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1 Introduction

Let G be a simple graph. If the edge set of a simple graph K can be partitioned into
edge sets of graphs each isomorphic to GG, we say that there exists a decomposition of K
into GG. In the case where K is the complete graph K,,, we refer to the decomposition as
a G design of order n. The spectrum of G is the set of non-negative integers n for which
there exists a GG design of order n. For completeness we remark that the empty set is a G
design of order 0 as well as 1; these trivial cases will usually be omitted from discussion
henceforth. A complete solution of the spectrum problem often seems to be very difficult.
However it has been achieved in many cases, especially amongst the smaller graphs. We

*anthony.d.forbes@gmail.com
Tterry.griggs@open.ac.uk
ftamsin.forbes@gmail.com

Journal of Algorithms and Computation 49 issue 1, June 2017, PP. 1 - 16



2 Forbes / JAC 49 issue 1, June 2017, PP. 1 - 16

Table 1: Design existence conditions for theta graphs

a+b+c conditions
10 n=0,1,5,16 (mod 20), n # 5
12 n=0,1,9,16 (mod 24), n # 9
14 nEO,1,8,21 (mod 28), n # 8
15 n=0,1,6,10 (mod 15), n # 6,10
odd prime power > 5 | n=0,1 (mod a + b+ ¢)

refer the reader to the survey article of Adams, Bryant and Buchanan, [2], and, for more
up to date results, the Web site maintained by Bryant and McCourt, [5].

A theta graph ©(a,b,c), 1 <a <b<e¢, b>2is the graph with a + b+ ¢ — 1 vertices and
a + b+ c edges that consists of three paths of lengths a, b and ¢ with common end points
but internally disjoint. Each of the two common end points of the paths has degree 3 and
all other vertices have degree 2. Observe that ©(a, b, ) is bipartite if a = b = ¢ (mod 2),
tripartite otherwise.

The aim of this paper is to establish the design spectrum for every theta graph with 10,
11, 12, 13, 14 or 15 edges. The design spectra for all theta graphs with 9 or fewer edges
have been determined, [4]. Also there are some partial results for ©(1,b,b), odd b > 1,
[3], and it is known that there exists a ©(a, b, ¢) design of order 2(a + b+ c¢) + 1, [10]. See
[2, Section 5.5], specifically Theorems 5.9 and 5.10, for details and further references. For
convenience, we record the main result of [10] as follows.

Theorem 1.1. (Punnim & Pabhapote) If 1 <a <b<c and b > 2, then there ezists
a O(a,b,c) design of order 2(a + b+ c) + 1.

It is clear that a ©(a, b, ¢) design of order n can exist only if (i) n < 1,orn > a+b+c—1,
and (ii) n(n — 1) =0 (mod 2(a + b+ ¢)). These necessary conditions are determined by
elementary counting and given explicitly in Table 1 for some values of a + b + c. In this
paper we show that the conditions are sufficient for n = 10, 11, 12, 13, 14 and 15. We
state our results formally.

Theorem 1.2. Designs of order n exist for all theta graphs ©(a,b,c) with a+ b+ ¢ = 10
if and only if n =0,1,5 or 16 (mod 20) and n # 5.

Theorem 1.3. Designs of order n ezist for all theta graphs ©(a,b,c) with a+b+c =11
if and only if n =0 or 1 (mod 11).

Theorem 1.4. Designs of order n ezist for all theta graphs ©(a,b,c) with a+b+ ¢ = 12
if and only if n =10,1,9 or 16 (mod 24) and n # 9.

Theorem 1.5. Designs of order n exist for all theta graphs ©O(a,b,c) with a+b+c =13
if and only if n =0 or 1 (mod 13).
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Theorem 1.6. Designs of order n ezist for all theta graphs ©(a,b,c) with a +b+ ¢ = 14
if and only if n =0,1,8 or 21 (mod 28) and n # 8.

Theorem 1.7. Designs of order n ezist for all theta graphs ©(a, b, c) with a+b+c =15
if and only if n =10, 1, 6 or 10 (mod 15) and n # 6, 10.

2 Constructions

We use Wilson’s fundamental construction involving group divisible designs, [12]. Recall
that a K-GDD of type gi' ... g is an ordered triple (V, G, B) where V is a set of cardinality
v=tyg1+---+t,.g-, G is a partition of V into ¢; subsets each of cardinality ¢g;, ¢ =1,...,7,
called groups and B is a collection of subsets of cardinalities k € K, called blocks, which
collectively have the property that each pair of elements from different groups occurs in
precisely one block but no pair of elements from the same group occurs at all. A {k}-
GDD is also called a k-GDD. As is well known, whenever ¢ is a prime power there exists
a ¢-GDD of type ¢? and a (g + 1)-GDD of type ¢ (arising from affine and projective
planes of order ¢ respectively). A parallel class in a group divisible design is a subset of
the block set in which each element of the base set appears exactly once. A k-GDD is
called resolvable, and denoted by k-RGDD, if the entire set of blocks can be partitioned
into parallel classes.

Propositions 2.1 and 2.2 are for dealing with bipartite graphs, the latter being used only
for 15-edge bipartite theta graphs, where a suitable decomposition of the form Ky, 45 is
not available. Propositions 2.3 to 2.8 deal with tripartite graphs.

Proposition 2.1. Let d, f, r and s be positive integers, let g be a non-negative integer,
and let e = 0 or 1. Suppose there exist G designs of orders fdrs + e and gds + e, and
suppose there exists a decomposition into G of the complete bipartite graph Kg, 45. Then
there exist G designs of order tfdrs + gds + e for integers t > 0.

Proof If ¢t = 0, there is nothing to prove; so we may assume ¢t > 1. Let ¢ = 0 and use
induction on t. Assume there exists a G' design of order ¢ fdrs + e for some ¢t > 1. Take a
complete bipartite graph K, . and inflate the first part by a factor dr and the second
part by a factor of ds, so that the edges become Ky, 45 graphs. If e = 1, add an extra point,
oo. Overlay the inflated parts, together with co when e = 1, with Kif4rsie OF Ktgrste as
appropriate. The result is a complete graph K(;41)fdrs+e Which admits a decomposition
into G since there exist decompositions into G' of the components, Kifarsie, K farste and
Kdr,ds‘

For g > 1, the same construction but starting with a complete bipartite graph K,
yields a design of order Kjtgrstgds+e Since we may now assume that there exists a design
of order tfdrs + e. O

Proposition 2.2. Let r and s be not necessarily distinct positive integers, and let e = 0
or 1. Suppose there exist G designs of orders r + e and (if s # r) s+ e, and suppose
there exist decompositions into G of the complete bipartite graphs K, and (if s #r) K, 5.
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Then there exist G designs of order tr + s + e for integers t > 0.

