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Abstract
The stick method is a common and easy way to estimate the object
size or its distance to an observer. Today, painters, scouts, artillery
observers, woodchoppers, etc. use this method when they have no
special rangefinder instrument. We don’t know the exact origin of this
method but Euclid has described a similar way in proposition 22 of his
optics. Great astronomer of the 12" century, ‘Abd al-Rahman al-
Khazini, has explained the stick method in his treatise named about
the marvelous instruments (f7 Alat al-*Ajiba). He dedicated his treatise
to explain observatory instruments and amplified how to use these
instruments and the information gathered by them. al-Khazini
described 7 instruments used for observing the stars in 7 independent
books and added their application as the surveying tools. He presented
the geometrical arguments to show us why and how we can use his
formulas to gain mathematical information about subjects from data
gathered by these instruments. al-Khazini talked about the stick
method in an appendix without the geometrical arguments. His main
goal was to describe a simple way for soldiers and horsemen to
calculate their distance from their enemies or estimate the strength of
foes armies. Furthermore, he explained estimating the distance from
an object by knowing its diameter or vice versa and finally estimating
the distance and diameter of the object when they were both unknown.
His method was easy and practical for anyone in the military
campaign who didn’t know complicated mathematical relations. He
used a wooden stick about 80 c.m long to do this job. In this paper, |
briefly presented al-Khazini’s original treatise and four manuscripts
available in the libraries and talked about how amended al-Khazint’s
treatise in the first step. Secondly, I introduced the English translation
of al-Khazint’s appendix about the stick method with its main Arabic
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text. Finally, I described his method by modern mathematics symbols
and notations and then | tried to rebuild the geometrical arguments
according to his previous book about the triquetrum.

Keywords: About the Marvelous Instruments treatise, Euclid’s optics,
estimating the distance, Geometry, al-Khazini, stick method.
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Introduction

Most of us have seen painters who hold a pencil and look at an object
while one eye is shut. Not only it isn’t a mysterious way for gathering
the object information but also it’s a simple geometrical way to
estimate the distance to the object or to measure its size. In addition to
the painters, some other people like the scouts, artillery observers,
woodchoppers also use this method when they have no special tools. 1
have no clue about the exact origin of this method but I have the
historical evidence to prove that it is an ancient method.

If we study Euclid’s optics, we’ll find a similar idea in the 22"
proposition (Kheirandish, 66-69). Assume that point G is the painter’s
eye and AB is the unknown length of the object (Fig.1). The painter
can draw the line segment DE near his eyes and parallel to AB. He
would able to estimate the length of AB by knowing the length of DE,
AG, and GD because of the similarity of the triangles GDE and GAB:

AG xGE
“"ep @
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Fig.1. Geometric principle of the painters’ method to estimate the object’s length
(Kheirandish, 66).

ED is the painter’s pencil length and GE is his arm length. Both ED
and GE lengths are known. So if the painter estimates AG, he’ll
calculate AB or vice versa. Practically, the painters have to spend
many years learning how to estimate AG.

But do we have more pieces of evidence to demonstrate that the
stick method is an ancient method? Great astronomer of the 12
century, ‘Abd al-Rahman al-Khazini, has a treatise named about the
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marvelous instruments (fi Alat al-*Ajiba). Al-Khazini described 7
instruments used for observing the stars or surveying in 7 books.
These instruments are:

1. Dhat al-Shu®batayn (the triquetrum);
2. Dhat al-Thugbatayn (the diopter);

3. Dhat al-Muthalath (another kind of the diopter probably
invented by al-Khazint himself);

Rub® (the quadrant);
The mirror;
The astrolabe;

N o g &

Some simple tools like gnomon to estimate the distance (Kiani
Movahed, 189).

After finishing the last book, al-Khazini annexed a short chapter to
describe how anyone could use a short stick to estimate the distance to
an object or to obtain its size. He mentioned that these methods were
used by Turkmen soldiers in the military campaigns (Al-Khazini, 31-
32).

