g+i)a+2(qg+i) —g+h+L+2+1 < (q+4i)r+(g+i)a+2(g+i+
1)—q+h—14r = (¢+i+1)r+(¢+i)a+2(qg+i+1)—q¢+h—1 = (j+1)r+(j—1)a+2j—q+h—1

Therefore the set {ir + (i — 1)a+2i — 1 + 2= . ir +ia + 2i + 251} is strictly between
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W; and W,y for j = ¢ + 4, and so it is contained in A.

Finally, consider W; = {ir + (i — l)a+i+h,...,ir+ia+i+h} for h+1 <i <gq. By
Lemma 5, § — 5 + 1 > 0. Hence

ir+(—Da+i+h+2=(q+i)r+(g+i)at+(qg+i)+2h+L—2+1> (¢g+i)r+
(g+d)a+ (¢+1i)+2h=jr+ja+j—q+2h, for j =q+i.

Also, by Lemma 4 and 5, § + § < r Hence

ir+ia+it+h+2 = (g+ir+(g+i)a+ (q+i)+2h+L+%+1<(g+i+1)r+(¢+
a+ (¢g+i+1)+2h=(j+1)r+ja+ (j+1)+2h

Therefore the set {ir + (i —1)a+i+h+ p—;l, o ir+ia+i+h+ 1%1} is strictly between
W; and Wj4, for j = ¢ + 4, and so it is contained in A. Also note that 0 + I%l e A
Therefore the W;, 1 < i < 2g+1 = k are the components of H,,, — A, so w(H,,—A) = k.

Case2: If r is even and a is odd, or r is odd and a is even, then b is odd and hence k — b
is even. Therefore k — b = 2t for some t. Define the sets W, for 1 < ¢ < 2¢ + 1 as follows:

{ir+@—1)a+1i,...,ir+ia+1i} 1<i<t
W — {ir+@—-1a+2i—t—1,...,ir +ia+2i —t} t+1<i<gq
Y+ G—Datitq—t,...ir+ia+itq—tl q+1<i<q+t
{ir+(i—1a+2i—2t—1,...;ir+ia+2i—2t} g+t+1<i<2¢+1

Let W be the union of the sets W;, 1 <i <2¢+ 1 and A = V(G) — W. The number of
vertices in W is equal to

t(a+1)+(g—t)(a+2)+t(a+1)+(¢—t+1)(a+2) = (2¢+1)a+2(2¢+1)—2t = ka+k+b = k+s,

so |Al = p—k —s = kr. Now, we can see that for any 1 < ¢ < 2¢ + 1, the ele-
ments in W; differ from those in W,,; by at least r. Hence, no vertex in W; is ad-
jacent to a vertex in W;, 1 < ¢ < j < 2¢+ 1, by an edge in the copy of Hs,, in

G. Thus we only need consider edges of the form {z,x + p—;rl} In fact, we need to

consider only such edges when z is at most p;zl. By Lemma 5, § + % < 5 Hence,

p%l :qr—I—qa—I—Qq—t—F%—i—%—I—% < (q+1)r+qga+2q+1—t. Thus we need to consider

only vertices in W; for 1 <1i < ¢. So consider W; = {ir + (i — 1)a+4,...,ir +ia+ i} for
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1 <<t ByLemma5,%—$>O. Hence
ir+(i—a+i+2 = (g+i)r+(g+i)at (g+i)+qg—t — 52> (g+i)r+(g+i)a+
(q+i)+q—t=gr+ja+j+q—t, forj=q+i.

Also, by Lemma 4 and 5, “TH + 5 < r Hence
irtia+i+ B = (g+i+D)r+(g+i)a+2(qg+i+1)+qg—t=(j+1)r+jat+j+1+q—t

Therefore the set {ir + (i — 1)a+ i+ 2, ... ir + ia + 221} is strictly between W; and
Wi for j = ¢ +14, and so it is contained in A.

Finally, consider W; = {ir+ (i —1)a+2i —t—1,...,ir+ia+2i—t} for t +1 <i <.
By Lemma 5, 5 — %1 > %3 > (. Hence

ir+ (i —Da+2i—t—1+2 = (g+ir+(g+i)a+2q+i)—2t+% -5t >
(q+i)r+ (q+i)a+2(qg+1i) — 2t = jr + ja+ 25 — 2t, for j = q + i.
Also, by Lemma 4 and 5, 5 + 2% < r Hence

ir+ia+2i—t+2 < (g+i+1)r+(g+i)a+2(g+i+1)—2t—1 = (j+1)r+ja+2(j+1)—2t—1.