Proof If t = 0, there is nothing to prove; so we may assume t > 1. Start with the
graph K., inflate one point by a factor of s and all others by r so that the original
edges become K, ; graphs and, when ¢ > 2, K., graphs. Add a new point, oo, if e = 1.
Overlay the r-inflated parts together with oo if e = 1 by K,,.. Overlay the s-inflated
part together with oo if e = 1 by K,,.. The result is a graph Kj, .. which admits a
decomposition into G. 0

Proposition 2.3. Let p be a positive integer. Suppose there exist G designs of orders p,
p+1, 2p and 2p+1. Suppose also there exist decompositions into G' of K, 1, Kpppp and
Ky pppp- Then there exist G designs of order n for n =0,1 (mod p).

Proof Tt is known that there exists a {3,4,5}-GDD of type 1 for t > 3, ¢t # 6, 8; see [1].
Inflate each point of the GDD by a factor of p, thus expanding the blocks to complete
multipartite graphs K, ,, Kpppp and Ky, Let e = 0 or 1. If e = 1, add an extra
point, oco. Overlay each inflated group, together with oo if e = 1, with K,,.. Since a
design of order p + e and decompositions into G of K, ,,,,, K, and K, exist, this
construction creates a design of order pt + e for t > 3, t # 6, 8.

For order 6p + e, use a p-inflated 3-GDD of type 23, plus an extra point if e = 1, with
decompositions into G' of Ky, and K, ,,. Similarly, for order 8p + e, use a 3-GDD of
type 2% instead. O

Proposition 2.4. Let p be a positive integer, let f = 0 or 1 and write f for 1 — f.
Suppose there exist G designs of orders 3p+ f', 4p, dp+ 1, bp+ f, Tp+ f', 8p, 8p+ 1,
Ip+f, Lp+f', 13p+ f and suppose there exist decompositions into G of Ky ppp, Kppppps
Ky pppap and Ky p o0 ap, Kopopop and Kupapapsp. Then there exist G designs of order n

forn=0,1,p+ f,3p+ f' (mod 4p), n #p+ f.

Proof Start with a 4-RGDD of type 4%*1 ¢ > 1, [8]; see also [9]. There are 4t parallel
classes. Let z,y,z > 0and w =2+ y+ 2 < 4. If w > 0, add a new group of size w and
adjoin each point of this new group to all blocks of a parallel class to create a {4,5}-GDD
of type 43*1w! t > 1, which degenerates to a 5-GDD of type 4° if t = 1 and w = 4. In
the new group inflate x points by a factor of p, y points by a factor of 3p and z points
by a factor of 4p. Inflate all points in the other groups by a factor of p. So the original
blocks become K, ,,, graphs, and new ones K, ,,, or K, s, or K, 4, graphs.
Either overlay the groups with Ky, and, if w > 0, Kpzi3py14pz, O add a new point and
overlay with Ky,y1 and, if w > 0, Kpzy3py+ap.+1. Using decompositions into G of Ky,
Kipi1, Kpppps Kppppps Kppppsp and K, 0 4, this construction yields a design of order
12pt + 4p + pxr + 3py + 4pz + e if t > 1, where e = 0 or 1, whenever a design of order
px + 3py + 4pz + e exists.

As illustrated in Table 2, all design orders n = 0,1, p+ f,3p+ f' (mod 4p), n # p+ f, are
covered except for those values indicated as missing. The missing values not assumed as
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Table 2: The construction for Proposition 2.4

12pt + 4p, r=0,y=0,2=0, e=0, missing 4p
12pt + 4p + 4p, r=0,y=0,2=1, e=0, missing 8p
12pt + 4p + 8p, r=0,y=0,2=2, e=0, missing 12p
12pt +4p + 1, r=0,y=0,2=0, e=1, missingdp+1

12pt +4p +4p + 1, r=0,y=0,2=1, e=1, missing8p+1

12pt +4p +8p + 1, r=0,y=0,2=2, e=1, missing 12p+1

2pt +4p+5p+f, x=1,y=0,2=1, e=f, missing9p+ f
2pt+4p+9p+f, x=1,y=0,2=2, e=f, missing 13p+ f
2pt+4p+13p+f, x=1,y=0,2=3, e=f, missingbp+ f, 17Tp+ f
Rpt+4p+3p+f, x=0,y=1,2=0, e=f', missing 7p+ f’
Rpt+4p+Tp+f, x=0,y=1,2=1, e=f', missing 11p+ f’
pt+4p+1lp+ f, 2=0,y=1,2=2, e=f', missing 3p+ f', 15p+ f’

given are handled independently as follows. See [7, Tables 4.3 and 4.10] for lists of small
3- and 4-GDDs.

For 12p + e, use decompositions of Ky, . and Ko 9,2, with a 2p-inflated 3-GDD of type
23 plus an extra point if e = 1.

For 15p + f/, use decompositions of Ks,, p and K, ,, with a p-inflated 4-GDD of type
3 plus an extra point if f’ = 1.

For 17p + f, use decompositions of Kypi ¢, Kspip, Kapapapsp With the trivial 4-GDD of
type 1% plus an extra point if f = 1. O

Proposition 2.5. Suppose there exist G designs of orders 16, 20, 21, 25, 36, 40, 41,

45, 56, 65 and suppose there exist decompositions into G' of Ki010.10, K5555, £2020,2025,
Ks5555, Kss5515 and Ky 55520. Then there exist G designs of ordern forn = 0,1,5,16 (mod 20),
n # 5.

Proof Use Proposition 2.4 with p =5 and f = 0. 0

Proposition 2.6. Suppose there exist G designs of orders 16, 24, 25, 33, 40, 49, 57, 81
and suppose there exist decompositions into G of Ksgg, Kssgs and Kgggos. Then there
exist G designs of order n forn =0,1,9,16 (mod 24), n # 9.