Following, | describe al-Khazini’s treatise briefly. Then, I submit
the annexed chapter of al-Khazin1’s treatise in English, and in the next
step, | introduce the Arabic original text for who is interested in the
main source and al-Khazint’s treatise itself. Finally, I will describe
this method by modern mathematics symbols. This chapter in the
original treatise has no figure and | drew the necessary figures to
complete it.

A brief description of al-Khazini’s works

Abu al-Fath “Abd al-Rahman Mansiar al-Khazini (flourished 1115-
1130) was one of the most famous astronomers in the 12" century
A.D. He was a Greek slave who converted to Islam and worked in the
court of Sultan Sanjar (reigned 1118-1157 A.D). His most important
book, mizan al-hekma, is a complete guide about practical methods to
find the specific weight of metals and jewels. The translation of his
astronomical tables named Zij al-Mu‘tabar al-Sanjari to Greek
affected the byzantine astronomy renaissance (Abattouy, 480-481).
His treatise about the marvelous instruments is a small manuscript
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about some common instruments in his era for observing the stars. He
also described the application of them for surveying. Currently, there
are four manuscripts of this treatise available (Kiani Movahed, 7):

1. Manuscript No 2/6412 at the Majlis library in Iran. | coded this
manuscript by “M” in the Arabic text.

2. Manuscript No 1/681 at the Sepahsalar school library in Iran. |
coded this manuscript by “S” in the Arabic text.

3. Manuscript No A.Y-314 at the Istanbul library in Turkey. I
coded this manuscript by “I”” in the Arabic text.

4. Manuscript No 45H.K 4/6591 at the Manisa library in Turkey.
| coded this manuscript by “Q” in the Arabic text.

The third manuscript was published as a facsimile by Prof. Fuat
Sezgin in his collection (Sezgin, 114-166) but none of them didn’t
emend before finishing my thesis for my master's degree. | emended
the Sepahsalar manuscript as the main text because it has the best
situation among them and it has no lacuna. If there was a syntax error
in the main text, | emended the Arabic text according to the Arabic
syntactic and | added the original text as the footnote.

After emending, | checked the emended text with the other three
manuscripts. | added the differences to the original text as the
footnotes. Also, | added some words to the original text and put them
between [] to understand the Arabic text better, as well as, the
paragraph numbers. So, [No. {]] shows the number of the paragraph in
the emended Sepahsalar manuscript. / / shows the beginning of the
pages in the manuscripts. For example, /Q<«84f/ shows the beginning
of sheet N0.84 (the front page) in the Manisa manuscript, and /Q<83b/
shows the beginning of sheet N0.83 (the back page) in that
manuscript. Sepahsalar manuscript is numbered by stamp (probably in
the Majlis library) like modern books and has no front/back page
numbering. | used its numbering to reference the pages in my article.

| should say that this annexed chapter in the Majlis manuscript is
missed and it is unfinished in the Istanbul manuscript.
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Original text in English

A subtle chapter about the Turkmens tricks with which we
finish the treatise

This [chapter] consists of two parts: [part] I, Description of the
instrument, and [part] I1, Its applications.

Part I, Description of the instrument and its terms

[1261] If they want [to make] it, they have to choose a wooden
stick like a swagger stick with a length of almost ten palms?!, and [the
length of] that stick should be as long as the distance between their
eyes and their fists when they extend their hands toward the object. 2
They use [this] instrument to estimate long distances and because of
the vast application of measuring distance and estimating the number
of enemy riders during the campaign, they do not decrease [its length]
when using it. So, that [stick] with the length between the eyes and the
fist replaces the triquetrum.® That [instrument] is similar to the leg of
the compass* when the part between the stick tip and the fist aligned
horizontally with the object. So, instead of the opening grading of the
triquetrum, its length is measured by the palm and the finger.5 They
estimate the distance between themselves and the object as well as the
diameter® of the object by that [stick]. Now if we divide the length
between the eyes and the fist into 60 equal parts, this [instrument] will
be similar and equal to the triquetrum as we described in [its] book’,
and the success belongs to God.

