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ABSTRACT

ARTICLE INFO

Let G be a (p,q) graph. An injective map f : F(G) —
{£1,£2, -, £q} is said to be an edge pair sum labeling
if the induced vertex function f*: V(G) — Z — {0} de-

fined by f*(v) = >  f(e) is one-one where E, denotes
eely,
the set of edges in GG that are incident with a vertex v and

F5(V(G)) is either of the form {ikl,ikz,--- ik:}

or{:l:kl, +koy, - ,:tk?prl} U{ik%l} according as p is
even or odd. A graph with an edge pair sum labeling is
called an edge pair sum graph. In this paper we prove
that the graphs GL(n), double triangular snake D(T,,),
Wy, Fly, (Cp, K1) and (Cp, % K ,,) admit edge pair
sum labeling.
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1 Introduction

Throughout this paper we consider finite, simple and undirected graph G = (V(G), E(G))
with p vertices and g edges. G is also called a (p, q) graph. We follow the basic notations
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and terminologies of graph theory as in [2]. A graph labeling is an assignment of integers
to the vertices or edges or both, subject to certain conditions. There are several types of
labeling and for a dynamic survey of various graph labeling problems along with extensive
bibliography we refer to Gallian [1]. Ponraj and Parthipan introduced the concept of pair
sum labeling in [12]. An injective map f: V(G) — {£1,+2,...,+p} is said to be a pair
sum labeling of a graph G(p, q) if the induced edge function f. : E(G) — Z — {0} defined
by fe(uv) = f(u)+f(v) is one-one and f.(E(G)) is either of the form {j:krl, +ko, ..., £tk

[ SIS

or {:I:k:l, +ko, ... ,:I:k%} U {:I:k%} according as ¢ is even or odd. A graph with a pair
sum labeling, it is called a pair sum graph. Analogous to pair sum labeling we defined a
new labeling called edge pair sum labeling [3] and further studied in [4-10]. In this paper
we prove that the graphs GL(n), double triangular snake D(T,,), W,,, Fl,, (Cp,, K1) and
(Cy * K7 ,) admit edge pair sum labeling.

We use the following definitions in the subsequent sequel.

Definition 1. A complete bipartite graph is a simple bipartite graph such that two vertices
are adjacent if and only if they are in different partite sets. If partite sets Vi and Vy are
having m and n vertices respectively then the related complete bipartite graph is denoted
by Ky, and Vi is called m-vertices part and Vs is called n-vertices part of Ky, .

Definition 2. The double triangular snake D(T,) is the graph obtained from the path
U, U, Ug, ..y Uy bY Joining u; and w41 with two new vertices v; and w; for 1 <i < (n—1).

Definition 3. The wheel graph W, is the joining of the graphs C, and K; that is, W,, =
C, + K. Here the vertices corresponding to C,, are called rim vertices and C,, is called
rim of W, while the vertex corresponds to K, is called apex vertez.

Definition 4. A helm H, n > 3 is the graph obtained from the wheel W, by adding a
pendant edge at each vertex on the wheels’s rim.

Definition 5. The flower graph F'l, is the graph obtained from a helm H,, by joining each
pendant vertex to the apex of the helm.

Definition 6. The graph (C.,, K1 ,) is the graph obtained from C., and K ,, by identifying
any one of the vertices of Cy, with the central vertex of Ky, [11].

Definition 7. The graph (C,, * K1,,) is the graph obtained from C,, and K, by identi-
fying any one of the vertices of C,, with a pendant vertex of K;,, (that is a non-central
vertex of Ky, )[11].

2 Preliminary Results

The following results have been proved in [3].



59  P. Jeyanthi / Journal of Algorithms and Computation 47 (2016) PP. 57 - 68

Every path P, is an edge pair sum graph for n > 3.

Every cycle C,, (n > 3) is an edge pair sum graph.

The star graph K, is an edge pair sum graph if and only if n is even.

The complete graph K} is not an edge pair sum graph.

3 Main Results

Theorem 1. The complete bipartite graph K,,, is an edge pair sum graph.

