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Abstract

The purpose of this paper is to construct Boolean rings from multirings. In this
regards, a method to construct a multigroup(multiring) on a given non-empty set, are
introduced and its properties has been investigated. Also, an equivalence relation on a
multiring are introduced and it is extended to an smallest strongly regular equivalence
relation, such that its quotient space be a commutative Boolean ring with identity.
Finally, the transitivity of this relation based on complete parts are proved.
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Introduction

The theory of hyperstructures has been introduced
by Marty in 1934 during the 8"Congress of the
Scandinavian Mathematicians [1].

Hyperstructures have many applications to several
sectors of both pure and applied sciences, especially in
atomic physics and in harmonic analysis and complex
hypernetworks [2,3]. The notation of hyperring is one of
important hyperstructures and  was introduced by
Krasner [4], who used it as a technical tool in his study
on the approximation of valued fields. Hyperring is a
structure generalizing that of a ring, but where the
addition is an composition,  however a
hypercompositions, that is, in hyperrings the sum and
the product of two elements is not an element but a
subset.

Fundamental relations are one of the main tools in
algebraic  hyperstructures  theory by  which
hyperstructures are converted to structures as it is a
bridge between of algebraic structures and algebraic

hyperstructures. It is the smallest equivalence relation
on a hyperstructure such that the quotient of
hyperstructure via this relation is a corresponding
(fundamental) structure. The fundamental relations on
(semi) hypergroups have been studied by many authors,
for example see Corsini [5], Hamidi [6,7], Freni [8],
Leoreanu-Fotea et al. [9]. The fundamental relation on a
hyperring was introduced by Vougiouklis [10]. Davvaz
et al.[11- 13] defned a new strongly regular equivalence
relation on a hyperring, and they proved that the
quotient of hyperring on this relation is a commutative
ring. In [14], R. Ameri, et al. generalized the work of
Freni to hyperrings and introduce a new relation 6 on a
given (semi) hyperring R and showed 8* is strongly

regular relation and a quotient % is a commutative
(semi) ring which 6* is the transitive closure of the
relation 6.

The notions of multigroups, multirings and their
corresponding reduced versions introduced by Marshall
in [15,16] and provide a convenient framework to study

the reduced theory of quadratic forms and spaces of
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orderings. A multiring is just a ring with a multivalued
addition and spaces of signs which are also known as
abstract real spectra, objects which arise naturally in the
study of constructible sets in real geometry [17,18], are
shown to be multirings of a particular sort. All of these
objects are very natural and very useful, although they
are not at all widely known. For more study see [19,20].

In this paper, we try to generalize the concept of
rings to multirings and to describe some of their
properties. We further, investigated the results of
multirings and tried to compare them with some types
of hyperrings. Indeed, we worked on the construction of
multigroups and multirings based on main properties of
groups and commutative rings. The main purpose of this
study was to make a connection between multirings and
commutative rings. So we introduce a novel strongly
regular relation on multirings such that the quotient of
multirings on this relation would be a commutative ring.
Moreover, we sought and compared the differences and
similarities between of famous fundamental relations on
multirings and our novel rings were obtained from the
quotient of multirings on this strongly regular relation
while, on others, a strongly regular relation was not a
Boolean ring.

Preliminaries

In this section, we are going to review some
definitions and results [1,3,10,15,16], which are
required in the following.

Let R be a non-empty setand P*(R) ={S|@ # S <
R}. Every map +:R X R — P*(R) is called a
hyperoperation and for all x and y of R, +(x,y) is
called the hyperproduct of x and y. A binary
hyperstructure (R,+) is called a hypergroupoid and

A+ B = U a+b,where®+ A B S R.Recall
a€A,beB

that a hypergroupoid (R, +) is called a semihypergroup
if vx,y,z€R, (x +y)+z=x+@+2) and a
semihypergroup (R, +) is called a hypergroup if satisfes
in the reproduction axiom, i.e. Vx € R, x+R = R+
x = R. A commutative hypergroup (R,+) (Vx,y €
R, x+y = y+x) is called a canonical hypergroup,
provided that (i) it has a scalar identity 0 (Vx € R,
0+x = x+0 = {x}), (ii) every element has a unique
inverse, (V x € R, there exists a unique -x € G, such
that 0 € x+(—x)N(—x)+x), (ii) x €y + z
impliesy € x + (—z) and z € —y + x and we will
denote it by (R,+,—,0). A system (R,+,,—,0,1) is
called a multiring if (i) (R,+,—,0) is a canonical
hypergroup (commutative multigroup), (i) (R,-,1) is a
commutative monoid ("-" is a binary operation on R
which is commutative and associative and x-1 = x,
Vx €R), (iii)y x-0=0Vx €R, (iv) x-(y+
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z) S x-y+x-z A system (R +,,—0,1) is
called a general hyperring if (i) (R,+,—,0) is a
hypergroup, (ii) (R,,1) is a semihypergroup (iii)
Vx,yZ€Rx -y +2)=x-y+x 2z and
x+y) - z=x-z4+y-zAmapf:R > R'is
said to be a multiring

homomorphism if, for all x,y € R, we have (i)
fx+y) € fx) + f). () fx - y) =

fG) - fO), (i) f(=x) = =f(x), (V) f(0) = 0
and f(1) = 1.