A section about its terms

[1271] [The size of] the stick is equal to [the length of] the swagger
stick and its length is [equal to the arm length] from one eye to the fist
if a palm equals the four fingers. They call what is between the fist

1. The palm is an obsolete unit of length, originally based on the width of the human
handbreadth.

2. Al- Khazini assumes that the stick length is equal to the open arm.

3. The original name in Arabic is Dhat al-Shucabatayn which means the equipment
with to rods/arms.

4. “Compass” here means the triquetrum.

5. The finger (fingerbreadth or finger's breadth) is any of several units of
measurement that are approximately the width of an adult human finger.

6. Here, diameter means the subject’s height or width.

7. The first book of al- KhazinT’s treatise.
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and the stick tip “absolute length or “absolute width”.! If the stick is
held horizontally, the perpendicular on the line that connects the
observer and the object, is called “the object width” or if [the stick] is
held vertically it is called “[the object] height” and if the stick held
down it is called “[the object] depth”.

A section about the method of its application and estimating” the
distance and diameter [of the object] with it in general

[128Y] We stand in front of the object and hold the stick
horizontally between our eyes and the object, and we look with one
eye in such a way that the stick tip is rectilinear to one end of the
object and the end of the fist rectilinear to the other end of it while the
fist is toward another end [of the object]. Then we recede [from the
object] until the stick tip and the end of the fist cover the width of the
object. Then we measure between them?® in terms of fingers and
palms, and we call it the “opening number” and we record it. Then, to
estimate the distance or the object’s width or height or depth, we say
that the ratio of absolute length or absolute width, to the opening
number is equal to the ratio of the distance [from the observer to the
object] to the object’s diameter. So we calculate one of these two [by
knowing others].

Part Il estimating the distance and the diameter [of the object]
[This part is divided into] some sections.

A section [about] when one of them* is unknown and the other is known

[1291] When the distance [to the object] is unknown and the
object’s diameter is known, we multiply the known object’s diameter
by the absolute length then we divide the product by the opening
number. The quotient is the distance between the observer and the
object. But when the object’s diameter is unknown and the distance

1. Al- Khazint’s definition is confusing. The "absolute length™ (or "absolute width™)
is the observer arm length, and there is no fundamental difference between them.
What is between the fist and the stick tip is called “opening number” in the next
section by al- Khazini.

2. In the Arabic original text al-KhazinT uses “48_a«" (macrifa) means “cognition” in
English but in translation, we used “estimating” rather than cognition.

3. That means we measure the length between the stick tip and the end of the fist.

4. Here, the meaning of the phrase "them" is the distance and the diameter of the
object.
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[to it] is known, we multiply the known distance by the opening
number then we divide the product by the absolute length, so the
unknown object’s diameter will be obtained. !

A section about estimating the distance and diameter of the object when
they are both unknown

[1301] We stand in a specified standpoint and obtain the opening
number and we call it the first opening number. Then we recede
rectilinear to the first standpoint as a known distance and obtain the
second opening number, and that is always less than the first [opening
number]. Then we subtract the second [opening number] from the first
[opening number], and we call the rest “the difference” and we record
it. Then we multiply the distance [between the two standpoints] by the
second opening number and divide the product by the difference to
obtain the distance between the first standpoint to the object. If we
multiply the distance [between the two standpoints] by the first
opening number and divide the product by the difference, the distance
between the second standpoint to the object is derived. If we are going
to know its diameter, we multiply the known distance [from the first
standpoint to the object] by the [first] opening number and divide the
product by absolute length, so the diameter is obtained based on [the
unit we use to measure] the distance between the two standpoints.