Proof Start with a 3-RGDD of type 3% ¢ > 1, [11] (see also [9]), which has 3¢ parallel
classes. Let z,y > 0, x +y < 3 and if z+y > 0, add a new group of size = + y and adjoin
each point of this new group to all blocks of a parallel class to create a {3,4}-GDD of
type 32*1(x +y). This degenerates to a 4-GDD of type 3* if t = 1 and x +y = 3. In the
new group inflate x points by a factor of 8 and y points by a factor of 24. Inflate all other
points by a factor of 8. The original blocks become Kggs graphs and new ones Kgggs
or Kgggos graphs. Either overlay the groups with Ky and possibly Kg;io4y, or add a
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Table 3: The construction for Proposition 2.6

48t + 24, r=0,y=0, e=0, missing 24
A48t 4+ 24424, z=0,y=1, e=0, missing 48
48t+24+1, x=0,y=0, e=1, missing 25
48t 424425, x=0,y=1, e=1, missing 49
48t +24+33, x=1,y=1, e=1, missing 57
A48t 4+ 24+ 57, x=1,y=2, e=1, missing 33, 81
48t 4+244+16, z=2,y=0, e=0, missing 40
48t 4+244+40, z=2,y=1, e=0, missing 16, 64

new point and overlay the groups with K5 and possibly Kg;24y+1. Using decompositions
into G of Koy, Kos, Kgss, Kgsss and Kggs o4 this construction yields a design of order
A8t 4+ 24+ 8x + 24y +e, t > 1, e =0 or 1, whenever a design of order 8z + 24y + e exists.
As illustrated in Table 3, all design orders n = 0,1,9,16 (mod 24), n # 9, are covered
except for those values indicated as missing. The missing values not assumed as given in
the statement of the proposition, namely 48 and 64, are constructed using decompositions
of K16 and Kggg with an 8-inflated 3-GDD of type 23 for 48, or type 2* for 64. O

Proposition 2.7. Suppose there exist G designs of orders 21, 28, 29, 36, 49, 56, 57,
64, 77, 92 and suppose there exist decompositions into G of Kis14.14, K7777, Ko82828.35,
Ki77772, Krgrro1 and K7 77708. Then there exist G designs of ordern forn = 0,1, 8,21 (mod 28),

n # 8.
Proof Use Proposition 2.4 with p =7 and f = 1. 0

Proposition 2.8. Suppose there exist G designs of orders 15, 16, 21, 25, 30, 31, 36, 40,
51, 55, 66 and 70, and suppose there exist decompositions into G of K555 and Kss55.
Then there ezist G designs of order n for n =0,1,6,10 (mod 15), n # 6, 10.

Proof Start with a 3-RGDD of type 3% ¢ > 1, [11] (see also [9]), which has 3t parallel
classes. Let w > 0, w < 3t, and if w > 0, add a new group of size w and adjoin each point
of this new group to all blocks of a parallel class to create a {3,4}-GDD of type 32 1w!.
This degenerates to a 4-GDD of type 3* if t = 1 and w = 3. Inflate all points by a factor
of 5, so that the original blocks become Kj 55 graphs and new ones K5 555 graphs. Let
e=0or 1, and if e = 1, add a new point, co. Overlay each group, including oo if e = 1,
with Kj54. or Ks,e, as appropriate. Using decompositions of K5, K555, and K555
this construction yields a design of order 30t 4+ 15+ 5w +e, t > w/3, e = 0 or 1, whenever
a design of order bw + e exists.

As illustrated in Table 4, all design orders n = 0,1,6,10 (mod 15), n # 6, 10, are covered
except for those values indicated as missing. The missing values not assumed as given are
constructed as follows. See [7, Table 4.3] for a list of small 3-GDDs.
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Table 4: The construction for Proposition 2.8

30t 4 15, w=0,e=0, t>1, missing 15

30t+ 156415, w=3,e=0, t>1, missing 30
30t+154+1, w=0,e=1, t>1, missing 16

30t+ 15416, w=3,e=1, t>1, missing 31

30t+ 15421, w=4,e=1, t>2, missing 36, 66

30t +15436, w="T7,e=1, t>3, missing 21, 51, 81, 111
30t + 15425, w=>5,e=0, t>2, missing 40, 70

30t +15440, w=8,e=0, t>3, missing 25, 55, 85, 115

For 81, use decompositons of Ky and K555 with a 5-inflated 3-GDD of type 4* and an
extra point.

For 85, use decompositons of K15, Kas and K55 with a 5-inflated 3-GDD of type 345!,
For 111, use decompositons of Ko, K31 and K555 with a 5-inflated 3-GDD of type 4461
and an extra point.

For 115, use decompositons of K5, Kos and K5 5 5 with a 5-inflated 3-GDD of type 3'5%. 5

3 Proofs of the theorems

We deal with each of the theta graphs stated in the theorems. The lemmas in this
section assert the existence of specific graph designs and decompositions of multipartite
graphs. These are used as ingredients for the propositions of Section 2 to construct
the decompositions of complete graphs required to prove the theorems. With a few
exceptions, the details of the decompositions that constitute the proofs of the lemmas
have been deferred to sections in the rather lengthy Appendix to this paper. If absent,
the Appendix may be obtained from the ArXiv (identifier 1703.01483), or by request from
the first author. In the presentation of our results we represent ©(a, b, ¢) by a subscripted
ordered (a+ b+ ¢ — 1)-tuple (v1,va, ..., Vatbre—1)6(abe), Where vy and vy are the vertices
of degree 3 and the three paths are

(1) (Uly U?) if a = 17 (Ula V3, ..+, Vatl, U?) if a Z 2a
(11) (U17 Va+2, -+, Vatbs U2)7
(iii) (v1, Vagbr1, -5 Vatbie1, V2)-

If a graph G has e edges, the numbers of occurrences of G in a decomposition into G of
the complete graph K, the complete r-partite graph K, and the complete (r+1)-partite
graph K1 are respectively
—1 Zr(r —1 —1)+2
n(n ), n*r(r —1) and nr(n(r—1) + m).
2e 2e 2e
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The number of theta graphs with e edges is |€?/12—1/2] of which |e?/48+(e mod 2)(e — 8)/8+
1/2] are bipartite; see [6] for example.