Hence the set {ir + (i —1)a+2i—t — 1+ 2 ir+ia+2i—t+ 2} is strictly between
W; and Wj,, for j = ¢ + 4, and so it is contained in A. Also note that 0 + ’%1 e A
Therefore the W;, 1 < i < 2g+1 = k are the components of H,,, — A, so w(H,,—A) = k.

Theorem 4: Let H, , be the Harary graph with n = 2r+1, pand k both odd, 1 < s < r+1
and s > k, where s = ak + b for some a and b, 0 < b < k. Then t(H,,) = r.

Proof: By Theorem 1, we have r < ¢(H,,). Set A of Lemma 7 achieves this lower bound,
since |A| = kr and w(H,,, — A) = k. Therefore t(H,,) = 1.

Lemma 8: Let H,, be the Harary graph withn =2r+1,podd, r>21<s<r+1
and s < k and k even. Then there is a cut-set A with kr + 1 elements such that
w(Hmn,p) — A) = k.

Proof: We may assume H, , is labeled by 0,1,2,...,p—1. Let s <k, then s = k — [ for
some [. Since p is odd and k is even, then s is odd. Hence [ = 2t + 1 and k = 2q, for some
t and q. Thus s =k —1 =2 — 2t — 1 > 1, which implies that ¢ > ¢ + 1. Define the sets
W; for 1 <i <2q+ 1 as follows:



65 D. Moazzami, / Journal of Algorithms and Computation 46 (2015) PP. 51 - 71

{ir +2i — 1,ir + 2i} 1<i<g-—-t-—1
W {ir+i+q—t—1} g—t<i<qg+1
' i+ 2% —t—3ir+2 —t—2} q+2<i<2—t
{
{ir+i+2q—2t—2} 2q—t+1<i<2g

Let W be the union of the sets W;, 1 < ¢ < 2¢ and A = V(G) — W. The number of
vertices in W is equal to

2q—t—1+t+24+2(q—-t—1)+t=4¢—(2t+1)—-1=2k—-1—-1=k+s—1,

so |[Al=p—k—s+1=kr+1. Now, we can see that for any 1 < i < 2¢, the elements
in W; differ from those in W, by at least » + 1. Hence, no vertex in W; is adjacent to
a vertex in W;, 1 <@ < j < 2¢q, by an edge in the copy of Hy, , in G. Thus we only need
consider edges of the form {z, z+ I%l} In fact, we need to consider only such edges when
x is at most p%l. Hence, since p—;l =qr+2q—t—1<(q+1)r+(qg+1)+qg—t—1, we need
to consider only vertices in W; for 1 <i < gq. So consider W; = {ir +2i — 1,... ir + 2i}
for1<i<q—t—1. Then

ir+2i— 1+ = (g+i)r+2(g+i)—t—1> (q+i)r+2(q+4) —t—2 =jr+2j—t—2,
for j =q+1.

Also, since r > 2
ir+2i+ 8 < (g+i+Dr+2q+i+1)—t—3=0G+1)+2(+1)r—t—3.

Therefore the set {ir +2i — 1 + p—;l, -+ 24+ 1%1} is strictly between W; and W, for
j =q+1i, and so it is contained in A.

Finally, consider W; = {ir +i+q—t — 1} for ¢ —t <i < ¢q. Then

ir+itq—t—1+2 = (g+i)r+(g+i)+2¢—2t—1> (g+i)r+(g+1i)+2¢—2t -2 =
gr+j+2q—2t—2 for j =q+1.

Also, since r > 2

irt+itg—t—1+21 < (g+i+1)r+(qg+i+1)+2¢—2t—2= (j+1)r+j+1+2¢—2t—2.
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Hence the set {ir +i+q—t— 17%1} is strictly between W; and W;,, for j = ¢ + 14, and
so it is contained in A. Therefore the W;, 1 <17 < 2q are the components of H,, , — A, so
w(H,,—A) =k.

Theorem 5: Let H, , be the Harary graph with n =2r+41, podd, keven, 1 <s <r+1
and s < k. Then r < t(H,,) <7+ 1.

Proof: First note that if » = 1 then 1 < s < 2, a contradiction. Hence we have r > 2.
By Theorem 1, we have r < t(H,,,). By selecting Set A of Lemma 8 we have |A| = kr+1
and w(H, , — A) = k. Therefore r < t(H,,) <7+ 1.

