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1 Introduction

In this paper, we consider a finite, simple and undirected connected graphs. We follow
the terminologies and different notations by the book of Harary [1]. For a detailed survey
on graph labeling, we refer the book of Gallian(2021)[2]. The notion of mean labeling
of graphs was introduced by S. Somasundaram and R. Ponraj [4]. The concept of pair
difference cordial labeling was discussed in [5]. Motivated by these two concepts, In
this paper we introduced new graph labeling called pair mean cordial labeling and also
we investigate the pair mean cordial labeling behavior of several graph like path, cycle,
wheel, ladder, comb, star and bistar graph.
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2 Preliminaries

Definition 1. The ladder graph L,(n > 2) is defined by L,, = P, x Ky where P, is a path
with n vertices and X denotes the Cartesian product and Ky is a complete graph with two
vertices.

Definition 2. The comb P, ® Ky is obtained by joining a pendant edge to each vertices
of the path P,. It has 2n vertices and 2n — 1 edges

Definition 3. The wheel graph W, is defined to be the join of K1 + C,, i.e., the wheel
graph consists of edges which join a verter of Ky to every vertex of C,.

Definition 4. A helm graph H, is a graph obtained from a wheel by attaching a pendant
vertex at each n-cycle vertex. Then it has 2n + 1 vertices and 3n edges.

Definition 5. The fan f,(n > 2) is obtained by joining all vertices of P, to a further
vertex called the center. It has n + 1 vertices and 2n — 1 edges.

3 Pair Mean Cordial Labeling
Definition 6. Let a graph G = (V, E) be a (p,q) graph. Define

2 piseven
p= { % p is odd,
and M = {£+1,£2,--- £ p} called the set of labels. Consider a mapping X\ : V. — M by
assigning different labels in M to the different elements of V. when p is even and different
labels in M to p — 1 elements of V' and repeating a label for the remaining one vertex
when p is odd. The labeling as defined above is said to be a pair mean cordial labeling if
for each edge uv of G, there exists a labeling w if M(u) + A\(v) is even Wif
A(u) + A(v) is odd such that |Sy, — Sx¢| < 1 where Sy, and Sy, respectively denote the
number of edges labeled with 1 and the number of edges not labeled with 1. A graph G for
which there exists a pair mean cordial labeling is called a pair mean cordial graph.

Theorem 7. If G is a (p,q) pair mean cordial graph, then

< 2p—5 if pis even
— | 2p—3 ifpisodd

Proof. Case 1: p is even
The maximum number of edges with label 1 among the vertex labels +£1, £2, £3, ..., +2
is p — 3. Therefore Sy, < p — 3. This implies that

Sxe > q—p+3. (1)
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Type 1. SA? = S,\l +1

By(1),q —p+3<Sx

< S)\l +1
<p-—2
This implies that
q<2p—5 (2)

Type 2. S/\i = S,\l —1

By(1),q —p+3 < Sx
SS)\l_l
<p—4

This implies that

Type 3. S’\i = S)\l

This implies that
q<2p—6 (4)

Then by (2),(3),(4), ¢ < 2p — 5.

Case 2: pis odd

In this case, by definition of pair mean cordial labeling one vertex label is repeat. This
vertex label contributes maximum two edges with label 1. Therefore, Sy, < p —3 +2 =
p—1. Asin case (1), we get ¢ < 2p — 3. ]

Theorem 8. Any path P, is pair mean cordial for all n.

Proof. Let P, be the path ujus...u,. Then the path P, has n vertices and n — 1 edges.
This proof is divided into two cases:

Case 1: n=3

Assign the labels 1,1, —1 to the vertices uy, us, u respectively. Then Sy, = 1 and S)\g = 2.
Case 2: n>1

There are two subcases arises:

Subcase 1: n is even

Assign the labels 1,2,3,..., % to the vertices uy, us, ..., u,—1 respectively. Next we assign
the labels —1,—-2,—3,..., 5" respectively to the vertices ug, uy, ..., u,. Hence Sy, = ”T_z
and Sye = 3.
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Subcase 2: n is odd

Assign the labels 1,2,37 ce ”g to the vertices wuq,us,...,u,_o respectively. Next we
assign the labels —1, -2, —-3,..., ”+3 respectively to the vertlces U, Uy, - . . , Upy_3. Finally
we assign the labels ”*3 ”;1 to the vertices u,_1 and u,, respectively. Hence gh = ”T_l
and S)\zlz = Tl ]

Remark 9. Py is pair mean cordial but not pair difference cordial [5].
Theorem 10. The cycle C,, is pair mean cordial for all values of n except n = 4.