Let (R, +,") be a hyperring and p be an equivalence
relation on R. Letting % = {p(r)|r € R}, be the set of all

equivalence classes of R with respect p. Define
hyperoperations @ and & as follows:
p(a) ® p(b) =
{p(c)|c€p(a) + p(b)}and
p(a) ® p(b) =
{p(c) | c €p(a).p(b)}
In [10] it was proved that (%,EB,@) is a ring if and

if only p is strongly regular. The smallest equivalence
relation, y*on R such that (%,@,@) is a ring is called

fundamental relation. Let U denote the set of all finite
sum of finite products of elements of R. Define relation
y on R by
ayb&=>3u € U: {a,b} Eu
In [11] Davvaz, et.al defined a fundamental relation
a on every hyperring as follow: xay &
an, ki, ky, ...k, ENATES, and x4, x4, ..., Xk €
R,3t; € Si1, T2 € Skzy+.-, Ty € Sgy, SUCh that x €
=1 Hfil x;jandy € YiL; Ay, where 4;= H?il Xizy(j)-
If a* is the transitive closure of «, then a* is the
smallest strongly regular relation on R such that R /a ™ is
a commutative ring. Fundamental relation plays an
important role in theory of algebraic hyperstructure. (for
more see [10,14]).

Construction of multigroups and multirings

In this section, we are to introduce the concept of
Boolean multigroup and Boolean multiring and for the
given arbitrary set, constructed at least a multigroup and
a multiring. We introduce some example of multirings
that are not hyperring.

Theorem 1. Let R be a nonempty set and |R| = 4.
Then there exists a binary hyperoperation “+ " on R,
0 € R and a function —: R — R such that (R,+,—,0) is
a commutative multigroup.

Proof. Let R be an arbitrary set, fixed a, = 0 € R
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and C; = {a;,a,,a3} € R. Now for all a;,a; € R, we
define a hyperoperation “ + " on R as follows:

a;+a; =
R\C; i=j#0,
R\(C; U {0}) i%)>4,
i C3\{a;, a;} 1<i#j<3
{a;} 1<i<3andj=4

where for all a;,a; €R, a; + a; = a; + a; and a; +
0 = {a;}. By a manipulation it is easy to verify that
(R, +,—,0) is a commutative multigroup.

Example 2. Let R = {0,ay,a,,0a3,a4,a5}. Then
(R, +,—,0) is a commutative multigroup as in Theorem
1, as follows:

+ |0 a a, az a4 as
0|0 a a, az a4 as
ap|ag T a3 a, a; a
a, |a, az T a3 a, a
az |ag a, a; T az a3
ag a4 a; a, ag T T
as (a5 a; a, az T' T

where, T = {0,a,,as}and T' = {a,, as}.

Defnition 3.
Let (R, +,:,—,0,1) be a multiring. Then

(i) multigroup (R,+,—,0) is called a
Boolean multigroup, if for all x € R, we have
0 ex + x,

(i)  multiring R is said to be a Boolean

multiring, if for all x € R, we have x - x = x.

In the following, we present some examples of
Boolean multigroups and Boolean multirings.

Example 4.
(i) LetR = {0,b,c,d,e,f,g, h Kk} Consider
the hyperoperation + on R as follows:
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+]/0 b c d e f g h k
010 b c d e f [s} h k
b|b {0k} h g f e d c b
c|c h {0k} f o} d e b c
djid g f {0k} h c b e d
ele f g h {0k} b c d e
flf e d c b {0k} h g f
glg d e b c h {0k} f [s}
hih ¢ b e d g f {0k} h
k|k b c d e f s} h 0

It is easy to see that check that (R,+,—,0) is a
commutative Boolean multigroup.

