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Abstract

In the present article, the theory of linear thermoelasticity without energy
dissipation is addressed from the perspective of the analysis of the spatial
evolution of harmonic vibrations in time, in the context of a porous
micropolar media. Some preliminary identities are determined that will lead
to estimates of the harmonic vibration amplitude, some of these estimates
being consequences of the distance influence from the disturbed base,
provided that a certain critical value for the vibration frequency is
considered.
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1. Introduction

Here introduce the paper, and put a nomenclature if necessary, with the same font size as the rest of the paper.
The paragraphs continue from here and are only separated by headings, subheadings, images and formulae. The
section headings are arranged by numbers, bold and 10 pt. Here follows further instructions for authors.

The classical theory of elasticity does not have the possibility of correctly presenting the behaviour of some

media that possess an internal structure, see [1-4] for example polycrystalline media or media with fibers, studied by
modern engineering. Media that have voids or notches, which constitute stress concentrations, have an apparent
strength inversely proportional to the particle size, the greater strength being associated with the smaller-sized
particles, exemplified by very thin beames and fibres, for which the bending and torsional forces are greater.
Examples of works that address various aspects of these media are [5-14].

The micropolar elasticity is the one suitable for studying these media, for which the classical theory of elasticity
is inappropriate, because it takes into account their granularity, see [15-17].

The theory of media with voids has applications in various fields such as the petroleum industry, the
pharmaceutical industry, biology and geology.

The starting point of these theories is related to Goodman and Cowin who in [18] introduced an additional degree
of kinematic freedom, with the aim of developing the theory of porous fluid media.

The theory of elastic media with voids was extended, in the linear case, by Cowin and Nunziato in [19], where
the uniqueness and stability of the weak solution is demonstrated, with the mention that the theory is, in fact, the
linear version of the
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nonlinear theory of porous solids, whose behaviour was studied by then in [20]. A study of thermoelastic media,
considering the interaction between thermal and mechanical domains, is developed by Iesan in [21] and extended for
porous media in [22].

The theory of thermoelasticity without energy dissipation, whose promoters are Green and Naghdi in [23, 24] is
characterized by the appearance of the notion of ,thermal displacement”, directly associated with the common
temperature and uses the principle introduced by these authors in [25], with reference to a general balance of the
entropy, this theory being developed in the circumstances of heat flow in a rigid solid, with specifications for finite
speed of the thermal waves propagation.

The linear theory of thermoelasticity without energy dissipation has been the subject of a large number of works,
as for example [26, 27] where Chandrasekharaiah formulates, in the context of this theory, the problem with initial
and boundary values for isotropic and homogeneous media, [28] where Ciarletta, based on the results obtained by
Green and Naghdi, studies the effect of a Galerkin- type solution, determined within a theory of micropolar
thermoelasticity, which allows the propagation of thermal waves at finite speed, as well as [29], where Nappa
establishes a dynamic principle of Sain-Venant regarding the bounded and the unbounded media respectively,
obtaining a uniqueness theorem for unbounded bodies.

Also, in the context of the same linear theory, Iesan determines in [30] the fundamental solutions, as well as the
continuous dependence of the results, Chirita establishes in [31] a reciprocity theorem for an anisotropic and
inhomogeneous media, with a symmetry center at each point, offering an alternative characterization of the mixed
problem solution, with initial and boundary data, and Marin and Béleanu study in [32] the vibrations in the
thermoelasticity of micropolar media, without energy dissipation. Examples of papers addressing the
thermoelasticity without dissipation of energy, also called the type Il thermoelasticity, which allows the finite speed
propagation of the thermal waves are [30, 33, 34], as well as examples of works that approach the study of vibrations
in the context of this type of thermoelasticity, such as [14, 35].

In [36-39], the authors present results regarding the magneto-thermoelastic media.