Proof. Let the cycle C), be ujus ... u,u;. Then the cycle C, has n vertices and n edges.

This proof is divided into two cases:

Case 1: Forn =3

Assign the labels 1,1, —1 to the vertices uy, us, us respectively. Then Sy, = 1 and S,\g = 2.
Case 2: n >4

There are four subcases arises:

Subcase 1: n = 0(mod4)

First assign the label 1 to the vertex u;. Assign the labels 2,3,4,... ”+8 to the ver-

tices uo, uy, ug, . . . ) Unta respectively. Then we assign the labels —1, 2, —3,..., T~
spectively to the vertices us, us, ur,...,un+2. Next assign the labels ”Tg, =4 t5 the
2
: : : —n—12 —n—16 -n
vertices Unse, tnts respectively. Now we give labels = TR respectlvely in

the vertices unt10, Unsiz, ... usmes. Finally we give labels ”212 ”*16, ... % in the vertices
Usn12, Usntts , . ..., Up respectlvely Hence Sy, = 5 and Sye = 5.

4 1
Subcase 2: n = 1(m0d4)
First assign the label 1 to the vertex w;. Assign the labels 2, 3,4, . .,% to the ver-
tices o, Uy, Ug, . . .  Unts respectively. Then we assign the labels —1, -2, —3,. _”4“
respectively to the Vertlces U, Us, U, - -+, Untt . Next assign the labels = 4_ ,
vertices Ungs , Ungr respectively. Now we give labels _”4_11, _”4_15, e _”2“ respectively
in the vertices wngo, unsir, ..., usmis. We give labels ptll ntld 2oL in the vertices
Usngo, Usnt1, . . ., Up—1 respectively. Finally Assign the label "T’l to the vertex u,. Hence

Q _ n—1 Q _ n+l
S)\l =5 and S)\f =5

Subcase 3: n = 2(mod4)
First assign the label 1 to the vertex u;. Assign the labels 2,3,4, ..., ”TJFG to the vertices

Usg, Us, U, - - - ; Uni2 respectively. Then we assign the labels —1,—2,—3,..., _’2_2 respec-
tively to the vertices us,us,ur,...,un+a. Now we give labels %_6, %‘10, ... =" in the
2
: : ) X : : n+10 n+14 n :
vertices respectively Unts, Unts, ..., Usnds . Fmall;i we give labf,ls S, 5 in the
vertices Usni10, Usntts, . . ., Un respectively. Hence Sy, = § and Sye = 1.

Subcase 4: n = 3(mod4)
First assign the label 1 to the vertex u;. Assign the labels 2,3,4, ..., ”T+5 to the vertices

U, Uy, Ug, - . . , Unt1 Tespectively. Then we assign the labels —1,—-2,—-3,..., _’Z_l respec-
2

tively to the vertices us, us, uz, ..., unts. Now we give labels =2=5, =0=9 " =ttl ip the
2

)
n+9 n+13 n—1

Vertices Unts, Untt, ..., Usnis respectively. We give labels “7=, === ... "= respectively
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in the vertices wsn+r , U3n+11,
1 1

n

.., Uy_1. Finally assign the label ”T“ to the vertex u,. Hence S, = % and Sz\i =

n+1
2 - O

Remark 11. Cjy is pair difference cordial but not pair mean cordial [5].
Theorem 12. The complete graph K, is pair mean cordial if and only if n < 3.

Proof. This proof is divided into two cases:

Case 1: n <3

By theorem 3.5, Ky, Ky and K3 are pair mean cordial.