Proof. Define V(Kj,) = {u,v,u; : 1 < i < 2n} and E(Ky,) = {e; = UL, e; = Vi
1 < i < 2n} are the vertices and edges of the graph K,,. Define the edge labeling
[ B(Ky,) — {£1,4£2,43, .., +4n}. For 1 < i < 2n f(e;) = i and f(e;) = —(2n —
i +1). Then the induced vertex labeling is as follows: For 1 <i <n f*(u;) = —(2n —
2i + 1) and f*(upys) = 20 — 1, f*(u) = n(2n + 1) = —f*(v). Then f*(V(K2,)) =
{+1,43,45,...,+(2n — 1),£(2n? + n)}. Hence f is an edge pair sum labeling for all
n. The example for the edge pair sum graph labeling of K5, is shown in Figure 1.

O

Figure 1: Edge pair sum labeling for the graph Ky,

Theorem 2. The double triangular snake D(T),,) is an edge pair sum graph.

Proof. Let G(V, E) = D(T,,). Then V(G) ={u; : 1 < i <n,v,w; : 1 <i<(n-1)}
and E(G) = {eg_1 = uis, €9 = Ui1iV;, €| = Uiy, Co; = U4y, €; = Usthy i 1 < i <
(n — 1)} are the vertices and edges of the graph G. Define the edge labeling f : E(G) —
{£1,£2,43,...,£(5n — 5)} by considering the following two cases.

Case(i). n is even.

Subcase (a). n = 4.

Define f(e]) = —2, f(ey) = —1, f(e3) =3, for 1 <i < (n—1) fley 1) =n—2+2i =
—f(ey; 1) and f(ey) =n — 1+ 2i = —f(ey;). The induced vertex labeling is as follows:
fH(ur) = =2 = —f*(us), ff(ug) = —3=—f"(uy) and for 1 <i < (n—1) f*(v;) =2n—3+
4i = —f*(w;). Then f*(V(G)) = {£2, 43, £(2n+1), £(2n+5), £(2n+9), ..., £(6n—7)}.
Hence f is an edge pair sum labeling for n = 4.

Subcase (b). n > 4.
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For 1 <i<(n—1) f(egii1) =n—2+2i = —f(ey; ;) and f(ey) =n—1+2i = —f(ey,),
for 1 <i<%—2f(ef) =n+1-2i flea_y) = =2, flez) = —1, f(ezy1) = 3 and
for 24+2<i<(n—1) fle;) =n—1-2i The induced vertex labeling is as follows:
for 1 <i<(n—-1) f*(v;) =2n -3+ 4i = —f"(wy), f"(w1) =n—-1= —f*(u,), for
2< i <52 ()= 2nt2-2), flug) = 8= —flug), flug)= 2=
—f*(un o) and for (5 +3) <i < (n—1) f*( i) = 2(n — 2i). Then we get f*(V(GQ)) =
{£2,£3, £12, £16, £20, ..., £(2n—4), £(n—1), £(2n+1), £(2n+5), £(2n+9), ..., £(6n—
7)}. Hence f is an edge pair sum labeling. The example for the edge pair sum graph
labeling of D(Tg) is shown in Figure 2.

Figure 2: Edge pair sum labeling for the graph D(T)

Case(ii). n is odd.

Subcase (a). n = 3.

Define f(e]) = —2, f(ey) = 1, for 1 <i < (n—1) f(egi1) = 2i +1 = —f(ey; ;) and

fleai) = 2 +2 = —f(ey;). The induced vertex labeling is as follows: f*(u;) = —2,

f (ug) = =1 = —f*(u3) and for 1 < i < (n—1) f*(v;) = 49+ 3 = —f*(w;). Then
f*(V(G)) = {£1,£7,£11,+15,...,£(4n — 1)} U{—2}. Hence f is an edge pair sum

labeling for n = 3.

Subcase (b). n > 3.