A section in estimating the width of a river (or a ditch) when the other
bank cannot be reached

[1311] First, we find a standpoint on one of the river banks. Then
we? pull our arm held down the stick toward the other bank. Without
moving our hand up or down, we turn until the stick [tip] points to the
ground in a specified point, and we know [that point] and then we
mark [it] and measure [the distance] between the standpoint and the
marked point, so that [distance] is equal to the desired river width.

A section [about the conjecturing a caravan direction]

1. Considering that the absolute length (or absolute width) and the opening number
are both in terms of "palm", the diameter is obtained based on the unit we have
chosen to measure the distance.

2. From this sentence al-Khazint switches from first-person plural personal pronoun
to third-person singular personal pronoun, but I continue the translation by the first-
person plural personal pronoun to make the text fluent.
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[1329] When we see a caravan in the low-level [ground] or want to
know whether the caravan coming toward us or going away from us or
it’s stopped, we held the stick horizontally toward that [caravan] until
its tip is rectilinear to the head of the caravan, then we deliberate [the
situation carefully]. If the caravan is passing above the stick and
emerges, then the caravan would go away [from the observer] or if it
is covered [by the stick] then it would come toward [the observer]. If
the caravan is passing under the stick and emerges, then it would
come toward [the observer] and if it is covered [by the stick] then the
caravan would go away [from the observer].

A section about estimating the number of enemy riders

[1331] First, we obtain the width of their cavalry with the stick in
terms of the cubit! and devote 3 feet for each rider and 4,000 riders for
each mile?. So, we calculate by this method [the number of enemy
riders] and that’s what we wanted to remind.

Original text in Arabic
STV for b o S i i) O
Alnzal 3 U [l ]5 BV 5Ly 3 IV [l ] 2md o Janiy
Ll J15,L915 B 83 0Ly b S5V el
S5 05805 Slad e g bogw b Las 15dsl I3 (a1 13 [V Y5 ]
lpsliely al] sahrdl o 2 i oay Tpots 3] ogdd J| s o b il
gl wie Jlexna¥1 3 280 ] ol e e ¥y cadl g S alzel
o G il Ju P azs Olaadl b Callieall )l sus jdersy Bl
5 Lo me Ll 13 22315 gy o Lo Ll dll o 87 5gh Al ol
Sl LBVl Juy mloVly Sladll Ly LAsh/ ] bl s 2l
oM T Bl o ey ad] sladl e I oy i Bl Ly 158,05 . pmad)

1. A cubit is an obsolete unit of length, originally based on the length of the human
arm from elbow to tip of the middle finger.
2. The term “mile” in Arabic may be different from European “mile”.

3. Qe
4. Q- o8
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JRRVCRI W AUPRNCIN RO TIPS SRR PO JCHVE B3 PRCR JESVPR
G Tl el B S
leoll 3 Joad

o 13l Al ] are ] e dsby bpdl e 8 WLaI [V YV]
L Tlgze llaadl (5 ,als Gllaadl Jshll "6 ey bl )l 228 IS SLadlly
ot b Bladly ol pshndl s s Lo e gad B anly J) 2l o
osedl e A oA J Bl Bilg e (Sl ] ) shnedl 21 ) Sadll
il o e 5l e landl g S 5T 4]
ISV 55 Ly o 2 by Bloned! 8 e 5 gllominl LS 3 (b

66 o L5 oLl ey ] atall o 210 Siee Ly [4)YA]
A8 b ol Ll O b (3l 2 el (gl ity )t o il
ol i Al iy e SV B b e R Llgs Al skl L 2l
U1 2l By WLAI O b (g3l of I Le dads /QuAYD) S
Loy bVl SLaily gy 7ol 5 L e ]y lanl o 201 s Lgee
Lo nn adl slanadl o 201 sy Bl 28 ,m0 5 J5i 05 gl Y1 sus
LYl sse J1alaadl ol 5T llaadl gl 2 SO0 S5 Ladsuns Lt
The end of / =15 = 55 Yals S Vo 2l o3 J) Blacadl 287 Lol iy
AL leausi A i [the Istanbul manuscript