Case 2: n >3

Suppose A is a pair mean cordial labeling. If the edge uv get label 1, the possibilities are
AMu) + A(v) =1 or AMu) + A(v) = 2. There are two subcases arises:

Subcase 1: n is odd

In this case, the maximum number of edges with label 1 is n — 2. That is Sy, < n — 2.
Then S,\g > @—(n—Z) = %. Hence S,\g—g,\l > %—(n—% = % > 1
, a contradiction.

Subcase 2: n is even

In this case, the maximum number of edges with label 1 is n — 3. That is Sy, < n — 3.
Then Sy¢ > @—(n—?)) = %. Hence Sy: —S,, > %—(n—i’)) = W > 1

, a contradiction. O
Theorem 13. The star graph K, is pair mean cordial if and only if 1 <n <6.

Proof. Let V(Ki,) = {u,u; : 1 <i <n}and E(K;,) ={uy; : 1 <i<n}. Then K,
has n + 1 vertices and n edges. This proof is divided into two cases:

Case1l: 1 <n<6

The following table shows that K ,, 1 <n <6 is pair mean cordial.

Nature of n  w Uy Uy U3 Ug Uy Ug

1 1 -1

2 1 -1 1

3 -11 2 -2

4 -11 2 -2 2

) -1 1 2 -2 3 -3
6 -11 2 -2 3 -3 2

Case 2: n>6

Suppose A is a pair mean cordial labeling. If the edge uv get the label 1, the possibilities
are A(u) + A(v) =1 or AM(u) + A(v) = 2. There are two subcases arises:

Subcase 1: n is odd

In this case, the maximum number of edges with label 1 is 2. That is Sy, < 2. Then
S/\i >n — 2. Hence SA? — SM >n—2—2=n—4>1, a contradiction.
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Subcase 2: n is even B
In this case, the maximum number of edges with label 1 is 3. That is Sy, < 3. Then
Sxe > n —3. Hence Sye =Sy, 2n —3—3=n—06> 1, a contradiction. O

Theorem 14. The bistar graph By, is pair mean cordial if and only if 1 <n <6.

Proof. Let V(Bi,,) = {u,v,us,v; : 1 <i<n}and E(By,) = {uv,uu,vv; : 1 <i < n}.
Then B ,, has n + 3 vertices and n + 2 edges. This proof is divided into two cases:
Case 1: 1<n<6

The following table shows that By ,, 1 <n <6 is pair mean cordial.

Define A(u) = —1, Muy) =2

Natureof n v wv; vy w3 w4 V5 g

1 1 -2

2 1 -2 1

3 3 -2 -3 1

4 3 -2 3 1 1

) 3 -2 -3 4 4 1

6 3 -2 -3 4 4 1 -2

Case 2: n>6

Suppose A is a pair mean cordial labeling. If the edge uv get the label 1, the possibilities
are A\(u) + A(v) = 1 or A(u) + A\(v) = 2. There are two subcases arises:

Subcase 1: n is odd

In this case, the maximum number of edges with label 1 is 3. That is Sy, < 3. Then
g)@ >n+2—3=n—1. Hence S/\i —S,\l >n—1—3=n—4>1, a contradiction.
Subcase 2: n is even

In this case, the maximum number of edges with label 1 is 4. That is S,\l < 4. Then
S,\f >n+2—4=n-—2. HenceSAi —S,\l >n—2—4=n-—6>1, a contradiction. [

Theorem 15. The bistar graph By, ,(m > 2,n > 2) is pair mean cordial if and only if
m+n<9.

Proof. Let V(Bm,) = {u,v,u;,v; : 1 <1 <m,1 <j <n} and E(B;,) = {uv,uu;,vv; :
1 <i<m,1<j<n}. Then B,,, has m +n + 2 vertices and m +n + 1 edges. This
proof is divided into two cases:

Casel: m+n<9

There are three subcases arises:

subcase 1: m =2,n =2

Define A(u) = —1, A(u1) = 1, Mug) = 2, \(v) = 3, f(A1) = =2, AM(vz) = —3. Hence Sy, = 3
and S)‘f = 2.

subcase 2: m =2,n > 2

The following table shows that Bs,, 3 < n <7 is pair mean cordial.
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n v Uy Uz V3 Vg Vs Vg Ut
3 3 1 2 1

