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1 Introduction

Soft set theory was first introduced by Molodtsov[5] in 1999 as a general mathematical tool
for dealing uncertain fuzzy,not clearly defined objects.Shabir and Naz [9]

initiated the study of the soft topological spaces. In 1963, J.C. Kelly [4], first initiated the
concept of bitopological spaces. After then many authors studied some of basic concepts
and properties of bitopological space. In 1996, Andrijevic [I] introduced a new class of
open sets in a topological space called b- open sets. Metin Akdag and Alkan Ozkan [11]are
defined soft b- open sets and soft b- continuous map studied their properties. In the year
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2014,Basavaraj M.Ittanagi [2] initiated the concept of soft bitopological spaces which are
defined over an initial universe with a fixed set of parameters.As well known, connectivity
occupies very important role in topology. Many authors have presented different kinds of
connectivity in general,fuzzy and soft topological spaces. The purpose of this paper is to
introduce the concepts of (1,2)*-soft b- connectedness and (1, 2)*-soft b-compactness and
a detailed study of some of its properties.

2 Preliminaries

For basic notations and definitions not given here, the readers can refer [3]-[9]. Throughout
this paper, X is an initial universe, F is the set of parameters, P(X) is the power set of
X and A is a nonempty subset of F.

Definition 2.1. A soft set F'y on the universe X is defined by the set of ordered pairs
Fa={(z, fa(x)): x € E}, where f4 : E — P(X) such that fa(z) = ¢ if z € A. Here f4
is called approximate function of the soft set Fl4. The value of f4(x) may be arbitrary,
some of them may be empty , some may have non empty intersection. The set of all soft
sets over X will be denoted by SSg(X).

Definition 2.2. [3] Let FAéSSE(X).The soft power set of Fyis defined by
P(A) = {FAZ. FoCFaiclC N} and its cardinality is defined by ’ﬁ(A)‘ — 9 aeplfa@)
where | f4(z)] is the cardinality of f4(z).

Example 2.3. [3] Let X = {21, 25} and E = {eq, e5} then X = {(eq, {z1, 22}), (€2, {1, 22})}.
The possible soft subsets are

Fg, ={(er,{z1})}, Fr, ={(er,{z2})}, Fry = {(er, {71, 72})},

Fg, ={(es, {z1})},  Fr, = {(ex,{22})},  Fry = {(e2, {z1, 22})},

Fp, = {(er,{z1}), (e2, {m1})},  Fry = {(e1, {21}), (€2, {z2})},

FE9 - {(617 {131}), (627 {xlv xQ})}v FElO - {(617 {x2}>7 (627 {$1}>}7

Fg, = {(617 {xQ})’ (627 {x2})}7 Fg, = {(61’ {I2}>’ (627 {xlv x2})}7
FE13 = {(617 {x17$2}) (627 {3171})}, Fg,, = {(617 {95171‘2}), (627 {xQ})}v

9

FE15:¢a FE16:X'

Definition 2.4. [9] Let 7 be the collection of soft sets over X, then 7 is said to be a Soft
Topology on X if

(i) ¢, X belongs to 7.
(ii) The soft union of any number of soft sets in 7 belongs to 7.
(iii) The soft intersection of any two soft sets in 7 belongs to 7.
The triplet ()N( , T, E) is called a Soft Topological Space over X.

Definition 2.5. [9] Let (X,7,E) be a soft topological space over X. Then the
members of 7 are said to be soft open sets over X.
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Definition 2.6. [10] Let X be a non-empty soft set on the universe X with a
parameter set £ and 71, T» are two different soft topologies on X. Then (X, 71,7, F)
is called a soft bitopological space.

Definition 2.7. [I0] Let (X, 7,7, E) be a soft bitopological space and Fy C X. Then
F4 is called 7y -open if Fiy = Fp U Fy, where Fg € 7y and Fg € 7. The complement of
71 2-open set is called 7 5-closed.