All decompositions were created by a computer program written in the C language, and a
MATHEMATICA program provided final assurance regarding their correctness. Most of the
decompositions were obtained without difficulty. However, there were a few that seemed

to present a challenge, notably Ky, for theta graphs of 10 edges, K54 for theta graphs of

12 edges and K3 for theta graphs of 15 edges. So, for these three cases, it is appropriate

to include the decomposition details in the main body of the paper.

Lemma 3.1. There exist ©(a,b,c) designs of orders 16, 20 and 25 for a + b+ ¢ = 10.
There ezist ©(a, b, c) designs of orders 36, 40, 41, 45, 56, 65 for a + b+ ¢ = 10 with a, b,
¢ not all even.

Proof There are seven theta graphs of which two are bipartite. We present designs of
order 20 here; the remaining decompositions are presented in the Appendix.

Kyo Let the vertex set be Zyg. The decompositions consist of the graphs
4,17,0,9,7,1,12,15,13)eq 2,7, (11,17,18,10,1,13,3,7,16)001,2,7),
1,6,18,14,11,12,2,0,15)e0,27),
2,4,10,18,0,8,15,3,11)e(1,2,7), (6,2,8,11,19,7,0,14,16)6(1,2,7),
18,7,15,10, 14,8, 16)og1a7). (6,12,0,10, 16,3, 18, 14, 19)a(1 217,
(0

9,18,12,15,4,3,5)o01.14), (0,7,17,5,10,14,12,8,2)o1.5.6),

Y

1

2,4,

0,1,
8,6,14,1,13,3,17,4,19)0(1.34),
3,15,2,1,11,17,18,7,6)o0.36), (3,7, 14,11,19,5,6,18,10)o1.56),
7,19,15,18,13,14,2,10, 11)e(136), (15,19,11,2,14,6,3,9,10)01.56),
0,

2,3,6,9,11,10,14,8) g1
6,11531718807)@

o(,

(1.4
8,12,13,15,16,4, 3,11 9)@145

e,

(
(1,
(
(
(
(
(
(
( iy, (17,2,7,12,13,9,0,18, 11)o1.45),
(
(
(1, 17,5,7,19,4,9,16,0) 145)»
(2,
(
(
(
(
(
(
(
(
(
(
(

), (1,8,3,15,7,16,13,0,5)001.45),
), (12,17,5,9,13,11,19,0, 4)0(1.45),
2,1,8,10,18,7,12,0, 6)o(220), (10,15,7,8,12,11,6,13, 5)o(2.24),
10,8,11,9,0, 16,7, 14, 17) 0(22,6)»
5,1,7,3,8,13,11,17, 15)e(.26), (1,9,4,5,19,3,7,13,15)002.24),
5,17,0,19,11,9,13,16, Do), (9,17,3,12,7,11,15,19, 13)e(.26),
0,5,18,2,10,4,9,8, 170235, (13,5,2,11,9,3,7,6,12)0 .35,
7,6,0,1,15,2,12,9,10)0(2.35),

11,3,12,16,15,0,8,7, 4)o(25), (3,7,10,0,15,8,16,4, 19)e .55,
7,19,16,14, 11,12, 4, 15, 2)@(235), (11,19,8,3,6,18,15,12,0)o(2..5),
8,2,7,5,13,9,4,18, 17)e(.4.4), (18,6,10,9,8,0,7,17, 4)o(2.44),

13,11, 15,8, 18,0, 10, 3, ) 0(24.4))

7,3,6,13,4,11,15,0,9)e@a4), (3,7,0,2,19,4,8,11,10)0(2.44),
15,19,12,3,16,5,8,17, 11)o(2.44), (15,19,18,1,12,7,14, 11, 16)o2.44),
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(15,10, 18,13,6,12,11,0,8)e(3,3,4), (0,11,16,3,17,8,10,1,5)e3,3,4),

(5,7,0,13,3,8,17,19, 14)03,3,4),

(6,18,7,17,13,12,0,1,2)03,3,4), (6,10,5,4,14,18,2,16,17)e3,3,4),
(10,14,9,8,11,1,2,3,13)e3,3,4), (14,18,10,6,15,5,2,9,19)e(3,3,4)

under the action of the mapping x +— = + 4 (mod 20) for only the first three graphs in
each design. O

Lemma 3.2. There exist decompositions into ©(a,b,c) of the complete bipartite graph
K5 for a4+ b+ c =10 with a, b, ¢ all even. There exist decompositions into ©(a, b, c)
of the complete multipartite graphs Ki0,10,10, Ks555, 20202025, K55555, Ks555515 and
Ks55520 for a+b+c =10 with a, b, c not all even.

Proof The decompositions are presented in the Appendix. 0O

Theorem 1.2 for ©(a, b, ¢) with a + b+ ¢ = 10 follows from Theorem 1.1, Lemmas 3.1 and
3.2, and Proposition 2.1 (withd=5,r=2,s=1, f=2and g=0,3 or 5) if a, b and ¢
are all even, Proposition 2.5 otherwise. 0O

Lemma 3.3. There exist O(a, b, c) designs of orders 11 and 12 for a4+ b+ c = 11. There
exists a O(a, b, c) design of order 22 for a+ b+ ¢ = 11 with a, b, ¢ not all odd.

Proof There are nine theta graphs of which three are bipartite. The decompositions are
presented in the Appendix. O

Lemma 3.4. There exist decompositions into ©(a,b,c) of the complete bipartite graph
K111 for a4+ b+ c =11 with a, b, ¢ all odd. There exist decompositions into ©(a, b, c) of
the complete multipartite graphs Ki11111, Ki111.1111 and Kiiq1111111 fora+b+c=11
with a, b, ¢ not all odd.

Proof The decompositions are presented in the Appendix. 0O

Theorem 1.3 for O(a, b, ¢) with a+ b+ ¢ = 11 follows from Theorem 1.1, Lemmas 3.3 and
3.4, and Proposition 2.1 (with d =11, r =s= f =1 and g = 0) if a, b and ¢ are all odd,
Proposition 2.3 otherwise. 0

Lemma 3.5. There exist ©(a,b,c) designs of orders 16, 24 and 33 for a +b+ ¢ = 12.
There exist ©(a, b, c) designs of orders 40, 49, 57 and 81 for a + b+ ¢ = 12 with a, b, ¢
not all even.