4 3 1 2 -4 4

5 4 2 3 4 1 1

6 4 2 3 4 -5 5 1

7 4 2 3 4 -5 5 1 -3

Define A(u) = —1, A\(v1) = =2, A(vg) = —3

Subcase 3: m > 2,n > 2

If m + n is even, define the function A : V(B,,,) — {£1,£2,..., £2F42} by \(u) =
=1L, A(v) = 4, Muy) = 2, AMu2) = 3, A(A\1) = =2, A(v2) = —3, A(v3) = —2. Next we assign
the remaining labels to the remaining vertices in any order.

If m + n is odd, define the function f : V(By,) — {£1,42,...,£2H} by A(u) =
—1LA(v) =4, f(M1) =2, f(A2) = 3, A(v1) = —2, A(v2) = —3. Next we assign the remaining
labels to the remaining vertices in any order.

Case 2: m+n>9

Suppose A is a pair mean cordial labeling. If the edge uv get the label 1, the possibilities
are A(u) + A(v) =1 or A(u) + A\(v) = 2.

There are two subcases arises:

Subcase 1: m + n is even

In this case, the maximum number of edges with label 1 is 4. That is S,\l < 4. Then
Sxe >m+n+1—4=m+n—3 Hence Sy =S, >m+n—-3-4=m+n—-7>1a
contradiction.

Subcase 2: m + n is odd

Then the maximum number of edges Yvith lz}bel 1is 5. That is S)\l < 5. Then S/\i >
m+n+1—-5=m+n—4. Hence Sxe =Sy, 2m+n—-4-5=m+n-9>1 a
contradiction. ]

Theorem 16. The comb P, ® K is pair mean cordial.

Proof. Let P, be the path wjuy...u,. Let V(P, ® K;) = {u;,v; : 1 < i < n} and
E(P,0Ky) ={uw; : 1 <i<n}U{uui1: 1 <i<n-—1}. Then P, ® K; has 2n vertices
and 2n — 1 edges.

Define the function A : V(P, ® K;) — {£1,£2,...,£n} by Au;) = ¢, for 1 < i < n,

AMv;) = =i+ 1, for 2 < i <nand A(v;) = —n. Hence Sy, =n — 1 and Sy¢ = n. O
Theorem 17. The ladder L,, is pair mean cordial for all values of n except n # 2

Proof. Let V(L,) = {u;,v; : 1 <i<n}and E(L,) = {wv; : 1 <i<n}U{ujti, 0041 :
1 < i< n}. Then the ladder graph L,, has 2n vertices and 3n — 2. For n = 2, Ly ~ Cy is
not a pair mean cordial. This proof is divided into two cases:

Case 1: n = 0(mod4)

First assign the label —1,—3, —5,..., —n + 1 to the vertices wuy, us, us, . . . , Unt1 TESpEC-

tively. Assign the labels 3,5,7,..., ”T*Q respectively to the vertices usg, uy,
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Ug, - .., un. Then we assign the labels = 4, _”2_8, ...,—n to the vertices Unta,

unT+s , ..., U, respectively. Next we a881gn the labels 2,4,6,...,n respectively to the ver-

tices vy, v3, Us, . .., V1. Now we give labels —2, —4, —6, ..., 5* in the vertices vy, vy, ve, . . . IE
_”_4 _”2_8 ,n respectively in the vertlces Unts, Untlo, .. ., Up—2.

Finally assign the label 1 to the vertex v,. Hence Sy, = = M

Case 2: n = 1(mod4)

First assign the label —1, -3, =5, ..., _”2_1 to the vertices uq, us, us, . . ., u,_1 respectively.

Assign the labels 3,5,7,...,n respectively to the vertices us, uq4, ug,

.., Up_1. Then we assign the labels 25 2L n — 1 to the vertices Unss,

Unto, ... s Up—3 respectively. Assign the label 1 to the vertex wu,. Next we assign the

labels 2,4,6, ..., "T*?’ respectively to the vertices vy, vs, vs, .. , Ung1. Now we give labels

—2,—4,—6,...,—n + 1 in the vertices vq, vy, Vg, ..., Vp_1 respectlvely Finally we give

labels =%~ 2 _”2_9, ..., —n respectively in the Vertlces Unts, Ungo, . . Hence S, = 32”

and S)\c = M

Case 3: n = 2(mod4)

First assign the label —1,-3,-5,...,5* to the vertices uy,us, us,...,un respectively.