The structure of this article consists of the formulation, first of all, of the mixed initial boundary value problem,
in the case of the porous micropolar media thermoelasticity in the absence of energy dissipation, after which some
auxiliary differential identities are demonstrated, these relations constituting the foundation for determining the main
result, that of obtaining estimates of the amplitude of harmonic vibration, including those estimates that are
consequent of the influence of the distance from the perturbed base, considering a critical value for the vibration
frequency.

2. Notations and fundamental equations

It is considered D an open domain from three - dimensional Euclidean space R*, to which corresponds, in the
reference configuration, a thermoelastic, micropolar, porous, anisotropic and homogeneous media, having the

closure and the boundary denoted by D, a regular region, respectively 8D, a smooth surface.

Using a rectangular, fixed Cartesian system of axes Ox;,i = 1,3, each point of the domain D is characterized by
three orthogonal coordinates, noting that it uses the notation x for (x4, x4,x3) and t for time. In the following, the

functions will be regarded as functions of (x,t), defined on the cylinder D X (0, ), where D = D U @D. Both the
spatial and the time variable arguments will be omitted when the possibility of confusion is excluded. Also, the well-
known Einstein summation convention is used, applicable if an index is repeated within a monomial, and the values
that the Greek and Latin indices will take are 1,2, respectively 1,2,3.

. A . . . . U
The partial derivative of a function with respect to time will be denoted by a dot above the function, i.e. f = !

a!
and an index preceded by a comma will represent the partial derivative with respect to the corresponding Cartesian

. . a
coordinate, i.e. f; = a—f.
i

The independent variables which characterize a porous micropolar thermoelastic media, see
Error! Reference source not found., are the displacement vector v = (v;,)1=m=3, the microrotation vector
@ = (¢m)1=m=3, the volume function v corresponding to the pores and @, the variation of the media temperature
compared to the absolute temperature &y, which it has in the reference configuration:
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U = U, ), om = dm(x,t), v =v(x,t), 8 =0(x,t), (x,t) EDX[0,¢t,].

Following the proposal offered by Green and Naghdi in [23], we will define, with the aid of temperature, the
thermal displacement a and the temperature gradient 3; in the form of the following expressions

a(x,t) = ffo 6(x,s)ds, Bi(x,t) = jtz 8,(x,s)ds. 1)
Obviously, the relations below are fulfilled
a(x, t) =0(x,t), a(x,ty) =0, Fi(x,t) = a;(x,t)anda(x,0) =0, 5;(x,0) =0, 2)

Representing the strain kinematic characteristics, the tensors «;;,v;;, as well as the vector v; are expressed by the
geometric equations

g =Vt Hud
Yij =P ©)
0—[' = 'VI[' '

where g;; is the Levi-Civita symbol.

The equations that govern the theory of porous micropolar media thermoelasticity, whithout energy dissipation,
are:

- the equations of motion

tiy +pfi = p¥;, ir.1 D x (0,0), 4
my; + egrte + g =15, in D X (0,0),
- the equilibrated forces balance
Aii + pf = pki,inD x (0, 0), (5)
- the energy equation
P =47 = Gy, inD X (0, 0). (6)

The notations used in the previous equations are presented in the following:

* t;,my; are the components of the stress tensor, respectively of the couple stress tensor,

» f;, g; are the components of the body force vector, respectively, the components of the couple body force,

* pp is the mass density in the reference configuration,

= A; are the components of the equilibrated stress vector,

» £ is the extrinsic equilibrated body force, related to the pores,

» I;; are the microinertia coefficients,

» 7 is the specific entropy,

» 1 is the heat supply per unit mass,

» g; are the components of the heat flux vector,

» k is the inertia coefficient.