(i)  Let R = {0,1,b,c,d}. Then
(R,+,,—,0,1) is a Boolean multiring as follows:
(iii)
+1]0 b c d
00 b c d
1|1 {0,d} ¢ b 1
bi|b ¢ {0d} 1 b '
c|c b 1 {0,d ¢
djd 1 b ¢ {0,d}
-]/0 1 b c d
0[o 000 o0
110 1 b c d
b0 b b dd
c|0cdcd
d|{0 d ddd
Since b:(c+d)={d}c{0,d}=b-c+ b-d,

we get that R is not a hyperring.
(iv) LetR = {0,a,1}. Then (R, +,,
a Boolean multiring as follows:

—,0,1) is

+ | 0 1 a
0(0 1 a
11 R {a}’
ala {L,a} R

Since a-(a+1)={a}ca-a+ a1 =R, we
get that it is not a hyperring.
(v) LetR = {0,a,1}. Then (R, +,,—,0,1) is
a Boolean multiring as follows:
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Since a-(a+ 1) ={a}ca-a+a-1=
{0, a}, we get that it is not a hyperring.
(vi) LetR = {0,1,a,b} Then(R,+,,
is a Boolean multiring as follows:

™ Or 1)

1 a b

1 a b
{l,a} {1,b} ,
{,a} R {a,b}
{a,b} R

b-(b+1) ={b}chb-b+ b-1 =R,
that R is not a hyperring.

implies

Example 5. (i) Let R = {0,1,a,b}. Then (R,+,
,—,0,1) is a multiring as follows:

b
S
S
R

where S = R\ {0}. Since a-(a + b) = {a,b} C
R =a-a+ a-b, we get that (R, +,,—,0,1) is not a
hyperring.

(ii) Let R = {0,1,a,b}. Then (R,+,,—,0,1) is a
multiring as follows:

where S = R\{0}. Since a-(a+b) = {a} c
R = a-a+a-b, we get that (R, +,,—,0,1) is not a
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hyperring.

In the following, a method is presented to construct
a multiring on an arbitrary set.

Theorem 6. Let R be a nonempty set and |R| = 4.
Then there exist a binary hyperoperation “ + ", a binary
operation “-", on R, 0,1 € R and a function —:R — R
such that (R, +,-, —, 0, 1) is a Boolean multiring.

Proof. Let a, = 0 and a; = 1 be fixed in R. By
Theorem 1, there exists a binary hyperoperation “ 4+ " on
R, 0 e Rand a function —:R — R such that
(R, +,—,0) is a multigroup. Now for all a;,a; € R, we
define a hyperoperation “- " on R as follows:

0 i=0,
a]- l:1,
a, i=kj>k+1,2<k

and forall0 <i +#j,a;* aj =a;* a;.

Some modifications and computations show that
(R,+,,—,0,1) is a multiring. Since a, - (a; + a;) =
a, (R\C3;) = {0,a,}and a, - a; + a,a; = R\ Cj,
we get that a, (a; +a;) ca,-a; + a, a; and
conclude that (R,+,,—,0,1) is a Boolean multiring
while is not a hyperring.

Corollary 7. (i) For any cardinal number ¢, there
exists a Boolean multigroup of order ¢.

(if) For any cardinal number ¢, there exists a
Boolean multiring (R, +,-,—, 0, 1) of order {.

Example 8.
Let R = {0,1,a,,a3,a4,as,a¢}. Then
,—,0,1) is a Boolean multiring as follows:

(R! +;'

+]0 1 a az a, ag ag
0 a, az a, ag ag
111 T a; a, 1 1 1
a,|a, az T 1 a, a, ap
azlag a, 1 T a3 ag ag
aglag 1 a, ag T T' T
as | ag a, az 1T T T
ag | ag a, ag 1 T T



Boolean Rings Based on Multirings

0 1 a, a3 a, as ag
00 0 0O 0O 0 O
0 1 a, az a; ag ag
a, |0 a, a, a, a5 a5 ay
a3 |0 ag a, ag ag a; a4
a, |0 a4 a, ag ay ag ay
a5 |0 a5 a4 a4 a4 ag ay
ag |0 ag ay, a4 ay ag ag

where T = {0,a4,as,a¢}and T' = T\ {0}.

Fundamental relation on multirings
In this section, we introduced a new relation k™ on
multirings which is an equivalence relation on
multirings. We proved that k* is the smallest strongly
regular on multirings such that the quotient of any
multirings on k* is a Boolean ring. Moreover, it was
shown that k* is a fundamental relation on multirings.
In this section there exists some example such that

shows k* = 8", k*#y*and k* za”.

Defnition 9. Let (R,+,,—,0,1) be a multiring,
x,y €R and n € N. Define xk, .,y if and only if
there exist z;, z,,...,z, E Rand m € N suchthatx €
.z, yEXL, zk where k; € {1,m} and for all
u€R, um=u-u-...u Clearly, x,=A=

(m—times)
{(x' x)lx € R} and so k = UKE{l,m} Unzl(Kn,mU Kr_l}n)
is a reflexive and symmetric relation.