Proof There are eleven theta graphs of which three are bipartite. We present designs of
order 24 here; the remaining decompositions are presented in the Appendix.

K4 Let the vertex set be Zy,. The decompositions consist of
(11,9,16,19,10,12,6,15,7,2,8)e(1,2,9), (8,0,10,7,6,19,18,1,20,22,12)ex1,2,9),



10 Forbes / JAC 49 issue 1, June 2017, PP. 1 - 16

6,13,15,1,17,18,14, 22,19, 21)e(1,29), (10,7,1,3,21,8,14,9,19, 16, 13)e(1,2,9),
16,21,1,7,9,22,15,19,5,17,4)e0x1 2,9, (18,4,10,21,17,14,16,6,11,12,19)g(1,2,9)
(

21,20,7,2,14,13,18,6,5,4, 12)o.20), (21,12,13,22,10,5,15,20,16,3,9)e(1.2.9),
4,20 .0,1,19,23,11,15,3,7, 5)@(129),(4 23 13,8,15,12,7,0,11, 17, 20) 0(1.29))
12,23, 16,8, 19, 7,4,15 13,5,21)0(1.29),

22,18,1,11,8,16,17,13,9,15,2)o.35), (9,20,10,22,1,3,21,4,19,12,2)e( 3.5),
7,4,17,5,10,12, 21,6, 19, 16, 20)9(138% (16,2,3,9,21,22,0,18,13,15, 11)e( 5.5),
18,19,14,7,9,12,11,13,0,6,22)0(1 5.5, (12,7,16,11,17,22,4,15,10,13,6)o(1.35),

15,17,0,10,21,11,19,5,18,16)ou.ss), (5,21,13,7,15,6,11,3,22,9,0)e( 5.5),
7,23,8,5,22,12,0,2,13, 16, 1)@(138),(8 23,1, 14,20,6,17,15,7,9, 16) 0(13.8):
13,23,21,15,3,19, 14,4,16,7,0)o(1 3.5),

2,19,10,9,20,11,16,8,2,21,4)o0.47, (19,9,3,21,18,14,1,7, 2,20, 4)e(1.47),
0,18,15,0,3,6,2,16,21,10, 11)o@.4m, (21,0,7,20,22,14,18,16,15,3,13)e(1.4.7),
11,7,18,15,8,12,0,9, 17 13) o@an), 1,22 13,15,18,2,9,11,7, 0) 04T,

4, 4,
6,22,1,8,14,0,11,17,5,20,21)e01.47), (7,9,15,14,6,22,8,19,1,13,21)g(1.4.7),
1,22,5,21,15,23,7,14,13,9, 16)@(147% (6,23,7,13,5,16,3,9, 14,17, 22)e(1.47),
1
1

2
2

5,17,23,14,0,6,5,4,13,12,21) (1,47,

(2,

(

(

(4,

(

(

(

(

(8,

(

(

(

(

(

(

(1,

(

(1,6,22,19,9,8,5,13,12,11,17)o056), (0,7,9,17,19,4,8,3,16,2,21)o(1.5.),
(5,17,19,16,9,15,6,4, 22,12, 18)o 5.6), (3, 15,22, 16,12,10,21,8,20,9, 4)o(1 5.4),
(13 4,22,15,7,12,16,20,3,5,18)e (155),(15,1,16,6,22,10,0,2,19,18,21)@(L@6%
(18,2,10,19,3,11,1,4,21,14,15)00.56), (5,7,0,18,15,11,12,9,2,6,10)0(1.5.6),
(7,13,22,11,19,6,3, 14 23,2,8) o5.6), (10,23,14,18,22,5,17,20,13,15,19)e(1.56),
(21,23, 16, 10,2, 22,15,6,7. 18 3)@(156

(
(
(
(2,
(1,
(
(
(7,
(
(
(
(
(
(
(
(
(

11,15,2,13,19,1,0,4,12,3,20)0(2.25), (16,13,18,1,21,17,4,14,15,0, 10)e(225),
12,11,18,0,14,19,20,5,21,7, 15)opas), (13,3,17,14,20,18, 15,19, 22,0, 8) 0(2.2.8),
12,14,2,17,13,19, 18,9, 22,7, 8)o(225), (13,20,7,0,3,1,15,8,5, 22, 17) 0(2.2.8),
2,17,9,18,22,4,7,19,16,6,10)0(2.25), (14,2,6,10,18,22,15,3,0,17, 1)e@2s),
1,2,7,8,23,17,15,12,6,22,13)0(22), (9,10,15,16,7,14,22,8, 11,23, 18)o(2.25),
14,18,0,5,20,23,6,21,10,9, 1)eoras),

7,11,0,1,14,3,15,10,22,17, 16)og2sm, (1,20,15,17,3,8,18,5,22, 14, 4)o 2,37,
0,13,6,8,16,4,9,2,12, 14) o@sm, (10,14,13,1,5,2,3,21,19, 17, 18) 0(237);
7,21,20,18,6,19,15,22, 4, 5)o a7, (1,3,19,4,10,16,13,21,2,6,0)e(25.7),
1
2

1,12,13,20,18,16,15,4,8,2)e(2,3,7), (13,15,17,4,7,8,10, 19, 20,0, 18)e(2,37),
3,12,0,2,9,7,10,16,21, 1)e@a 1), (15,21,12,6,11,23,20,7,22,3,4)e237),
9,23,14,4,0,5,20,16,12,8, "e.3.17),
5,18,0,12,3,7,16,6,8,15)e(24,6), (1,16,13,10,6,22,5,11,2,19,8)e2,46),
22,21,4,12,11,16,5,14,3,17,15)e(2,46), (18,9,17,8,4,5,0,13,21,12, 14)o2.4),

9,
3,
9,
1
4,

5,17, 10, 19, 12 17,4,1,20,18,6)0(2.4), (3,5,19,15,9,6,1,12,4, 10, Te(2.44),

1
10,3,2,8,17,0,11,6,15,22, T)or.40), (3,18,22,9,0,2,6,7,15,14,19)002.44),
10,18, 13.5.2,21.23.0, 1.8, Toas), (16,23,15,1,19,22,9,8 11,14, To@.a6),
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,23,19,18,10,14,17,11,15,2,6)0(2,.4,6)