For 1<i<(n—1) fegi1) =n —1+2i = —f(ey_ 1) and f(ey) =n +2i = —f(ey,), for

1<i< 22 f(e]) = —(n+2—2i), f(e n+1)—1 f(el )zQandfor“TJ“SSiS(n—l)

f(e;) = —n + 2 + 2i. The induced vertex labeling is as follows: for 1 < i < (n —1)

F(0) = 2m = 1 4i = —f*(w), fur) = —n = —f(un), for 2 < i < 25 f(u;) =

2(—n — 3 + 2i), f*(uan) = -3 = —f*(UnTH)7 f*<UnT+3> = 6 and for (%2) < i < (n—

1) f*(u;)) = —2(n — 1 — 2i). Then we get f*(V(G)) = {£3,+12,£16,+20,...,+(2n —

2),£n,+(2n +3),£(2n + 7),£(2n + 11),...,£(6n — 5)} [J{6}. Hence f is an edge pair

sum labeling. The example for the edge pair sum graph labeling of D(T5) is shown in

Figure 3. 0

Theorem 3. The wheel graph W,, is an edge pair sum graph.

Proof. Let V(W,) = {v,u; : 1 <i < n}and EW,) = {e; = vu; : 1 < i < n,e; =

Uply, €145 = Ut - 1 <4 < (n — 1)} are the vertices and edges of the graph W,,. Define
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Figure 3: Edge pair sum labeling for the graph D(T5)

the edge labeling f : E(W,) — {£1,42,+£3,...,4£2n} by considering the following two
cases.

Case(i). n is even.

For 1 <i <% f(e;) =iand f(esy) = —(3+1—i), for 1 <i < (3—1) fle;) =n+2+2i
and f(e/%H) =-2(n+1-1), f(e'%) = —(n+2) and f(e,) = (% +1). Then the induced
vertex labeling is as follows: for 1 < i < (5 —1) f*(w;)) = n+ 3+ 4i and f*(uzy;) =
—(Bn +3 —4i), f*(uz) = —(n+2) and f*(u,) = (5 +1) = —f*(v). Therefore we get
VW) = {£(5 + 1), £(n +7),£(n + 11),£(n + 15),...,£3n — D)} U{—(n + 2)}.
Hence f is an edge pair sum labeling. The examples for the edge pair sum graph labeling
of W, and Wy are shown in Figure 4.

Figure 4: Edge pair sum labeling for the graph W, and Wy

Case(ii). n is odd.
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1, fe2) = =2, for 1 <i < (252) fleops) =2+i= —f(e%?’ﬂ')a f(e%a) =
L= —fley), for 1 < i < (%57) fleg) = n— 142 = —f(€uss ),
fl€hs) =2n—5=—f(e,) and f(e n+3) 2. Then the induced vertex labeling is as fol-
lows: ff(u) =n—2=—f*(ug), for i <0 < (%2) fH(uors) =n+4+4i = —f*(unss ),
f*(Un+1) =l — — f*(u,) and f* (U/n;rii) = —2 = f*(v). Then :
f*(V(W )) = {£2,£(25H), £(n — 2), £(n + 8),£(n + 12), £(n + 16), ..., £(3n — 6)}.

Hence f is an edge pair sum labeling.
Subcase (b). n = 0(mod3).

Define f(e1) =3, f(e2) =4, fles) = =5, for 1 <i < (#52) fes+i) =5 +1 = —f(engs ),
Flenss) = =3, flenss) = —4, F(eh) = —(n+1), f(eh) = —1 = —f(e), for 1 < < (253)
flegy) = =2+, f(e#) =5 and for 1 < i < (%52) f(e'n%g,ﬂ.) = —(" +4) . Then
the induced vertex labeling is as follows: f*(u1) = —(n — 6) = —f*(unss), f*(uz) =

2 = —f*(ug), for 1< i < (557) f(ur) = %52+ 11+ 3i = —f(ungs ), f*(uaps) =
Ml — —f*(up) and f*(ungs) = =5 = f*(v). Then f(V(W,)) = {#2,45,+(n —
6), £(2L), £ (2422), £(2£39), +(2422), ., +(2n + 3)}. Hence f is an edge pair sum la-
beling. The examples for the edge pair sum graph labeling of W7 and Wy are shown in

Figure 5. U

Figure 5: Edge pair sum labeling for the graph W7 and Wy

Theorem 4. The flower graph Fl, is an edge pair sum graph.