Let k™ be the transitive closure of k (the smallest
transitive relation that contains k and will show by
K™ = k). Then in the following theorem we show that
K™ is a strongly regular relation.

Theorem 10. Let R be a multiring. Then x* is a
strongly regular relation on R.

Proof. Let x,y,z € R and (x,y) € k*. Then there
exist zy,7,,...,z, €ER and m € N such that x €
Yrizi, yeXr,zk where k;€ {1,m}. Now
consider z = z,,, for all u € x + z and for all €
y + z,we have u€ Yz, veXtlzk where
k; € {1,m}. It follows that (u,v) € K41, and so
(w,v) €k*. Since (R,+,—,0) is commutative
multigroup, we get that the relation k* is a strongly
regular relation respect to hyperoperation “ +". In
addition, since “ - " is an operation on R, we get that
|z -x] = |z-y|] = 1. It follows that forall 1 <i <

n there exists 1 <j < n such that (z - ziki)"i =2z-z
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or (z-z)i=z- z*. Hence (u,v) €x* and the
commutativity of operation “-" implies that ¥* is a
strongly regular relation respect to hyperoperation “ - ".
Therefore k™ is a strongly regular relation on R.

Example 11. (i) Let R = Z,U{v2}. Then
(R, +y3y3 —0,1) is a multiring as follows:

+pl0 1 2 3 2
olo I 2 3 2
1|1 2 3 2 1
212 3 [N 1 3
3|3 V23 1 2 3
22 1 2 3 {2
5001 2 3 2
0/0 0 0 0 0O
101 2 3 2
210 2 0 2 0
303 2 1 2
J210 V2 0 V2 O

If m =2, then simple computations show that
k*(0) ={0,2,v2}, x*(1) = {1,3} andso R/k* =7,
while R/y* = R/k* = Z, as follows:

+ |a*(0) a*(@) a*(2) a*(3)
a*(0) | a*(©) a*@) a*(2) a*(3)
o*@) | a*@) o*(2) o*@) a*(0)
a*(2) |a*(@2) a*@) a*(0) a*@)
a*@) [a*@) a*(0) a*@) a*(2)

- [o*(0) a*@) a*(2) a*()
a*(0) | a*(©0) a*(0) a*(0) a*(0)
a*@) |a*(0) a*@ a*(@) a*@)
a*(2) |a*(©0) a*(2) a*(0) a*(2)
a*@®) [a*(©) a*@ o*(2) a*@)

+ | K*(0) k*(1)

k*(0) | x*(0) x*(1)
k*(1) ‘ k*(1) «*(0)

‘K*(ﬁ) k*(1)
k*(0) «*(0)
k*(0) k*(1)

x*(0)
Kk*(1)

Clearly R /x* is a Boolean ring, while
R/a™ are not Boolean ring.
(ii) Consider the multiring R, which has been

R/y*and
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defined in Example 8. Since for every m € N and for Now, it is easy to see that y*(0) = {0}, y*(1) =
all 0 <i <6 we have a* = a;, we get that, k*(0) = {1,4}, v (2 = {2}, v 3 = {3} and R/y*=
{0,a4,as,a6}, k(1) = {1}, k"(az) = {az}, K"(az) = {r’ @,y W,y 2,y 3} Hence
{a;} and so R/x* is a Boolean ring of order 4 as (R/y*,+,,—v"(0),y*(1)) is a (non Boolean) ring as
follows: follows:
+ k*(0) «*(@) «x*(az) x*(a3) + |0 v*®) v*@ r*@)
k*(0) | x*(0) «x*@) «x*(az) x*(as) y*0) [y*(0) v*@® v*(@) v*Q)
k*@) | «*@)  x*(0) x*(@z) x*(ay) , v*O [ y*@® v*@) v*@) v*(0)
K*(ap) | k*(a2) k*(az) x*(0) «*(Q) v*@) [ y*(2 @) v*(O v*O
k*(a3) | k*(@g) x*(a) x*(@) «*(0) y*@ 1y*@® v*0) v*@ v*(?
: k*(0) x*@) «*(ap) x*(a3) O v v @ v @)
k*(0) [x*(0) x*(0) «*(0) «*(0) y*(0) [y*(0) v*(0) y*(0) v*(0)
k*(1) | «*(0) x*@) «x*(@z) x*(as) Y@ [ v*0) v*@) v*(@) v*Q)
k*(@y) | k*(0) x*(ap) x*(ap) x*(0) vY*@) [ v*(0) v*(2) v*(0) v*(?
k*(@3) [k*(0) x*(az) «*(0) «x*(az) v*@) 1y*0) v*d) v*(@2@) y*@
Example 12. In other words, since R is a commutative hyperring,
Let R = {0,1,2,3,4}. Then (R,+,,—,0,1) is a we getthata* = y*andso R/a* = R/y* % R/k".

hyperring as follows:
Corollary 13. Let R be a multiring.