Lemma 9: Let H,, be the Harary graph with n = 2r + 1, p odd, k even, k > 2,
l1<s<r+1ands >k, where s = ak + b for some a and b, 0 < b < k. Then

5 aodd
r>
9 aeven
Proof: Write s = ak + b, for some 0 < b < k. Since p is odd and k is even, then s is odd.

Hence b is odd, and the minimum value for b is 1. Since k is even and k > 2, then the
minimum value for k is 4.

Case 1. Suppose a is odd. Hence the minimum value for a is 1. Thus the minimum
value for sis 1(4) +1 =5. Since s <7+ 1, r > 5.

Case 2. Suppose a is even. Hence the minimum value for a is 2. Thus the minimum
value for s is 2(4) +1=9. Since s <r+1,r > 0.
Note that if r is even then the bounds in the previous lemma can be increased by 1..

Lemma 10: Let H,, be the Harary graph with n = 2r + 1, p odd, k even, k > 2,
1 <s<r+1and s>k, where s = ak + b for some @ and b, 0 < b < k. Then a +1 < 3

Proof: Write s = ak + b, for some 0 < b < k. Since p is odd and k is even, then s is odd.
Hence b is odd. Since k is even and k > 2 and b is odd, then the minimum value for k
and b are 4 and 1 respectively. Thus 2a + 2 < 4a + 1 < ak + b = s. Hence, since s < r,
we have a +1 < 3.
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Since k is even and p is odd, then p is not a multiple of k, s # ak. Hence we have our
final lemma.

Lemma 11: Let H,, be the Harary graph with n = 2r + 1, p odd, k even, k > 2,
1 <s<r+1ands >k, where s = ak + b for some a and b, 0 < b < k. Then there is a
cut-set A with kr 4+ 1 elements such that w(Hmn,p) — A) = k.

Proof: Let s > k, then s = ak + b, for 0 < b < k. Since p is odd and k is even, then s is
odd. Hence b is odd. Thus b = 2t — 1 and k = 2q for some ¢ and q.

Casel: Suppose a + 1 < q. Define the sets W; for 1 < i < 2q as follows:

({ir+ (i—1Va+2i—1,...,ir+ia+ 2i} 1<i<a+t—1

{ir+ia+i+t—1,...;0r+ @G+ Da+i+t—1} a+t<i<g-—1

{ir+qa+t+i—1} g<i<qg+1
Wi=<{ir+(G@—-2a+2(i—1)+t—q—1,...,

ir+(G—1a+20G@—1)+t—q} g+2<i<qg+a-+t

{ir+(G—1a+(G—1)+2—1,...,

lir +ia+ (1 —1)+2t -1} gta+t+1<i<2q

Let W be the union of the sets W;, 1 < i < 2¢ and A = V(G) — W. The number of
vertices in W is equal to

20@+t—1)(a+2)+2+2(g—a—t)(a+1)=k—14ka+2t—1=k—1+s,

so |A| =p—k—s+1=kr+1. Now, we can see that for any 1 < i < 2¢, the elements in W,
differ from those in W;,; by at least r 4+ 1. Hence, no vertex in W is adjacent to a vertex
in Wj, 1 <1i<j<2q, by an edge in the copy of Hs,, in G. Thus we only need consider
edges of the form {z,z + p—;l} In fact, we need to consider only such edges when z is at
most p—;l. Hence, since p%l =qr+qa+q+t—1< (¢g+1)r+qa+q+t, we need to consider
only vertices in W; for 1 < i < g. So consider W; = {ir+ (i —1)a+2i—1,...,ir +ia+2i}
for1<i<a-+t—1. Then

ir+ (i —1Da+2 -1+ = (q+ir+(g+i—Da+2q+i—1)—qg+t+1>
(g+i)r+(g+i—Da+2(qg+i—1)—qg+t=gr+(j—1a+2(j —1)—qg+t, for j = q+i.

Also, by Lemma 9 and 10, r —a — 1 > 0, and so
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ir+ia+2i+ B < (g+i)r+(g+i)a+2q+i)—qgrt<(g+i+1l)r+(g+i—1a+
2q+i)+t—q—-1=0U+)r+(G—1a+2j+t—q—1.

Therefore the set {ir + (i — 1)a+2i — 1+ 22 . ir +ia + 2i + 221} is strictly between
W; and W,y for j = ¢ + 4, and so it is contained in A.