Proof. Let V(Fl ) = {w u;, v 0 1 < i <n}and E(Fl,) ={e1 = upui,e11; = wug4; : 1 <
i< (n—1),e =wu;,e; =uv;,e; =wv:1<i<n} arethe vertices and edges of the

graph Fl,. Define the edge labeling f : E(Fl,) — {£1,4+2,4£3,...,+4n} by considering
the following two cases.
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Case(i). nis odd.

For 120 < (%) flewt) = ~(4i—2), for 1 < i < (%51) flea) = —(2n+ 4) |
for 1 <i<n flej) = —(2i —1) = (e;/)adf(z) —(2n — 1 + 2i). Then the
< (n—1) f*(u) = —(2n + 2 + 44), for

induced vertex labeling is as follows: fo 1 <4
1 <i<n f"(v) =2n—2+4i, f*(u,) = —(2n + 2) and f*(w) = 2n*. Then we get
[*(V(FLl,)) = {£(2n+2), £(2n+6), £(2n+10), £(2n+14), ..., £(6n—2) } | J{2n?}. Hence
f is an edge pair sum labeling for n is odd. The example for the edge pair sum graph
labeling of F'l5 is shown in Figure 6.

Figure 6: Edge pair sum labeling for the graph Fl5

Case(ii). n is even.

Subcase (a). n = 4.

For1<i<§ fe) =i=—f(egs), fle;) = dn—i+1l=—f(e]), flen,,) = — (P52 —i) =
—f(egﬂ.) ( fle;) = —(% — 1+ 2i) and f(e';' ;) = n+2i — 1. Then the induced vertex
labeling is as follows: for 1 < i < 252 f*(u,) =2i+1=—f"(uny;), ff(un) = -1 =
—f*(up), for 1 <@ < 2 f*(v;) = —1(9n + 2i) = —f*(vnyi) and f*(w) = ”72 Then
FAV(FL)) = {21, 43,45, 47, ..., £(n — 1), £(252), £(2H) £(2046) 450} (J{2 ).
Hence f is an edge pair sum labeling.

Subcase (b). n = 2(mod4).

For1<i<§ fe) =i=—f(egss), fle;) = dn—i+1l=—f(e]), flen,,) = — (P52 —i) =
—f(eéﬂ.), fle;) = —(2—1+2i) and f(e ng ) = n+2i—1. Then the induced vertex labeling
is as follows: for 1 <14 < 252 f*(y;) =2i+1 = —f* (un i), f(un) = 22 = — f*(uy),
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for 1 <i <2 f*(v;) = —3(9n +2i) = —f*(vz4,;) and f*(w) = % Then f*(V(Fl,)) =
{£(252),£3,£5,£7, .., £ (n — 1), £(252), £(2k) £(256) 450} (J{% }. Hence f is
an edge pair sum labehng
Subcase (c¢). n = 0(mod4).
For 1 <i <% f(e) =4, flezy1) = =2, f(enyn) = —1, for 1 < i < 252 flenioy) =
flegei) =2, for L <i <3 f(e ) =dn—it1l=—f(e), fles ) = —(T52 —i) = —f(en),

"

fle; ) = —(% +2i) and f (€ €n ;i +:) = n =+ 2i. Then the induced vertex labeling is as follows:
for 1 <i < (3-1) f*(w;) =2i+1 = —f*(un+i), f*(un) = 5—2=—f"(uy), for1 <i <%
Fr(0) = —3(0n+2+20) = —f*(vs1) and f(w) = £. Then f*(V(Fl,)) = {£(3 -
2), 43,45, 7, ..., £(n— 1), £(25H), £(2550), £(2H), ., £(5n+ 1)} U{% }. Hence f is
an edge pair sum labeling. The example for the edge pair sum graph labeling of Flg is

shown in Figure 7.