+| 0 1 2 3 4 (i) Necessarily k # K,

ol 0 {4 2 3 {44 (if) Necessarily k* # 8*,

14 2 3 0 2 (iii) Necessarily k* # y*,

21 2 3 0o L4 3 (iv) Necessarily k* # a*.

3| 3 0 44 2 0 Theorem 14. Letn € N. Then

414 2 3 0 2 (i)  there exists Boolean group R such that
R| = 4™.

|01 2 3 4 (i) there exists Boolean ring R such that

0/0 0 0 O 0 IR| = 4".

110 {1,44 2 3 {4

2|10 2 0 2 2 Proof. Let n € N and R be non-empty set. (i) If

3/0 3 2 {14 3 IR| = n+ _1, then by Theorem 1, there exists a bin{iry

4lo L4 2 3 L4 hyperoperation “+" on R, 0 € R and a function

—:R —> R such that (R,+,—,0) is a commutative
. . multigroup. Since C; = {a;,a,,a;} we get that
Let m = 2. Then computations show that k*(0) =

"1y — f_ g ) B (0) = R\C3,  B'(a1) = {a},  B7(az) = {az},
{0,2}, « (12 =3 f}} anci R/K. = {x (0)’K. (D3 B (a3) = {as} ;nd so R/B* is a Boolean group of order
Hence (R/x*, +,,— k*(0),x*(1)) is a Boolean ring as 4.1f R = R/B* x R/B* x - x R/B" then one can see
follows:

n—times
that R’ is a Boolean group.

+ [k x*@) (i) By item (i) and Theorem 6, there exist a binary

k*(0) | k*(0) x*(@) hyperoperation “+", binary operation “-", on R,
k*@) [ k*@) x*(0) 0,1 € R and a function —: R - R such that (R,+,
,—,0,1) is a multiring. Since C; = {a,, a,, as}, we get
that x*(ap) =x*(0) =R\ C3, k*(a)) = k*(1) =
[ k(0 «*@) {a:}, k*(az) = {az}, K*(as) = {as} and so R/k’is a
k*(0) | k*(0) x*(0) Boolean  ring of order 4. If R =
k*@) | «*(0) x*(Q) R/xk* X R/Kk* X --- X R/Kk* then one can see that R is a
n—times
Boolean ring.
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Theorem 15. Let m e N. If m = 1, then " = k*
ory* =k".

Proof. Let x,y €R and (x,y) €k If m = 1,

then there exists zj,z,,...,z, € R such that {x,y} €

",z Thus (x,y) € B* Moreover, since R is a
commutative multiring, we get that 8* = y*.

Example 16. Consider the multiring R which is
defined in Example 11. If m = 1, then R/k*

R/B"=R/y".

IR

Corollary 17. f* € k*and y* € k",
Theorem 18. Let R be a multiring. Then R/x* is a
Boolean ring.

Proof. Since by Theorem 10, k* is a strongly regular
equivalence relation on R, then for all x,y we have
[*(x) + k*(¥)] = 1 and [k"(x) - k" (¥)| = 1. Now,
R is a multiring, it follows that R/k* is a commutative
ring. In addition, for all x €R, x €x + 0 and x? €
x?+0 implies that k*(x) = k*(x?) = (k*(x))?.
Thus R/x™ is a Boolean ring.

Theorem 19. Let R be a multiring. Then k* is the
smallest strongly regular equivalence relation on R,
such that R /x™ is a Boolean ring.

Proof. Since x* is a strongly regular equivalence
relation on R, by Theorem 18, we get that R/k" is a
Boolean ring. Now, we show that it is the smallest. Let
6 be a strongly regular equivalence relation on R, such
that R/6 is a Boolean ring. Let ¢ : R = R/6 be the
canonical homomorphism and (x,y) € k*. Thus there
exist zy,73,...,z, ER and m €N such that x €
Y.z andy € ¥, z;*, where k; € {1,m}. Since @ is
a strongly regular equivalence relation on R, we have
() =%, 0(z) and @) E€XL 0" =

™ (p(z))¥i. Since R/0 is a Boolean ring, we get that
Li9@) =T, 0(2") andso p(x) = 9().

It follows that (x,y) € 8 and so k™ < 6. Therefore,
k™ is a smallest strongly regular equivalence relation on
R, such that R/«x* is a Boolean ring.

Transitivity of k via the k-parts

In this section, we have determined some necessary
and sufficient conditions so that the relation x would be
transitive.