15,14,21,3,0,4,11,19,20,1,13)e125.5), (14,0,18,15,2,4,19,8,16,1,5)e @55,
18,1,11,9,8,6,21,19,17,0, 15)e25.5), (10,21,2,13,5,19,8,7,14,0,20)0 255,
21,13,4,3,11,17,15,0, 7,1,2)@(255% (19,22,10,21,7,15,11, 14,12, 18, 1)e(25.5),
2,7,12,0,10,20,8,6,17,1,4) o255, (10,18,8,15,6,12,4,14,9,20, 23)e(25.5),
4,22,17,14,1,12,9,20,15,16, 18)o(255), (7,12,22,2,16,4,15,20,6, 14, 23)0(25.5),
20,22,14,12,0, 23,4, 17, 9,1,6) 0(2,5.5);

(16

(

(

(

(2,

(4,

(

(14,13,20,7,16,9,22,17,18,21,0)e@ 54, (21,9,3,5,22,18,2,16,1,17,19)0(.56),
(21,12,4,13,16,18,14,15,20,17, 11)ogse), (19,2,22,8,15,9,12,1,13, 21, 11) 0(3.3.6);
(7,2,21,10,9,4,14,17, 16,22, 12)o35.6), (18,14,7,2,15,1,19,4,16,8,23)e3),
(8,19,7,0,11,6,12,20,16,3, 14)egs), (14,3,5,7,12,15,18,11,16,23,0)e s,
(0,3,11,19,20,22,4,7,23,15,8)0s4), (6,19,4,8,21,23,10,3,11,15, 7)),

(16, 22, 15.13,19,2, 12, 4,20, 23, 1M)e@s.s6),

(16,9,17,13,2,11,4,8,22,14,19)o(3.45), (21,19,6,7,22,4,15,2,20,8, 11)e@.45),
(3,5 8.7.4.1.19.6,9, L118)(34@ (22,4,5,17,10,11,0,20,6,2, To(s.45),
(14,11,16,9,8,10,13,7,1,17,15) o5, (22,21,11,5,7,10,20,9,2,1,16)e(.45),
(10,20,1,15,3,12,4,18,7,21,0)e3.45), (16,20,10,12,7,0,13,5,23,9,18)es.45),
(2,16,10,23,15,7,13,4,8,21,12)o34s), (7,15,12,5,17,2,8,23,13,4, 21)e@.45),
(18,23,0,15,2,19,4, 11,20, 5, 8)o(3.4.5),

(
(
(5,
(
(2,
(

20,6,21,4,11,14,18,17,2, 10, 5)e(.44), (13,12,10,14,22,17,16,0,2,8, 11)o 444,
5,19,7,4,2,8,22,0, 17,15, 18)0w.44), (8,1,14,15,22,13,21,3,7,2,16)o 444,
5,21,14,12,8,19,3,15,20,0, 7)o, (21,7,14,9,3,19,8,1,17,20, 15)e(.44),
20,11,10,22,7,4,17,1,9,2, 14)e@a4), (11,18,2,15,1,20,7,16,22,19, 6)ous4),

4,0,15,19,12,23,9,17,7,18)0(.44), (3,10,12,20,1,14,23,8,17,9,19)0(1.4.4),
3,12,6,15,4,18,9,1,23,10,17)o(4.4.4)

under the action of the mapping z — x + 8 (mod 24) for only the first six graphs in each
design. 0O

Lemma 3.6. There exist decompositions into ©(a,b,c) of the complete bipartite graph
Kiog for a+b+c =12 with a, b, ¢ all even. There exist decompositions into ©(a, b, c) of
the complete multipartite graphs Kggs, Kggss and Kgggos for a+b+c =12 with a, b,
¢ not all even.

Proof The decompositions are presented in the Appendix. 0O

Theorem 1.4 for ©(a, b, c) with a+ b+ ¢ = 12 follows from Theorem 1.1, Lemmas 3.5 and
3.6, and Proposition 2.1 (withd =4, r=3,s=2, f=1and g=0,2o0r4)if a, b and ¢
are all even, Proposition 2.6 otherwise. 0O

Lemma 3.7. There exist ©(a, b, c) designs of orders 13 and 14 for a4+ b+ c = 13. There
exists a ©(a, b, c) design of order 26 for a + b+ ¢ = 13 with a, b, ¢ not all odd.
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Proof There are thirteen theta graphs of which four are bipartite. The decompositions
are presented in the Appendix. 0

Lemma 3.8. There exist decompositions into ©(a,b,c) of the complete bipartite graph
Ki313 for a4+ b+ c =13 with a, b, ¢ all odd. There exist decompositions into ©(a, b, c) of
the complete multipartite graphs Kis 1313, Ki131313,13 and Ki3131313.13 fora+b+c =13
with a, b, ¢ not all odd.

Proof The decompositions are presented in the Appendix. 0O

Theorem 1.5 for ©(a, b, ¢) with a + b+ ¢ = 13 follows from Theorem 1.1, Lemmas 3.7 and
3.8, and Proposition 2.1 (with d =13, r =s= f =1 and g = 0) if a, b and ¢ are all odd,
Proposition 2.3 otherwise. 0O

Lemma 3.9. There exist ©(a,b,c) designs of order 21, 28 and 36 for a + b+ ¢ = 14.
There exist ©(a, b, c) designs of order 49, 56, 57, 64, 77 and 92 for a + b+ ¢ = 14 with a,
b, ¢ not all even.

Proof There are fifteen theta graphs of which four are bipartite. The decompositions
are presented in the Appendix. 0O

Lemma 3.10. There ezist decompositions into O(a, b, c) of the complete bipartite graph
Kiyu7 for a4+ b+ c =14 with a, b, ¢ all even. There exist decompositions into ©(a, b, c)
of the complete multipartite graphs Ki414,14, Kr 777, Kogososss, Krrrrr, Krgrro and
Kq 77708 fora+b+c =14 with a, b, c not all even.