1.Q: kals

2. Q:dll Jis
3. Q: lgamcs
4.Q: g

5. Q: w14l

6. 1,Q: i
7. Al-Khazini is making a mistake here. The main text of the treatise is as follows:

(e gl a5 | Blunedl deS losdl iy llaadl 5,4l JI lladl J glall ds
But the absolute length/width must be divided by the opening number to calculate
the distance or diameter of the object.

8. Qi i
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Ul ol ] sl e gdl I S Gl pedl oy Bladl 5 AL e
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il o Do 03 Y1 Bl gl Ll (o3l W ge Y Ll [qV1]
0y oy et o A il 5 an Yl Sl e Db (o3l 21 6 b

1. S: Loshaadl
2.Q: ks b
3. Q:;\k‘l{
4.S,Q:¢{-‘w‘
5.Q: JsY!
6. Q: inﬂ
7. 1 asud
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Lo U3y 8 ulis ods e .wufma,{j’v,» T JS s Dok
[ .S ol byl

The end of the Sepahsalar & Manisa manuscripts/

1. Q: 3)\.5\
2. Qe
3. Q:- 5l
4.Q: pp
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The description of the original text

The instrument

As you see, the annexed chapter of al-KhazinT’s treatise includes two
main parts. In the first part, he describes the instrument and some
terms related to it. In the second part, he describes the methods to
estimate the distance and size of an object. He never mentioned
Euclid’s optics 22" proposition, but these methods were based on that
proposition. We don’t know al-Khazini had the Arabic version of
optics or, as he mentioned, these methods were common in his era.

In the first part, al-Khazini says that the observer must take a
wooden stick in ten palms length. The palm is an ancient length
measurement unit that equals the width of the human handbreadth
(Dilke, 26). On the other hand, each palm equals 4 fingers. The finger
is another ancient length measurement unit equals to the width of an
adult man finger (Dilke, 26). Both of them are anthropic measurement
units (Fig.2). The observer must hold the stick by his hand so the
maximum available length of it is 9 palms. Al-Khazini assumes that
the length of the human hand, from wrist to shoulder is 10 palms
approximately.

2:finger

Fig.2 Palm (1) and finger (2) ancient length units.

How to use the stick

Al-Khazini describes that the observer must hold the right arm with
the stick in front of his eyes and shut one of them to estimate the
distances (Fig.3). The observer can estimate the object length or the



Tarikh-e EIm, Vol. 18(2) (December 2020) /96

height if he holds the stick horizontal or vertical, respectively. If the
observer holds the stick vertically al-Khazini calls the arm length
“absolute length” and if he holds it horizontally al-Khazin1 calls the
arm length “absolute width”. Both “absolute length” and “absolute
width” are 10 palms and there is no difference between them. Then,
the observer must go back or forward to see the entire length or width
of the subject covered by the stick. The observer must measure the
length of the stick from its tip to his fist. Al-Khazini calls this length
“the opening number”.

absolute length/width

LD

opening numbe1

Fig.3 using the stick.

Calculation

The observer knows his arm length. In the first case (Fig.4), he wants
to gain the distance between himself to the object (c). If he read the
opening number (b), he can calculate the object’s width (or height) (h)
by using Equ.2:

bxc
a

h:

)

Vice versa, if the observer estimates the object width/height (h), he
can calculate the distance between himself to the object (c) by using
Equ.3:

axh
b

cC=

3)
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Fig.4. Estimating the object’s height/width when the distance between the
observer and the object is known.

Al-Khazin uses optics 22" proposition in the first case although he
doesn’t mention optics.