Definition 20. Let M be a non-empty subset of a
multiring R. M is called a k-part if for every n,m € N
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and (zy,2,...,2,) € R™, we have
Z?=1Zi nNM # @ = Z?:lziki c M;
where k; € {1, m}.

Example 21. (i) Let R=7Z;U{~/2}. Then
(R, +y3 yz,—,0,1) is a multiring as follows:

vpl0 1 2 3 2 2

0|0 1 2 3 4 J2

il1 2 3 7 N3 1

2|2 3 i N3 1 2

313 7 N3 1 2 3

i1 gV 1 2 3 3

V221 2 3 1 0.2

"z 01 2 3 4 2

0|0 0 0 O o0 O

110 1 2 3 4 2

210 2 4 1 3 2

3|10 3 1 4 2 2

410 4 3 2 1 2

V210 V2 V2 V2 V2 0

Let M = {0,v2}. Then M N (2 +3) # @ but 2% +
3 & M, so M is not a k-part, while it is a 8-part. Routine
computations show that M = R is only a k-part of
multiring R.

(ii) Consider the multiring which has been defined in
Example 8. Let k € N. It is easy to see that for all 0 <
i < 6, we have a¥ = a;. Hence for every m € N, 1 <
i <6and k; € {1,m} we get that ¢, a = 3%, a;.
So if TNYS,a#0 implies that Y ,a cT
therefore, M = T is a kx-part of multiring R.

Lemma 22. Let M be a non-empty subset of a
multiring R. Then, the following conditions are

equivalent:
(i) Misaxk-partof R,
(i) x eM,xkyimplyy € M,

(iiiy x eM,xx*yimplyy e M.

Proof. (i) = (ii). Let x € M, y € R and xky.
Then there exist z,,z,,...,2, € R and m € N such that
x €Y,z and y € X1, z;*i where k; € {1,m}. Since
Misak-partand Y-, z; N M # @ we have y € M.

(ii) = (iii). Let x € M, y € R and x k*y. Then
there exist n €N, a; €ER such that
XKa,Kay,k...ka,ky. Now x € M and x k a,, then
by the item (ii), we obtain that a; € M. Since for every
1 <i <n, a;ka;4q,a, €M, using the item (ii), we
conclude a, e Mandsoy € M.
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(iii) = (i). Let n €N and (z,7;,...,2,) € R If
YisiziNM = 0, then there exists
y € YL, z;n M. Now, for all t€ ¥, z* where k; €
{1,m}, y € YL, z; implies that tk"y. Hence y € M,
t k*y and the item (iii), imply that t € M.

Example 23. Let R = {0,1,a,,a3,a,4,as}. Then
(R, +,-,—,0,1) is a multiring as follows:

+]10 1 a, a3 a ag
0 1 a, a3 a, ag
111 T az a, 1 1
a,|la, az T 1 a, ap,
aglag a, 1 T a3 ag
aglag 1 a, ag T T
ag |ag 1 ap, ag T T
0 1 a, az a; as
0 0 0 0 O
110 1 a, az a, ag
a, |0 a, a4 ay a; a,
ag |0 ag a, az a; a,
a, |0 ay ay ag ag ay
a5 |0 ag a4 ay ay as

where T = {0,a,,as} and T' = T \{0}. Obviously
K'(0) =T, «(1) ={1}, «'(a;) = {a;} and
k*(az) = {a3}. Clearly T is a x-part, {1},{a,},{a3} and
R are k-parts. But T = {0,a,,as} is a y-Part, {1},{a,}
and {a;} are y-parts.

Theorem 24. Let R be a multiring. Then, the
following conditions are equivalent:

(i) xisatransitive relation
(ii) forany x € R, k*(x) is a k-part.

Proof. (i) = (ii). Let x €R, n €N and
(z1,22,...,2,) ER™ If 3 2z, NK*(x) # @ then for
every y € Y, z;ki where k; € {1, m}, there exists t €
YiiziNk*(x) and so ykt. Hence x kt ky and by
the item (i), transitivity of k implies that y € k™ (x).

(i) = (i). Let xky and y x z. Then there exist
nn €N, z;,2,,...,2, €R, 2{,25,...,Z, ER, m,m' €
N such that x € ¥, z;, y € X, zk, y € ¥, 7] and

!
z€YM zI"i where k;, k| € {1, m}. Since k*(x) is a k-
part, x € k*(x) N YL,z andy € ¥, z;*i then

12’ St (x)
Y *
=y €Y1z Nk"(x)
!
= Z?zll zi’k" c k*(x)
(k*(x) is a k — part)
=z € k*(x).
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Now, z € k(z) and z k*x, then by Lemma 22, xkz.