Now, consider W; = {ir+ia+i+t—1,...,ir+(i+1)a+i+t—1} fora+t <i < g—1. Then

irtiati+t—14+22 = (g+i)r+(g+i)at(g+i—1)+2t > (g+i)r+(g+i)at(g+i—1)+2t—1 =
gr+ja+j—1+2t—1, for j =q+i.

Also, by Lemma 10, a < r, and so

ir+(Gi+a+i+t—1+E <(¢+i)r+(g+i+1lat+q+i—1+2t<(¢g+i+1r+
(g+i)a+(g+i)+2t—1=(G+Dr+ja+j+2t—1.

Hence the set {ir +ia+i+t—1+2Z2 . ir+ (i + Da+i+t— 1+ 2} is strictly
between W; and W, for j = g + ¢, and so it is contained in A.

Finally, consider W; = {ir + ga+t+1i — 1} for i = ¢. Then qr—l—qa—l—t—l—q—l—l—p—gl =
bl 42t = p Therefore {qr + ga +t+q — 1 + 2} is strictly between Wo, and W; and
so it is contained in A. Therefore the W;, 1 <17 < 2q are the components of H,, , — A, so
w(H,,—A) =k.

Case2: Suppose a +t —1 = 2(q — 1), for some integer z and so ¢ — 1 divides a + I’_Tl
Define the sets W; for 1 < i < 2q as follows:

{ir+(—1a+ (@ —1)z+14,...,ir +ia+iz+ i} 1<i<qg-—1
Wi= < {ir+(¢—Da+(¢g—1)z+i} g<i<g+1
{ir+(—=3)a+(@—=3)z+14,...,ir+ (1 —2)a+ (1 —2)z+i} ¢+2<i<2q

Let W be the union of the sets W;, 1 < i < 2¢, and A = V(G) — W. The number of
vertices in W is equal to

2@—N(a+z+1)+2=k—1+ak+b=k—1+s,
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so |[Al=m—k—s+1=kr+1. Now, we can see that for any 1 < i < 2¢, the elements
in W; differ from those in W;,; by at least » + 1. Hence, no vertex in W; is adjacent to
a vertex in Wj;, 1 <14 < j < 2¢, by an edge in the copy of H,,, in G. Thus we need
only consider edges of the form {z,z + p—;l} In fact, we need to consider only such edges
when z is at most p—gl. Hence, since

p%lzm“—i—(q—l)a—l—z(q—l)<(q—f—l)r—i—(q—l)a—i—z(q—1)—|—q—|—1.

We need to consider only vertices in W; for 1 < i < ¢q. So consider {ir + (i — 1)a + (i —
Dz+id,...,ir+ia+iz+i} for 1 <i<q—1. Then

ir+@—Dat+(i—1z+i+EB=(g+i)r+(g+i—2a+(qg+i—2)z+q+i+1>
(g+i)r+(q+i—2)a+(q+i—2)z+q+i=jgr+(j—2)a+(j —2)z+, for j = q+i.

Also, sincea—i—z:a—i—aq%zl<a—|—a—|—b<ak‘—|—b:s§r,

ir+ia+izti+ B = (g+iyr+(g+i—Da+(g+i—Dz+qg+i+l<(g+i+1)r+
(g+i—2a+(q+i—2)z4+q+i+1=G+1)r+(G—2a+(—-2)z+75+1.

Therefore the set {ir + (i — L)a+ (i — 1)z +i+ 2, ... ir +ia + iz + 4 + 2L} is strictly
between W3 and W,y for j = ¢ + 4, and so it is contained in A.

Finally, consider {ir+(q—1)a+(q—1)z+i} fori = ¢. Then gr+(g—1)a+(q—1)z+g+2=* =
p%l + p—;l = m. Hence it is contained in A. Therefore the W;, 1 < i < 2¢q, are the com-
ponents of H,, — A, so w(H,, — A) = k.

Case3: Suppose that a +t—1=2(¢— 1)+ ¢, for 0 < ¢ < ¢—1 and so ¢ — 1 does not
divide a + b’Tl Define the sets W; for 1 < i < 2q as follows:

{ir+(i—1a+(G@E—-1)z+2i—1,...;ir+ia+iz+2i} 1<i<c

{ir+(@—1a+(E—1Dz+i+ec,...;ir+ia+iz+i+c} c+1<i<qg-—1

{ir+(q@—1a+(¢—1)z+1i+c} g<i1<qg+1
Wi=<q{ir+(@i—-3)a+(i—-3)z4+2i—q+c—2,...,

ir+(i—2a+(i—2)z2+2i—q+c—1} g+2<i<qg+c+1

{ir+(@—-3a+(i—-3)z+i+2c,...,

Lir + (1 —2)a+ (i — 2)z+ i+ 2c} g+c+2<i<2q
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Let W be the union of the sets W;, 1 < i < 2¢, and A = V(G) — W. The number of
vertices in W is equal to

2c(a+2+42)+2+2(q—c—1)(a+2+1) = k+ka+b—1 = k+s—1,50 |A| = m—k—s+1 = kr+1.