In the second case, the observer can estimate neither the object's
width/height nor its distance. So, he must read the opening number
from his standpoint and then recede to another standpoint rectilinear to
the first one and read the opening number again (Fig.5). He must
subtract the second opening number (b’) from the first one (b). Al-
Khazin1 calls b-b’> “the difference”. The observer can calculate the
distance between the first standpoints to the object by using Equ.4:

d xb’
c= 4
b-b’ @

And he also can calculate the width/height of the object by Equ.2.

e=dbV/(b-b)
h=c.b/a

I 1
F a 1

Fig.5 Estimating the object’s height/width when the distance between the
observer and the object is unknown.
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The proof of this case is more complicated and al-Khazini didn’t
present the argument for it but we can use his argument for the
triquetrum from the first book of his treatise (Kiani Movahed, 204-
205).

In Fig.6, assume that point E is the first standpoint and AB is the
subject’s height (h). ZC is the first opening number (b), and EZ is the
observer’s arm (a). Point T is the second standpoint and ET is the
distance between two standpoints (d). SO is the second opening
number (b’).

Fig.6 The geometric argument of the second case (Kiani Movahed 2019, 205).

We extend AE and BE in such a way that EN=EK=TA=TB. Then,
we connect the point N to K and draw line segment AF parallel to BK.
So:

EN = EK = AT = BT A AB||OS —4SOT ~aABT  (5)
AT TS

5, AL _ TS 6
®)= 26 ~0s ©
ZC|IKN —»aNKE ~aZCE  (7)
EN EZ
N> ——=— 8
D>~ 2c ®

If we assume that AT =TS then AB=0S and if we assume that
EN =EZ then KN =ZC. So we have:
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NF = KN — KF = KN — AB=ZC -0S (9)
AF || BK —aAFN ~aEKN (10)
(10)— EN AP kn - NEEK (11)

KN NF AF
AF = BK —» KN = NF-EK (12)
BK

If the distance between the observer and the object is too long and the
object not too tall then TE ~ BK and we have:

_ NF.EK
TE

AB||NK —aABE ~aENK (14)
AE_EN

AB KN

AE _ENTE
AB NF.EK
EN:EK—>%=% (17)
TE.AB  TE.OS

NF ZC-0S
And again we can calculate the width/height of the object by Equ.2.

KN

(13)

(14)—> (15)

(13)A (15)—> (16)

(17)—> AE = (18)

Other applications

Al-Khazini continues the annexed chapter with 3 other cases. In the
first one, he describes a method to estimate the river width. The
observer must stand on the bank of the river while his face is toward
another bank (Point A in Fig.7). He holds the stick vertically while his
arm is parallel to the ground surface. He turns until he sees the ground
without changing his arm angle and the opening number. After that,
he must mark a point on the ground that is rectilinear to the stick tip
(point B) and measure the distance between his standpoint to the
marked point (w’). Considering w equals w*, the observer obtains w
indirectly.
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Fig7. Estimating the river width by the stick.

The second case is about conjecturing the vector of a caravan. The
observer holds the stick horizontally while its tip is placed at the head
of the caravan. If the caravan passed above the stick, it means the
caravan is going away from the observer. If the caravan was covered
by the stick then the caravan is coming toward the observer.

The last case is about estimating the number of enemy riders. The
observer must estimate the width of the enemy horsemen by the stick
in terms of the mile and consider 4000 riders per mile.

Conclusion

The stick method is an old method to estimate the object size or to
find the distance between the observer and the object. There is a
similar way to estimate the distance and size of the object in Euclid’s
optics. Al-Khazini has described this method in his treatise about the
marvelous instruments (fi Alat al-°4jiba) in detail but he hasn't
presented any argument. Furthermore, he has described some other
methods to estimate the river or trench width or the number of the
enemy’s cavalry. In this paper, you can read al-Khazini’s original text
with its English translation. Furthermore, | described his method by
modern mathematics symbols and notations.
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