Example 25. Consider the multiring R which has
been defined in Example 23. We saw that T is a k-Part,
T, = {a,.}, T, = {a,}, T3 = {as} and R are only k-
parts.

Let R be a multiring and x,y € R. We denote by B,
and 3™ the following binary relations:

xB,y ifand only if 3a,,a,,...,a, €R

such that {x,y} € >, a;

xf ™y ifand only if 3m € N
such thatx = y™ory = x™.

and denote the transitive closures of the relations S,
and B by B: and B™*. Clearly for all a € R we
have, Bi(a) € k*(a) and B™*(a) S k*(a). Define
@+ R = R/B; by ¢, (a) = Bi(a),0:R - R/BT™ by
p(@) =™ (a) and ¢: R->R/k" by ¢(a)=
k*(a). We denote by w,, w the kernels of ¢, and ¢,
respectively and define
w, = {a €R| Bi(a) = Bi(0),

w= {a €R| k*(a) =«*(0)}.

Corollary 26. Let m € N and R be a multiring.
Then

(i) B.(l‘*) is a regular relation on R,
(i) forallx €R,

BmI(x) = B (™),

Example 27. Condider the multiring R in Example
8. Routine computations

show that for all m e N and 1 <i <6, we have
B (ay) = {a;). Then R/ B = R
is a multiring and so for all m € N, g™ is a regular
relation on R.

Let ™) be the regular closure of ™" (the
smallest regular relation such that contains ™).
Theorem 28. Let R be a multiring and m € N. Then

(i) R/B} isacommutative group,
(i) (R +)/B™)/Bs = (R, +,)/x",
where

ﬁ(m,**)(a) @ ﬂ_(m'**)(b) —

{B™(0)|c € B (a) + B (b)}
and

B (a) © B (b) =

{B™()|c € ™ (a) - ™) (b)}
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Proof. (i) Clearly R/B; is a group. Since R is a
multiring, then R is a commutative multigroup and so
R/B isacommutative group.

(ii) Define a map

@ (R/B™)/Bi —R/K" by
P(BL(B™ (1)) = K" (x). Let By (B™(xy)) =
B (B™*)(x,) ). Then there exist t € B™*)(x,) and
m €N such that x;, =t™ or x" =t and Bi(x;) =
Bi(t). Hence there exist m € N such that x; = xJ* or
xt=x, and Bi (x;) = Bi (xz). It concludes that
K*(x;) = k"(x,) and so ¢ is a well-defined map.

Let x"(x;) =k"(x;). Then there  exist
Z1,Z5,...,Zn € R and m € N such that x; € ¥)1-, 7z
and x, €Ytz where k;€{1,m}. Thus
B (xy) € BT, z) = By B () and
B (x,) € B (T, 2K) = Xy B (2.
So by Corollary 26, {B™*)(x}),B™*)(x,)}

1B (2).

Hence B;(B™ ) (x,)) = Bi(B™(x;)) and so ¢
is an one to one map. Clearly ¢ is an epimorphism and
S0 it is an isomorphism.

Example 29. Consider the multiring R in Example
21. For m = 2, we have B™*(0) = {0,v2},
BM*9(1) = {1,2,3,4} and so we have the following
tables:

® [p»M@) M@
™) 2™ pe(@)
@ [p@™M@) R

U B0 @)
B () | g2 ) p(0)
B | g™ O pETI(D)

and so

(R, +)/B%)/B: = (R, +,)/x", where |(R,+,
)/k*| =1

If m = 3, then BC*9(0) = {0,v2}, B (1) =
{1}, BC*(2) = {2,3} and BB (4) = {4}. So we
have

@ [0 M@ M@ M@
pE© | pE7@ pETD BET@ BT
@ @) R A ).
peI@ B8R A B c
@[5 @ 7@ ¢ 7@

0 [B®M@ @ pC@ @)
@) 8O @ IO )
pE@ | BT BETD pET@) BT
pCI@ | B0 M@ @) pET(@)
@ [T pS7@ pET@) BT

where A = pG*(2) u pG) (@), B = BB (D) u
‘3(3,**)(1) U 3(3,**)(21_) and C = 3(3,**)(2) U 3(3,**)(1).
It is easy to see that ((R, +,)/B%*)/B: = (R, +,)/x",
where |R,+,7) /k* |= 1.

Theorem 30. Let R be a multiring. Then
i) wycSwandw,+ w, Sw,
(i) w+w cw,
(iii) Rw S w,

Proof. (i) Let x € w, Since B} < k", we get that
x € w. In addition, if x € w, + w,, then there exists
y,z €Ewy such that ¢,(x) = 0. () + ¢4(2) =
¢+(0). Hence x € w, and by (i), w, + w, S w.