Definition 2.8. [7] Let X be a soft bitopological space and Fy C X. Then Fy is called
(1,2)*-soft b-open set ( briefly (1,2)*-sb-open) if Fy C 71 o-int(7 o-cl(F4)) U 71 o0-cl(T10-
int(Fya)).

Definition 2.9. [7] Let X be a soft bitopological space and Fa be a soft set over X.
(1)(1,2)*-soft b-closure ( briefly (1,2)*-sbcl(F4)) of a set F4 in X is defined by
(1,2)*-sbel(Fy) = N {FEEFA : Fris a(1,2)* — soft b — closed set m)?}

(i) (1, 2)*-soft b-interior ( briefly (1, 2)*-sbint(F4)) of a set F, in X is defined by (1,2)*-
sbint(F,) = U {FBEFA : Fpis a(1,2)* — soft b — open set m)}:}

Definition 2.10. [8] A soft mapping f : X — Y is said to be (1,2)*soft b-continuous (
briefly (1,2)*-sb-continuous) if the inverse image of each 77 2-open set of Y is (1,2)*-soft
b-open set in X.

Definition 2.11. [§] A soft mapping f : X — Y is said to be (1,2)*soft b-irresolute (
briefly (1,2)*-sb-irresolute) if f~2(Fy) is a (1,2)*-soft b-closed set in X, for every (1, 2)*-
soft b-closed set F4 in Y.

Theorem 2.12. [§/ Every (1, 2)*- soft-continuous function is (1, 2)*-soft b-continuous.
Theorem 2.13. [§/ Every (1,2)*- soft b-irresolute mapping is (1, 2)*-soft b-continuous.

Definition 2.14. [8] A soft mapping f : X — Y is said to be (1,2)*-soft b-open map (
briefly (1, 2)*-sb-open) if the image of every 71 o-open set of X is (1, 2)*-soft b-open set in
Y.

Definition 2.15. [§ A soft mapping f:X =Y is said to be (1,2)*-soft b-closed map
( briefly (1,2)*-sb-closed) if the image of every 7 o-closed set of X is (1,2)*-soft b-closed
set in Y.

3 (1,2)*-Soft b-connectedness

In this section we introduce the concept of (1,2)*-soft b-seperated sets and (1, 2)*-soft
b-connected space in soft bitopological space.Also we discuss some of the main results
and properties.
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Definition 3.1. Two non empty soft subsets Fig, and Fg, of SSg(X) are said to be soft
disjoint if FE1 ﬁ FE2 = ¢ .

Definition 3.2. Let ()? ,T1, T2, E) be a soft bitopological space. Two non-empty soft
disjoint soft subsets Fg, andFg, of SSg(X) are called (1,2)*-soft separated sets over X
if (?172 — CZ(FEI)) N FE2 == .FE1 N (?172 — CZ(FEZ)): gb .

Definition 3.3. Let ()? ,T1, T2, E/) be a soft bitopological space. Two non-empty soft dis-
joint soft subsets Fg, andFg, of SSg(X) are called (1,2)*-soft b-separated

( (1,2)*-sb-separated) sets over X if ((1,2)*sbcl(Fg,)) N Fg, = Fg 0N
((1,2)*-sbcl(Fg,))= ¢ .

Remark 3.4. From the fact that (1,2)*-sbcl(Fg) C (T2 — cl(Fg)), for every soft subset

Fr of X, every (1,2)*-soft separated set is (1,2)*-soft b-separated. But the converse may
not be true .

Definition 3.5. A (1,2)*soft b-separation ((1,2)*-sb-separation) of a soft
bitopological space (X, 7y, T2, E) is a pair of (1, 2)*-soft b-separated sets Fg, andF, whose
soft union is X.

Definition 3.6. Let()N(,?l,?Q, E) be a soft bitopological space.Then X is called (1,2)*-
soft b-connected space if X cannot be expressed as the soft union of two (1,2)*-soft
b-seperated sets.