Proof The decompositions are presented in the Appendix. 0O

Theorem 1.6 for O(a, b, ¢) with a+ b+ ¢ = 14 follows from Theorem 1.1, Lemmas 3.9 and
3.10, and Proposition 2.1 (withd=7,r=2,s=1, f=2and g=0,3 or 5) if a, b and ¢
are all even, Proposition 2.7 otherwise. 0O

Lemma 3.11. There ezist ©(a, b, c) designs of orders 15, 16, 21, and 25 for a+b+c = 15.
There ezist ©(a,b,c) designs of orders 30, 36, 40, 51, 55, 66 and 70 for a + b+ ¢ = 15
with a, b, ¢ not all odd.

Proof There are eighteen 15-edge theta graphs of which six are bipartite. We present
designs of order 30 here; the remaining decompositions are presented in the Appendix.

K3o Let the vertex set be Z3y. The decompositions consist of the graphs

(6,2,0,7,22,5,19,15,18,25,23,1,21,12)g(1,2,12),
(7,20,15,2,10,9,8,5,6,17,3,18,28,22)0(1,2,12),
(20,4,14,19,1,3,5,18,11,16, 24, 13,2,21)g(1,2,12),
(7,13,10,14,6,11,8,4,25,9,18,21,27,23)g(1,2,12),
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27,5,16,22,6,18,13,0,14,2,9,21,11,4)e(1,2,12),

17,26,11,23,2,15,22, 4,6, 10,28, 21, 8)g(1,2,12),
23,5,14,17,2,11,7,28,24,22,18,16,25,29)01,2,12),
17,29,11,13,4,0,28,16,12,10,22,1, 5, 20) 0(1,2,12)>
23,29, 8, 19 10,3,20,11,26,9,16,4,27,14)g(1,2,12),

9,1,6,11,23,0,27,21,5,18,14,7,15, 17)o(.410),
5,19,0,28,20, 1,6,9, 18,22, 11, 16, 25, 8)e(1 4 10).
7,26,16,15,8,23,10,28,5,9,20,12,19, 21)e(1.4.10),
,9,1,10,21,14,12,23,15,25,5, 7,2, 26)e(1.4.10),
0,15,4,2,28,25,19,16,13,17, 27,26, 6, 22)o1.4.10),

1

0

1

12,0,5,20,23,24,4,14,11,2,16, 6, 28, 18)o(1,4,10),

12,18,4,20, 10, 11, 26,23, 14, 29,6, 5,8, 17)e(1,4,10)»
0,24, 10,26, 16,29,2,17,14,28,8,22,12,6)o(1,4,10),
18,24,11,8,23,6,0,22,2,5,26,29,20,17)e1,4,10),

9,
9,
1

2,26,10,18,8,4,16, 25, 14, 20, 17,21, 6)o(1,6,8),

21,18,15,4,17,22,11,12,24,13, 10,0, 14)e(1.6,5).

0,6,15,2,3,27,13,11,17,0,8,23,12, T)o(1,65):
24,0,22,19, 15, 20,9, 26 14,13,8,28,12,5)e(1,6,),
21,13,19,28,4,26,17,18,1,14,7, 5,15, 23) 0(1,6,8)

(

(5,

(

(

(23

(1

(1

(

(

(

(

(

(

(

(

(

(

g

(19,7,5,17,3,10, 25, 11,4, 22,15, 28,13, 1)e(1.65),
(7,23,13,3,16,28,5,27, 10, 22,29, 15,25, 11)e(16).
(1,19,17,10,28,21,4,16,9, 22,7,29,13,25)0(168),
(1,23,21,5,13,19,9,25,17,29, 11,27, 4, 16)e(16),
( o

(

(

(

(

(

(

(

(

(

(

(

(

(

(1,

(

(

(

12,18,17,28,24,15,7,19,22,3,23,9,27,2)e2,2,11)
18,8,15,7,5,2,24,9,22,1,27,28,11,4)0(2.2,11),
15,22,17,10,11,19,23,8,6, 12, 13, 26, 20, 2)g(2,2.11)
15,13, 23,22,25,14,28,6,9,0,4, 26, 17, 20)@(2211),
5,21,7,19,23,22,20,0,25,12,8,9, 15, 2)eg(2,2,11),

13,16,19,10,6,17,24,5,26,1,7,0,28, 22)e(2.2.11),
4,25,10,19,23,17,28,1,24,22, 11,18, 29, 20)o(2.211),
4,13,7,28,6,29,23,14,19,12,5, 11,17, 8) 6(2.2.11);
16,25, 1,18, 5,29, 10, 12, 23, 0, 11,2,7 22) 6(2.2.11);

12,19,17,15,23,14,4,21,1,25,5, 2,6, 3)e(2.3.10),
22.2,1,6,17,25,28,11,4,0, 18,10, 16, 27)6(2.5.10),
6,0,21,20,28,12,2,25,11,15, 10, 14,26, 17)o(2.3.10),
11,16,17.2.9.12.5. 23, 28.26. 15. 6, 13, 1)e(23.10);
22,9,10,12,1,11, 21,23, 26, 20,4, 25,0, 8)6(2.5.10);

1,13,0,27,9,18,19,2,7,20,25,8,21, 15)6(2.5.10),
3,1,20,7,26,15,19,8,13,5,21,25,27, 14)0(2.5.10),
3.9,21,1,23, 17,25, 14, 19, 11,27, 15, 29, T)o25.10)
0.13,26,15,2,3,27, 21,19, 6,7, 24, 25, 12)02.5.10),
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19,3,9,0,22,7,6,20,26,10,28,17, 4, 18)o(2.49),
14,6,4,26,19,13,9,20,7,8,16,12, 11, 24)0(2.4.0),
8,28,15,18,26,5,21,17,19, 14,25, 4,7, 23)o(2.49),
11,20,23.7.28. 21,17.27.6.15. 16, 22, 3. 5)o(2.4.9);
10,4,8,11,3,1,15,12,23,9, 21,7, 29, 24)90249%
1

25,0,11,20,24,19,7,17,26, 23,2, 6, 3)o(2.49),
25,18,13,5,14,11,7,12,6,29,2,0, 24, 19)0(2.4.0),
1,12,9,6,8,5,13,23,0,26, 24, 17, 20, 18)90249%
12,18, 14,13,21, 24,8,29,19,27,0,6,7, 15)e(2.4)