Now, we can see that for any 1 < i < 2¢, the elements in W; differ from those in W, by
at least 4+ 1. Hence, no vertex in W; is adjacent to a vertex in W;, 1 <1i < j < 2¢, by an
edge in the copy of H, 5, in G. Thus we need only consider edges of the form {z, z+ p—;l}
In fact, we need to consider only such edges when x is at most ’%1. Hence, since

I%lzqr+(q—1)a+(q—1)z+q+c<(q—l—l)r—i—(q—l)a—I—(q—1)z—|—q—|—c—|—1.

We need to consider only vertices in W; for 1 < i < ¢q. So consider {ir + (i — 1)a + (i —
Dz+4+2i—1,...,ir+ia+ iz +2i} for 1 <i <c¢. Then

ir+(i—1Da+(i—1)z+2i+ 2L = (¢+i)r+ (g+i—2)a+ (g+i—2)z2+2(q+i) —qg+c >
(q+i)r+(g+i=2)a+(g+i=2)24+2(¢+1) —g+c—1 = jr+(i—2)a+(j—2)z+2j—q+c—1,
for j =q+1.

Also, since

a+z+1:a—|—q%1+f]:—}—q_%+1<a+ﬁ+%+1§a+a+b+1§ak+b:s§r.

Thus

ir+ia+iz+2i+21 = (g+i)r+(g+i—1)a+(g+i—1)z+2(g+i)—g+c+1 < (g+i+1)r+(g+
=2t (g Hi-2)2 4 2g i) gt o2 = (UG -2)at (-2)2420+1) g2

Therefore the set {ir + (i — L)a + (i — 1)z + 2i + B2 . Jir +ia + iz + 20 + 2} for
1 <17 < cis strictly between Wj and Wj,, for j = ¢ + ¢, and so it is contained in A.

Now, consider {ir+(i—1)a+(i—1)z+i+c, ..., ir+ia+iz+i+c} for c+1 <i < g—1. Then

ir+(i—Da+(Gi—1Dz+itce+BE > (g+i)r+(g+i—2)a+(g+i—2)z+qg+i+2c=
jgr+ (7 —2)a+(j —2)z+j+ 2¢, for j =g+ 1.

Also, by Lemma 10, 7 > a + 2, and so

ir+iat+iz+ite+ B <(g+i+r+(g+i—2)a+(g+i—2)z+(g+i+1)+2c=
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G+Dr+G—-2a+(G—2)z+(G+1)+2c

Hence the set {ir + (i — D)a+ (i — 1)z +i+c+EE . ir+ia+iz+i+c+ 21} is strictly
between W; and W;; for j = ¢ + 7 and so it is contained in A.

Finally, consider {ir+(¢—1)a+ (¢—1)z+i+c} fori = q. Then gr+(¢—1)a+(¢g—1)z+
q+c+ p—;rl = p—gl + p—;rl = p. Hence it is contained in A. Therefore the W;, 1 < i < 2g,
are the components of Hy,,, — A so w(H,, — A) = k.

Finally, we have the following theorem.

Theorem 6: Let H,, be the Harary graph with n = 2r + 1, p odd, k even, & > 2,
1 <s<r+1ands > k, where s = ak + b for some a and b, 0 < b < k. Then
r<t(Hnp) =71+ 1.

Proof: By Theorem 1, we have r < t(H,,). Also by Lemma 11, there is a cut-set
A of H,, with kr + 1 elements. The number of components of H,, — A is k. Hence

r < 4]

< sHmL, =" + %, and the theorem follows.

Conclusion: We can summarize what we have proved about the Harery graphs as follows,
wheren=2rorn=2r+landp=k(r+1)+sfor0<s<r+1:

If n is even, then t(H,,) =7

If n is odd, p even, k odd, then t(H, ,) =r

If n is odd, p and k both even, then ¢t(H,,) =r +
If n is odd, p and k both odd, then t(H,,) =1

If n is odd, p odd, k even, then t(H, ,) =1+ %

1
k
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