Remark 3.7. (i) In a soft bitopological space soft empty set is trivially
(1,2)*-soft b-connected set.

(ii) In a soft bitopological space every soft singleton set is (1,2)*-soft b-connected since
it cannot be expressed as a soft union of tow non-empty (1, 2)*-soft b-seperated sets.

Theorem 3.8. Let ()? ,T1, T2, E) be a soft bitopological space.Then the following state-
ments are equivalent:

(i) X is a (1,2)*soft b-connected space.
(i) X and ¢ are the only (1,2)*-soft b-clopen sets in X.

(iii) X cannot be expressed as the union of two disjoint non-empty (1,2)*-soft b-open
sets.

(iv) X cannot be expressed as the union of two disjoint non-empty (1, 2)*-soft b-closed
sets.

Proof. (i) — (ii) Let X be (1,2)*-soft b-connected space. Let Fy be non-empty proper
subset of X that is (1, 21*—80& b-clopen . Then X\ Ff is a non-empty (1, 2)*-soft b-clopen
set and X = Fp U (X\Fg) . This is a contradiction to X is a (1,2)*-soft b-connected
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space. Therefore X and ¢ are the only (1,2)*-soft b-clopen sets in X.

(ii) — (iii) Assume that X and ¢ are the only (1,2)*-soft b-clopen sets in (X, 7, 7, E).
suppose (iii) is false. Then X = Fy, U F, where Fj, and Fp, are disjoint non-empty
(1,2)*-soft b-open sets. Then Fg, = )N(A\VFEl is (1,2)*-soft b- closed and non-empty. Thus
Fp, is a non-empty proper (1,2)*-soft b-clopen sets in X, which contradicts (i).

(iii) — (iv) Assume X cannot be expressed as the union of two disjoint non-empty (1,2)"-
soft b-open sets.Suppose (iv) false. Then X = F, U Fp, where Fig, and Fp, are disjoint
non-empty (1,2)*soft b-closed sets. Then Fj, = X \FE2 and Fp, = X \F i, are disjoint
non-empty (1,2)*-soft b-open sets in X. Thus X is the soft union of two soft disjoint
non-empty (1,2)*-soft b-open sets . This contradicts (ii7).

(iv) — (i) Suppose X is not (1,2)*soft b-connected space. Then X = Fp, U F i, where
Fp, and Fp, are disjoint non-empty (1,2)*-soft b-open sets. Then Fp, = X \FE2 and

Fg, = =X \F g, are disjoint non-empty (1, 2)*-soft b-closed sets in X. This is a contradiction
to (iv). O

Proposition 3.9. Every (1,2)*-soft b-connected space is (1,2)*-soft connected.

Proof. Let Fg be a (1,2)*-soft b-connected set in the soft bitopological space ()N(, T1, T2, E).
Then there does not exist a (1, 2)*-soft b-separation of F . Since every 7j o-open set is a
(1,2)*-soft b-open set, there does not exist a (1,2)*-soft separation of Ffz . Hence Ff is a
(1,2)*-soft connected set in in the soft bitopological space ()? ,T1, T2, E). ]

The converse is not true as shown in the following example.

Example 3.10. (1,2)*-soft connectedness does not imply (1,2)*-soft b-connectedness.
Let (X, 71, T2, E) be a soft bitopological space, where X and its soft subsets are considered
as in Example 2.3 .

Let 7, = {)?,qﬁ,FEl,FEwFEB} and 7o = {)z,qS,FEMFEm}. Then 71 2-open sets are
{)?, o, Fg,, Fg,, Fg,, Fg,,, FE13} and 7y o-closed sets are {)?, &, Fgy, Fry, Fry s Fi, FE5}.
It is clear that Xis (1,2)*-soft-connected since the only (1, 2)*-soft-clopen sets are ¢ and
X. Also (1,2)*-soft b-open sets are {)?,qb, FEl,FE4,FEG,FE7,FES,FEQ,FEN,FEIQ,FEB}
and (1,2)*-soft b-closed sets are {)N(, &, Fg,, Fe,, Fes, Feyy, Feo, Fy, FEg, Fiy s FE5}.