5,15,17,7,4,20,28,16,26, 25,9, 27, 18, 2)o(25.5),
25,27,24,6,26,5,1,3,2,8,11, 18, 10, 7)(258%
11,24,4,0,12,6,22,19,14,18,17,26,8, 1)eo(25.5),
26,28,21,7,9,15,24,3,6, 14,12, 25,13, 19)0(25.5),
3,18,22,27,28,23,0,25,10,19,2,17,11) 0(25.8);
11,25,9,28,22,10,21,2,4,8,27,16, 14)0(25.5),
10,17,21,14,3,22, 16, 4, 28,29, 15,26, 23, T)o2.58),
10,8, 4,22,26,28, 19,29, 13, 23,9, 20, 16) 0(25.8);
11,17,1,27, 23,22, 20, 15,4, 16, 28,2, 29, 3)o(2.5.5),

7,25,26,27,15,23,10,9,12,28,14, 16, 22)e(2,6,7)
26,12,16,9,19,11,8,1,5,6, 24,18, 27, 13) 0(2,6,7)>
3,5,14,22,1,20,26,11,7,17,12,2,9,10)0(2,6.7):
13,0,11,8,5,23,27,2,18,14,26,22,4, ") o267
7,18,1,8,24,2,19,5,11,10,17,27,25, 3)o(2,6.7):
2

1,22,0,15,12,4,27,24,28,17,3,5,16,9)e(.6.7),
22,27,11,12,3,16, 18,10, 15, 28,6, 4,23, 21 )26,

21.18.6.29. 15,244, 23.0.3, 10, 12 ,5)e(2,6.7)»

27,3,15,17,24,16,6,11,18,28,0, 10,29)o (2.6,

9,
9,
19,17,3,15,13,16,9,23,7, 24,12, 14,21, 2) o3 4.5),
11,25,16,17,18,24,2,1,19,28,8, 3,6, 10)o(3 45),
4,14,9,10,15,11,20,2,5,7,26, 1,6, 27) 0(3.4.8),
6,15,26,14,17,0,9, 2,19, 18,7, 4, 12 28)@(348%
11,19,22,12,21,6,9,27,1,3,25,16,29, 20)o(3.4.5),

22,11,16,4,28,20,17,10, 12,26, 23, 24,8, 5)o(3.4.5),
10,22,16,8, 17, 23,29, 26, 4,6, 5,0, 28, 14) 0(3.4.8),
10,29,28,5,4,22,24,2,16,23,18,17,12, 11)e(3.4.),
11,29, 14,0, 23,5, 17,6, 20, 4, 28, 16, 18, 2) 0(3.4.8):

21,6,10,11,5,2,16,3,8, 24, 17,27, 23, 4) o366,

2.6,18.25.7,27.8, 14,26, 19, 4, 28, 24, 15)e(3.6.6);

11,16,4,8,0,17,25,22,6,23,15,10,7, 26)o(3.6.6),
4,22,17,13,16,14,27,24,0,3,5,10,19, 15)06.6),

(
(
(8,
(
(
(1,
(
(1,
(
(
(
(
(
(5
(5,
(
(5,
(
(4,
(
(
(
(
(
(
(
(
(
(
(
(6,
(
(
(
(
(
(
(2,
E
(7,24,8,9,19,18,0,13, 20, 12,11, 26,23, 2)e3.6.6),
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1,9,17,7,3,15,27,19,25,11,13,23, 14, 21)es.6.),
25,1,5,29,11,17,8,15,7,27,13,21,3 9)90366%
19.27.91.2.11.5,26.3. 15, 13.7.23 129)6(3.6.6),

0.25.17.23.5.7.21,15,1,13,29. 20, 27, 3)o(5.6.6);

9

1

19,9,5,1,12,26,15,22,16,10, 23,21, 7, 28)o 447,
13,3,2,28,18,19, 24,7, 14,5, 10, 25, 23 15) 60447,
10,20, 12,3,25,22,11,15,9,4,0, 1,21, 5)e(1.4.7),
0.23.7.20,18,26. 4,12, 0,24, 6,22.2 1 3)o(an),

6

(1,

(

(9,

(

(

(

(

(

(6,1,20,17,23,13,22,19,14,8,15,21,18, 11)e (.47
(11,14, 24,23,16,8,10,26,12,2,6,5, 18, 17)e(1.4.7),
(14,20,23,22,29, 28, 26,0, 18,8, 17 5,2,4) 04AT)!
(11,29,10,17,0,23, 5,28, 2, 14,24, 20, 8, 26)0(4.4.7),
(20,29,2,16,17,22,8,12,23,6,26,5, 4, 11) 044

(
(
(
(1,
(
(
(
(
(

11,7,6,8,15,18,4,9,19,28,27,0,10, 26)o(4.5.6),
24,28,2,17,19,5,14,13,10, 25,16, 3,8, 21 )o(15.6),
26,9,28,5,21,8,16,27,13,22,17,18,2, 11)o(5.),
1,22,24,27,18,5,9,7,23, 25,12, 4, 6 2) 0(45.6),
28,13,25,20,26,22,7,14,24,17,9,8, 11, 23)o(45.6),
23,9,1,6,24,17,11,14,3,26,15,0,12, 18)o(4s.6),
0,9,25,17,20,6,27,12,29, 18,24, 11, 21 15)@@156%
0.5.24.19.11,17,27.3.18.21.6.12.7, 29)@@: 6),
5,23,13,18,6,15,24,12, 3,8, 27, 21,2,29)0(1.5.6)

under the action of the mapping = — =+ 6 (mod 30) for only the first five graphs in each
design. 0O

Lemma 3.12. There exist decompositions into ©(a,b,c) of the complete bipartite graphs
K515, Ki520 and K595 for a4+b+4c = 15 with a, b, ¢ all odd. There exist decompositions
into ©(a, b, c) of the complete multipartite graphs Ks 55 and Ks 555 for a+b+c = 15 with
a, b, ¢ not all odd.

Proof The decompositions are presented in the Appendix. 0O

Theorem 1.7 follows from Theorem 1.1, Lemmas 3.11 and 3.12, and Proposition 2.2 (with
(r,s,e) = (15,15,0), (15,15,1), (15,20,1) or (15,25,0)) if a, b and ¢ are all odd, Propo-
sition 2.8 otherwise. 0
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