Figure 7: Edge pair sum labeling for the graph Flg

Theorem 5. The graph (Cp,, K1) is an edge pair sum graph for m > 4 and n is odd.

Proof. Let V((Cpy Kin))={w;i : 1 <i<m,v;: 1 <i<n}and

E({(Cny Kyn))={ei = uiuiry 11 <i<(m—1),e, = Uiy, €; = uv; : 1 <4 < n} are the
vertices and edges of the graph (C,,, K1 ,). Define the edge labeling f : E((Cy,, K1,,)) —
{£1,£2,43, ..., £(m + n)} by considering the following four cases.

Case(i). m =4

Define f(e1) = 2 = —f(e3), f(e2) = —1 = —f(es), fle1) = 3 and for 1 < @ < 254
flely) =6+i= —f(e’n%lﬂ.). The induced vertex labeling is as follows: f*(u;) = 6,
fr(up) =1 = —f*(ug), f*(us) = =3 =—f*(vy) and for 1 <7 < 2% f*(vy) =6+1i =
—f*(vasr ). Then f*(V({Con, K1) = {1, %3, £7, 48, %0, £(*511)} J{6}. Hence
fis an edge pair sum labeling.

Case(ii). m = 5.
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Define f(e1) = —L = —f(es), f(ea) = —3 = —f(es), f(ea) = =2 = f(e}) and for 1 <
22l fle)y,) = 4+i= —f(en;l+ ). The induced vertex labeling is as follows: f*(u;) = 4

—f (ug), f*(ug) = =2 = —f*(v1), f*(us) = =1 = —f*(us) and for 1 <7 < 2L f*(v1y,) =
4410 = —f*(ary,). Then f*(V((Con, K1) = {21,252, 24,45, 46,47, .., ()},
Hence f is an edge pair sum labeling. The examples for the edge pair sum graph labeling

of < Uy, K13 > and < (5, Ky 5 > are shown in Figure 8.

AR
S

<

Figure 8: Edge pair sum labeling for the graph < Cy, K; 3 > and < Cs, K5 >

Case(iii). m is even.

Subcase (a). m = 2(mod4).

Define f(e;) = § = —f(emzrz) for1 <i< ™2 flegyy) = —i= —f(emeH), fe)) =m—1
and for 1 <4 < %2 fle,,) =m—1+42i = —f( ”+1+z)
as follows: f*(w1) = 2(m — 1), f*(ug) = ™2 = —f*(um;rz;) for 1 <4 <™ f*(ugyy) =
—2i—1 = —f"(umga ), [*(ume2) = —m+1 = —f*(v1) and for 1 < i < nt f (V144) = m—
142i = — f*(vug1 ;). Then f*(V((Cp, Kin)))={F(m—1), +(72), £3, £5, £7, ..., £ (m—
3),£(m+1),£(m+3),£(m +5),....,£(m+n —2)} | J{2(m — 1)}. Hence f is an edge
pair sum labeling.

The induced vertex labeling is

Subcase (b). m = 0(mod4).

Define f(e1) = 5 = —f(em), fe2) = =2, fles) = 1, for 1 < i < =3° f(€3+i) =
fleryi) =2, f(en ;):—(——1):—f(em) f0f1<l<m4f(€m+2 ) =1, fle) =m—1
and for 1 <i < "Tl fler) =m—1+2i= f(e/njﬂ.) The induced vertex labehng is as
follows: f*(u1) = 2m —2, f*(ug) =mnd = —f*(u%), for 1 <i <2 f*(ugyq) = —(2i+

1) = —f*(umT+4+i), f*('U/mT-!—Q> =-m+1=—f*"(v;)and for 1 <i < ”T’l f*(v14) =m—14
2i = —f*<'UnT+1+i). Then f*(V((Cp, K10)))={x(m — 1), £(24), £3, £5, £7, ..., £(m —
3),x(m+1),£(m+3),£(m+5),...,.£(m +n —2)} | J{2(m — 1)}. Hence f is an edge
pair sum labeling. The examples for the edge pair sum graph labeling of < Cg, K3 >
and < Cy, Ky 3 > are shown in Figure 9.