Let X = Fig, U Fig,, ,then (1,2)*-sbcl(Fg,) = Fg, , (1,2)*sbcl(Fg,) = Fg, and (1,2)*
sbcl(Fig,) NFg, = ¢, (1,2)*sbcl(Fg,,) NFg, = ¢ . Hence X can be expressed as a
union of two (1,2)*-soft b-seperated sets Fjg, and Fg,,. Therefore X is not (1,2)*-soft
b-connected.

Example 3.11. (1,2)*-soft b- connectivity is not a hereditary property.
Consider the soft bitopological space (X T1,T2) ,where X and its soft subsets are consid-

ered as in Example 2.3 . Let 77 = {X, o, FEI,FE7} and T, = {)?, o, FE3}. Then 71 2-open
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set = {)?, o, Fg,, Fg,, Fg,, FEB} Also (1,2)*-soft b-open sets are
{)?, o, Fg,, Fg,, Fg,, Fg,, Fr,, Fg,5, Fr., } and (1,2)*-soft b-closed sets are
{)N(, o, Fg,, Fr,, Fr,,, Fry, Fg,, Fis, Fr,, }.It is clear that X is (1,2)*-soft b-connected,

since the only (1 2)*-soft b-clopen sets are ¢ and X.
Let Y= {z;} € X and E= {e1,e2}. Then Y= {(e1, {z1}), (e, {z:})} = F.
Let 01 = {Y o, FEI} and g9 = {Y o, FE4} Then o1 2-open set = {17, o, FEl,FE4}. Also

(1,2)*-soft b-clopen sets are {57, o, FEI,FE4} Clearly Y is not (1,2)*soft b-connected,
since F,, Fig, are (1,2)*-soft b-clopen sets other than ¢ and Y.

Proposition 3.12. Let Fp be (1,2)"-soft b-connected set and Fg, and Fp, are (1, 2)*-soft
b-seperated sets. If Fg C FE1UFE2 then either Fg C Fg or Fp C Fg, .

Proof. Let Fg be (1,2)*-soft b-connected set and Fg, and Fg, are (1,2)*-soft b-seperated
sets such that Fp CFp, U Fp,. Let Fg & F, and Fg € Fp,. Suppose G = Fpg, N Fp#¢
andHE:FE2ﬁFE7é¢thenFE:GEOHE SlIlCGC;’E'éﬁwE17 (( ) SbCl(GE)> ((1 2)
sbel(Fg,)) . Also ((1,2)*-sbcl(Fg,)) N Fg, = ¢ then ((1,2)*-SbCI(GE)) N Hp = ¢. Since
Hg C Fp,,((1,2)*sbcl(Hg)) C ((1,2)*-sbel(Fg,)) - Also ((1,2)"sbcl(Fg,)) N F, = ¢
then ((1,2)*-sbcl(Hg)) N Gg = ¢. But Fp = Gy U Hy | therefore Fg is not (1,2)*-soft
b-connected space.This is a contradiction.Then either Fg i Fg, or Fg Q Fg,. O

Theorem 3.13. If Fp be (1,2)*soft b-connected set and Fp C G C ((1,2)*sbcl(Fg))
then G is (1,2)*-soft b-connected.