Assign the labels 3,5,7,...,n — 1 respectively to the vertices us, uy,

Ug, . . ., Un_o. Then assign the labels ”*6 "210 .,n to the vertices Unts, Ungs,

., Uu,_1 respectively. Finally assign the 1 to the vertex u,. Next we assign the la-

bels —2,—4,—6, ..., —n respectively to the vertices vq, vy, vg,...,v,. Now we give la-
bels 2,4,6,..., "T“ in the vertices v1,v3,v5, ..., vz respectively. Finally we give labels
_”2_4, _”2_8, ...,—n 4+ 1 respectively in the vertices Unta, Uns,

..,Un—1. Hence S,\l = 3”2 2 and S 3”2 2
Case 4: n = 3(mod4)
First assign the label —1,—-3,—5,..., —n to the vertices wuy,us, us, ..., u, respectively.
Assign the labels 3, 5, 7 ”;3 respectlvely to the vertices uo, uy, ug,

 Untt. 5, —=, 9 ,n—1 to the vertices Unts, Unto, ..oy Un1

respectlvely Next we assign the labels -2, 4 6

R L respectively to the vertices v, vy, Vg, . - ; Untl. Now we give labels 2,4, 6,

.,n — 1 in the vertices vy, vs, Vs, ..., V2 respectlvely We give labels n+7 nzll’

.,n respectively in the vertices 'Un;5 Unto, ..oy Uno1 Finally assign the label 1 to the
vertex v,. Hence Sy, = 3—” and Sy ¢ = %' =

Theorem 18. L, ® K; is pair mean cordial for all n > 2.

Proof. Let V(L, ® K1) = {w;,vi, x5,y - 1 <@ <n}and E(L, ® K1) = {wv;, w;z;, v;y;

1 < i< n}U{uuir,vv;01 2 1 <i <n}. Then the graph L, ® K; has 4n vertices and

5n — 2. This proof is divided into two cases:

Case 1: n is odd

First assign the labels —1,—5,—9,...,—2n + 1 to the vertices uq, us, us,...,u, respec-
tively. Then we assign the labels 4, 8,12, ..., 2n—2 respectively to the vertices us, u4, ug, . . . , Upn_1.
Next we assign the labels 2,6, 10, .. ., 2n to the vertices x1, x3, s, . . ., x,, respectively. Now
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we give labels —3, -7, —11,...,
—2n+ 3 respectively in the vertices xs, x4, Tg, . . ., Tp_1. Assign the labels 3,5,7,...,2n+1

to the vertices vy, v9, v3, ..., v,_1 respectively. Next we assign the label 1 to the vertex v,.
Finally we give labels —2, -4, —6, ..., —2n respectively in the vertices y1, Y2, Y3, ..., Yn-
Hence S,\l = 5”2’3 and S,\g = %

Case 2: n is even

First assign the labels —1,—5,—9,..., —2n + 3 to the vertices uy, u3, us, ..., u,_1 respec-
tively. Then we assign the labels 4, 8,12, ..., 2n respectively to the vertices uq, ug, ug, . - . , Up.-
Next we assign the labels 2,6, 10, ..., 2n—2 to the vertices x1, x3, x5, . . ., ¥,,_1 respectively.
Now we give labels —3, —7, —11, ..., —2n+1 respectively in the vertices xs, x4, Tg, . . ., Tp-
Assign the labels 3,5,7,...,2n—1 to the vertices vy, v9,vs, ..., v,_1 respectively. Next we
assign the label 1 to the vertex v,. Finally we give labels —2, —4, —6, ..., —2n respectively
in the vertices y1,%2,¥s, ..., yn. Hence Sy, = 5"2_2 and S/\i = % O

Theorem 19. The wheel W, is not a pair mean cordial graph for all n > 3.