Case(iv). m is odd.

Subcase (a). m = 1, 3(mod4).

For 1 <0< 58 f(e) = —2— i = — f(emsn ), f(ems) = 1 = —f(em), flemp) = 2 =
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Figure 9: Edge pair sum labeling for the graph < Cg, K13 > and < Cg, K7 3 >

—f(e}) and for 1 <i < 251 f(e},,) = m+2i = —f(eln#ﬂ,). The induced vertex labeling is
as follows: f*(uy) = =2 = —f*(vy), for 1 <i < ™5 f*(uyy,) = —(5+2i) = = [ (s ),
f*<UmTfl) = — (1) = —f*(um), f*<UmT+l) =—-1= —f*(Um+3) and for 1 < i < ”;1
[ (V1) = mA2i = = f*(vaz ). Then f*(V(Con, K1 0)))= {41, 42, £(m2L) +7, 40, £11,.
+(m+2),£(m+4),£(m+6),...,£(m+n—1)}.

Hence f is an edge pair sum labeling.

Subcase (b). m = 0(mod3).

Define f(e1) =2 = _f(emTH), fles) = =3 = f(ey), for 1 < i < 2 flegy;) = 3410 =

= 2

—flemes ), flemp) = =1 = —f(en) and for 1 < i < L flely) = m+ 2 =

—f(e/nilﬂ.). The induced vertex labeling is as follows: f*(u;) = 6 = _f*(UmSLS),
2

ff(ug) = =1 = —f*(u), for 1 < i < mTJ [usys)) = —(7T+ 21) = —f*(UmT%H),

Flumn) = Tl P (), S (mgs) = =3 = —f*(0r) and for 1< 0 < 251 fH(urs) =

m+2i = —f*(vass ;). Then f*(V (o 1)) = {1, 3, 46, (251 49, 111 +13,.

+ m, :I:(m + 2), :I:(m +4),+(m + 6),...,2£(m +n — 1)}. Hence f is an edge pair sum
labeling. The example for the edge pair sum graph labeling of < Cy, K; 3 > is shown in
Figure 10. U

Theorem 6. The graph (Cp,, K1) is an edge pair sum graph for m >4 and n is even.

Proof. In [3] we have proved that C,, is and edge pair sum graph for m > 3. Let f be an
edge pair sum labeling of C,,.

Then f*(V(Cp)) = {£ K1, K>, ... ,:i:Kg} if p is even.

X (V(Cp)) = {xK, £Ks, ... iK%} U{Kz} if p is odd.

Let the vertex and edge sets are as follows: V((Cy,, K1) = V(Cp) U{vi : 1 < i < n}
and E((Cpn, K1) = E(Cp)U{e; : 1 <i <}

Define the edge labeling h : E((Cy, K1n)) — {£1,£2,43, ..., (¢ +n)}.

h(e) = f(e) if e € E(Cy,)

he;) =q+2i:1<i<?

L Etm

’
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Figure 10: Edge pair sum labeling for the graph < Cy, K; 3 >

h(elgﬂ.) =—(q+2):1<i<2

The induced vertex labeling is as follows:

h*(vi) =q+2i:1<i< 7%

W (vap) =—(qg+2i): 1<i<%

Then h*(V((Cy, K1) = {£ K1, £K>, ..., j:Kg} if p is even.

h*(V((C, K1) = {£ K1, £K>, ..., iKqu} U{Kg} if p is odd.

Hence h is an edge pair sum labeling. O

Corollary 7. The graph (C,, x K1,) is an edge pair sum graph for m >4 and n is odd.

We use the previous edge labeling for this corollary. The example for the edge pair sum
graph labeling of < Cy * K; 3 > is shown in Figure 11. O

Figure 11: Edge pair sum labeling for the graph < Cy * K; 3 >
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