Proof. Suppose G is not (1, 2)*-soft b-connected then there exists two non-empty soft sets
Fg, and Fg, such that ((1,2)*sbcl(Fg,)) N Fg, = Fg, 0 ((1,2)*-sbcl(Fg,))= ¢ and Gg =
Fg, U Fpg, Since Py C GE then either Flp C Fg, or Fg C Fpg, Suppose Fg C FE1 then
(1,2)"-sbel(Fi)) € ((1,2)"sbel(Fy,)) , thus ((1,2)sbel(F)) A Fi, = Fg 1 ((1,2)"-

sbcl(FEQ)): ¢ . But Fg, CGp C ((1,2)*—sbcl(FE)) sthus ((1,2)*-sbel(Fg)) NFg, = Fg, .
Therefore Fg, = ¢ , which is a contradiction . If Fg CF 5, , then by the same way we
can prove that Fp, = ¢ .This is a contradiction.Thus G is (1, 2)*-soft b-connected. [

Theorem 3.14. If F be (1,2)*-soft b-connected set then (1,2)*-sbcl(Fg) is (1,2)*-soft
b-connected .

Proof. Suppose Fg is (1,2)*-soft b-connected and (1,2)*-sbcl(Fg) is not (1,2)*-soft b-
connected. Then there exists two (1,2)*-soft b-seperated sets Fg, and Fg, such that
(1,2)*sbcl(Fg) = Fg, U F, .But Fp C (1,2)*sbcl(F) then Fy CFg, UFp, and since
Fg is (1,2)*-soft b-connected set then either Fg C Fg, or F GFEQ.

(i) If Fg C Fp, then ((1,2)*sbcl(Fg)) C ((1,2)*sbcl(Fg,)). But (1,2)*sbcl(Fg,) N
Fg, = ¢, hence (1,2)*-soft bel(Fg) NFg, = ¢. Since Fg, C(1,2)*sbcl(Fg), then(1,2)*-
soft bel(Fg) NFg, = Fp, hence Fp, = ¢ which is a contradiction.

(17) If Fg CFp, then the same way we can prove that Fy, = ¢ which is a
contradiction. Therefore (1,2)*-sbcl(Fg) is (1,2)*-soft b-connected. O
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Theorem 3.15. The soft union Fg of any family {Fg, : i € I} of (1,2)*-soft b-connected
sets having a nonempty soft intersection is (1,2)*-soft b-connected set.

Proof. Let Fr be a soft union of any family of (1,2)*-soft b-connected sets having a
non-empty soft intersection. Suppose that Fp = Fp, UF 5,, Where Fp, and Fp, form a
(1,2)*-soft b-separation of Fg. By hypothesis, we may choose a soft point . € N Fp,.
Then z, € Fg, for allv e I. If x, € Fg, then either z, € Fg, or z, c Fg, but not both.
Since, Fi, and Fg, are soft disjoint, we must have Fz C Fp,, since Fg, is (1,2)*-soft
b-connected and it is true for all ¢ € I, and so Fg i Fpg,. From this we obtain that
Fg, = ¢, which is a contradiction. Thus, there does not exist a (1,2)*-soft b-separation
of Fg. Therefore, Fg is (1,2)*-soft b-connected set. O

Theorem 3.16. (i) If f : X —>~}7 is a (1,2)*soft b-continuous surjection and X is
(1,2)*-soft b-connected then Y is (1,2)*-soft connected.

(ii) If f: X — Yisa (1,2)*-soft b-irresolute surjection and X is (1,2)*-soft b-connected
then Y is (1,2)*-soft b-connected.

Proof. (i) Suppose Y is not (1,2)*-soft connected. Let Y = F U Gy where Fy and G
are disjoint non-empty 7 5-open set in Y. Since fis (1,2)*-soft b-continuous and
onto X = fY(Fg) U f~1(Gg) where f~1(Fg) and f~1(G) are disjoint non-empty
(1,2)*-soft b-open in X. This contradicts the fact that X is (1,2)*-soft b-connected
. Hence Y is (1, 2)*-soft connected .

(ii) Suppose Y is not (1,2)*soft b- connected. Let Y = Fz U G where Fg and G are
disjoint non-empty (1, 2)*-soft b-open set in Y. Since fis (1,2)*-soft b-irresolute and
onto X = f~1(Fg) U fY(Gg) where f~'(Fg) and f~}(Gg) are disjoint non-empty
(1,2)"-soft b-open in X. This contradicts the fact that X is (1, 2)*-soft b-connected

. Hence Y is (1, 2)*-soft b-connected .
[

4 (1,2)*-Soft b-Compactness

In this section (1,2)*-soft b-compactness is defined and some of the charaterizations are
proved.