Proof. Let W, = C,, + K; be a wheel graph where C,, is the cycle ujus - --u,u; and
V(K;) = u. Then the graph W, has n + 1 vertices and 2n edges. If possible, let there
be a pair mean cordial labeling \. If the edge uv get the label 1, the possibilities are
AMu) + A(v) =1 or Mu) + A(v) = 2. This proof is divided into two cases:

Case 1: n is odd

In this case, the maximum number of edges with label 1 is n — 2. That is Sy, < n — 2.
Then S,\ﬁ > n+ 2. Hence S,\f — SM >n+2—-—n+2=4>1, a contradiction.

Case 2: n is even

In this case, the maximum number of edges with label 1 is n — 1. That is Sy, < n — 1.
Then S,\«; >n+ 1. Hence SAg — S)\l >n+1—n+1=2>1, a contradiction. L]

Theorem 20. The helm H, is a pair mean cordial graph for all n > 3.

Proof. Let V(H,) = {u,u;,v; : 1 <i <n} and E(H,) = {uu;,uv; : 1 < i <n}. Then
H,, consists of 2n + 1 vertices and 3n edges. This proof is divided into two cases:

Case 1: n is odd

Fix the the label 3 to the vertex u. Next assign the label —1 to the vertex u;. We
assign the labels —2, —4,--- —n + 1 to the vertices uo, uy, - - - , u,_1 respectively. Now we
give labels 4,6,--- ,;n — 1 respectively in the vertices us, us, -+ ,u,_s. Next we fix the
label 1 to the vertex u,. Then assign the label 2 to the vertex v;. Then we assign the
labels 3,5, - -+, n to the vertices vs, vy, ..., v,_1 respectively. Also we assign the the labels
—3,—5,---, —n respectively to the vertices vz, vs,--- ,v,. Finally assign the label 1 to
the vertex v,,. Hence S,\l = 3”2_1 and S,\«l; = 3"—2“

Case 2: n is even

Fix the the label 3 to the vertex u. Next we assign the label —1 to the vertex u;. We assign
the labels —2,—4,--- —n to the vertices us, uy, - - - ,u, respectively. Now we give labels
4,6, - ,nrespectively in the vertices us, us, - - - , u,_1. Next we fix the label 2 to the vertex
v1. Then assign the labels 3,5, -+ ,n— 1 to the vertices vy, vy, ..., v,_o respectively. Also
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we assign the the labels —3,—5,---, —n + 1 respectively to the vertices vz, vs, -, vy_1.

Finally assign the label 1 to the vertex v,. Hence Sy, = 37” and S/\f = 37” O

Theorem 21. The fan graph f, = P, + K is pair mean cordial if n is even and n # 4
Proof. Let P, be the path wyus...u,. Let V(f,) =V (B,) U{v}, E(f.) = E(P,) U{uv :
1 <i < n}. Then the fan graph f, has n + 1 vertices and 2n — 1 edges. When n = 4,
suppose A is a pair mean cordial of f;. Then the maximum number of edges label 1 is 2.
That is S/\l < 2. Hence S,\g > 5. Thus §A§ — S,\l <5 —2=3>1 a contradiction. Let n
be even and n # 4. Then we define the function A : V/(f,,) — {£1,£2,...,£%} by

AMup) =1,

—9
)\(u%):iqtl,forlgignT,

—2
AMugip1) = —i,for 1 <i < nT’

—n
)\(Un) = 7,
n
Hence S,\l =n—1and S)\g =n. O

Theorem 22. The fan graph f, = P,+ K is not pair mean cordial if n is odd and n > 1.

Proof. For n =1, f; ~ P5 is a pair mean cordial. Let n be odd and n > 1. Suppose A is a
pair mean cordial. Then if the edge uv get the label 1, the possibilities are A(u)+A(v) =1
or A(u) + A(v) = 2. Hence the maximum number of edges with label 1 is n + 1. That is
Sx, <n+1. ThusSye > 2n—1—n—1=n—2. Therefore Sye =S, > n+1-n+2=3> 1,
a contradiction. O
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