(ii) Let x € w 4+ w. Then there exists y,z € w such
that k*(x) =x™(y + z) and so @(x) = ) +
@((z) = ¢(0).Hencex ewandw+w S w.

(iii) Let x € Rw. Then thereexistr e Randt € w

such that x =71t and 0]
x) = p(r)e(0) = @(0). Hence x ew and so
Rw c w.

Example 31. Consider the multiring R in Example
11. Routine computations show that w, = {0,v2}, w =
{0,2,v/2} and Rw = w.

Results and Discussion

The current paper considered the notion of
multigroup, multirings and investigated some properties
of them. It is introduced a strongly regular relation x*on
multirings and is shown that:

(i) Boolean rings with identity are obtained
via the fundamental relation on multirings.

(i) k" #yrand k™ # a”.

(iii) Boolean rings are obtained from quotient
of multirings on x*.

(iv) Necessarily k # k

(v) The conditions for transitivity of x are
obtained with respect to complete parts.

We hope that these results are helpful for furthers
studies in multigroup, multirings and rings. In our future
studies, we hope to obtain more results regarding fuzzy
multiring and soft and rough multiring.

167



Vol. 32 No. 2 Spring 2021

References

1. Marty F. Sur une generalization de la notion de groupe 8th
Congres Math. Scandinaves, Stockholm. 1934; 45-49.

2. Chvalina J, Mayerova  SH, Nezhad AD. General
actions of hyperstructures and some applications. An St
UnivOvidius Constanta. 2013;21(1):59-82.

3. Corsini P, Leoreanu V. Applications of Hyperstructure
Theory. Kluwer Academic Pub-lishers, 2003.

4. Krasner M. Approximation des corps values complet de
caractristique p>0 par ceux de caracteristique zero.
colloqued’-Algebra superieure (Bruxells, December 1956).

5. Corsini  P. Prolegomena of Hypergroup theory. Second
Edition, Aviani Editor, (1993).

6. Hamidi M, Ashrafi AR. Fundamental relation and
automorphism group of very thinHv-groups. Comm.
Algebra. 2017; 45(1): 130-140.

7. Hamidi M, Borumand S A, Leoreanu V. Divisible
Groups Derived From Divisible Hy-pergroups. U.P.B. Sci.
Bull., Series A. 2017; 79(2): 59-70.

8. Freni D. A new characterization of the derived hypergroup
via strongly regular equivalences. Communicationin
algebra. 2002;30, No. 8: 3977-3989.

9. Fotea, VL, Jafarpour M, Mousavi SS. The relation 3" and
multisemi-direct hyperproducts of hypergroups. Commun

Algebra. 2012;40:3597-3608 .
10. Vougiouklis T. The fundamental Relations in Hyperrings.

R. Ameri, et al.

168

J.Sci. . R. Iran

The general th International congress in Algebraic
Hyperstructures hyperfield Proc.4 and Its Applications
(AHA 1990) World Scientific. 1990; 203-211.

11. Davvaz B, Vougiouklis T. Commutative rings obtained
from hyperrings (Hv-rings) with o*-relations. Commun
Algebra. 2007; 35: 3307-3320.

12. Ghiasvand P, Mirvakili S, Davvaz B. Boolean Rings

Obtained from Hyperrings with nlm Relations. Iran. J. Sci.

Technol Trans. Sci. 2017; 41(1): 69-79.

13. Mirvakili S, Davvaz B. Applications of the a*-relation to
Krasner hyperrings. J Algebra. 2012;362: 145-156.

14. Ameri R, Nozari T. A New Characterization of
Fundamental Relation on Hyperrings. Int.J. Contemp.
Math. Sciences. 2010 ;5(15): 721-738.

15. Glodki P, Marshall M. Orderings and Signatures of Higher
Level on Multirings and Hyperfields. Journal of K-theory
and its Applications to Algebra Geometry and Topology.
2012 10(3): 489-518.

16. Marshall M. Real Reduced Multirings and Multifields.
Journal of Pure and Applied Algebra. 2006; 295(2): 452-
468.

17. Andradas C, Brocker L, Ruiz J. Constructible sets in
real geometry. Springer, 1996.

18. Marshall M. Spaces of orderings and abstract real spectra.
Springer Lecture Notes in Math. 1636;1996.

19. Ribeiro H.R.D.O., Roberto K.M.D.A. Mariano H.L.
Functorial relationships between multirings and the various
abstract theories of quadratic forms. Sdo Paulo J. Math.



Boolean Rings Based on Multirings

Sci. 2020.

20. Riberio DO, Rafeal H.L. Von Neumann Regular
Hyperring and applications to Real Reduced Multirings,
Arxiv, 2021.

169