Definition 4.1. A collection {Ff, : i € A} of (1,2)*-soft b-open sets in soft bitopological
space (X, 71, To, E) is called a (1, 2)*-soft b-open cover of a subset Fg if Fy C |J{Fg, : i € A}.

Definition 4.2. A soft bitopological space (5(C ,T1, T2, F) is called a (1, 2)*-soft b-compact
if every (1,2)*-soft b-open cover of X has a finite subcover.
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Definition 4.3. A subset Fg of a soft bitopological space ()?,’ﬂ,?g,E) is said to be
(1,2)*-soft b-compact relative to X , if for every collection {Fg, :i € A} of (1,2)*soft
b-open subsets of X such that F C O {FE, 11 € A} there exists a finite subset Ay of A
such that Fig 60 {Fg, i€ AN} .

Definition 4.4. A subset Fy of a soft bitopological space ()?,’7:1,772,57) is said to be
(1,2)*-soft b-compact if Fg is (1,2)*-soft b-compact as a subspace of X.

Theorem 4.5. Every (1,2)*-soft b-closed subset of a (1,2)*-soft b-compact space X is
(1,2)*-soft b-compact relative to X.

Proof. Let Fig be a (1,2)*-soft b-closed subset of X. Then Fg is (1,2)*-soft b-open set
in X. Let S = {GE, : 1 € A} be a cover of Fg by (1,2)"-soft b-open subsets in X. Then
S U FEé is a (1,2)"-soft b-open cover for X. Since X is a (1,2)*soft b- compact, it
has a finite sub cover say X = GEIUGE2 ....... UGE UFE, Gg, €S. But Fg and FC are
disjoint. Hence FpCGp,UGE,U......0G g, €S. Thus we have shown that any (1, 2) -soft
b-open cover of S of Fig contains a finite sub cover. Therefore Fj is (1, 2)*-soft b-compact
relative to X. O

Theorem 4.6. A (1,2)*-soft b-continuous image of a (1,2)*-soft b-compact space is
(1,2)*-soft compact.

Proof. Let {Fg, : i € A} be an Ty 5-open cover of Y. Then {f~}(Fg,) :i € A} is a (1,2)*
soft b-open cover of X. Since X is (1,2)*-soft b-compact , it has a finite subcover say,

{f(Fg), f"(Fg,), ... (Fg,)} . Since f is onto, {Fg,, F,, .......F, } is a 7, 9-open
cover of Y and hence Y is (1, 2)*-soft compact. O

Theorem 4.7. I amap [ : X — Y is (1,2)*soft b-irresolute and a subset Fz of X
is (1,2)*-soft b-compact relative to X then the image f(Fg) is is (1,2)*-soft b-compact

relative toY .

Proof. Let {Fg, : i € A} be a collection of (1,2)*-soft b-open sets in Y such that

F(Fp) €U {Fp, i€ A}. Then Fp & U{ WFp):ie A} where f~1(Fp,) is a (1, 2)*

soft b-open in X for each i. Since Fiz of X is (1,2)*-soft b-compact relative to X , there

exists a finite sub collection {Fg,, Fig,, ....... Fg, } such that FrC | { YFg):i=1to n}

that is, f(Fg) 60 {Fg, :i=1ton}. Hencef(Fg) is is (1,2)*-soft b-compact relative to
Y . O

5 Conclusion

(1, 2)*-soft b-connected sets and (1, 2)*-soft b-separated sets in the soft bitopological space
have been introduced. Also we have introduced the (1,2)*-soft b-compactness and we
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hope that the findings in this paper will help researchers to enhance and promote the
further study on Soft bitopology to carry out a general framework for their applications
in practical life.
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