Considering that the reference media has a symmetry center at each point, being non-isotropic, the free energy
¥, through which the constitutive equations are deduced, is given in the form
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1 1
plp = ECmnkIEmnEkI + ankigmn}/k’.{ + EAmnkIYmn:VkI + Brrm"5'1?1111"r + '[:‘mn}/mn""r + (7)
-I-%Amnaman -I—%gvz — A Emnl — EmnVmnl — mvl — %6‘2 + %Kmna.ma.n,
o o

a representing the thermal displacement related to the variation of temperature, the connection between « and @
being represented by the relation

a(x,t) =0(x,t), a(x,0)=0. (8)

At the same time, the coefficients that appear in the form of the free energy ((7)) represent the media
characteristics and satisfy the following symmetry relations

Conkt = Cramn Amnkt = Arimn Akt = A Imn = Inmy Kimn = K, (9)

being prescribed functions of class C* (D).
The constitutive equations, obtained by means of the free energy ((6)), for (x,t) € D x [0,00) are

tmn = Cmaki€xt + BmnktYir + BnV — dmn,

;lm = iklmngmn + AkimnYmn + Cirv — €xi0,
m = AmnVn
o1 = dpnEmn + emnYmn + MV +9—29, (10)
Gm = —Q—ZKmnﬁn.
the system of equations being complete if the heat flow law is added
Bm = O, toall (x,t) €D X [0, ). (112)

Introducing the constitutive equations ((10)) and the geometric equations ((3)) into the motion equations ((4)),
the equilibrated forces balance ((5)) and the energy equation ((6)) lead to a system of equations related to the
displacements v,,,, the microrotations ¢,,, the volum fraction variation v and the thermal displacement «, namely

[Crimn(Vnm + Enmr®r) + Beimn®Pum + BV — dal, + pfy = piy,

[anki (Un.m + Enmr(jbr) +Ak1mn¢n.m + Ck.tv - ekid]..t + Ekir[cirmn (Un.m + Enmrq‘)r) +
+Bymn®nm + Birv — dip] + pgrx = L@y, (12)
(AmnVn)m + pt = pkv,

(9_10 Kmna.n)lm — dyn(Unm + Enmr®r) — €mnPpm — MV +g;0r = gioé:-

forany (x,t) € D x (0,90).

3. Preliminary results

Considering a cross section D of a prismatic cylinder and the section boundary, denoted by dD, is presumed to
be continuously differetiable. The Cartesian system of orthogonal axes is chosen so that its origin is located at the
center of the cylinder base and the positive side of the x3 axis is conducted along the cylinder.

The length of the cylinder being denoted by L its lateral boundary is S = dD x [0, L]. The cylinder content is an
anisotropic and homogeneous micropolar media with voids. At the same time, the cylinder is load-free on the lateral
surface, so the body force, the couple body force and the flow rate of external heat supply are zero, as well as the
displacements, microrotations, the volume fraction variation and the thermal displacement. It is mentioned that on
the cylinder base surface the displacements, the microrotations, the volume fraction variation, as well as the thermal
displacement are presumed to be harmonic in time. In this context, along with the system of equations ((12)), the
following boundary conditions are added for the lateral surface

(1) =0, ¢nu(x, ) =0, v(x,t) =0, alx,t) =0, (xt) €S x (0, ), (13)

respectively the following boundary conditions for the base
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U (x1,%5,0,8) = 1'?m(x1|x2)eimt|

G (x1,%5,0,8) = Pp(x1, x3)et,

v(xq1,%,,0,8) = ¥(xq, x5 et (x1,x2) € D(0),t = 0, (14)
a(xy,%5,0,t) = &(xy,x,)et,

where T, (X1, X2), @ (x1,%2), ¥(x1, x2) and @ (x4, x,) are smooth, prescribed functions, i is the complex unit and
@ iS a positive prescribed constant.
The harmonic vibrations in time are generated by the loads in the interior of the cylinder, their form being given

by

U (X1,%2,%3, 1) = Vi (1, %2, x3)e™",

Gm(x1,%2,X3,8) = @ (1, %5, %3)e™, .

v(xy,xp,%3,8) = Z(xg, x5, x3)e@t (x1,%3,%3,t) €D X (0, ). (15)
a(xy,xy,x35,t) = A(xy,x5,x3)e™,

The amplitude (V,,, @, 2, A) of the vibrations satisfies the following system of differential equations:

[Chimn(Vam + €nmr Pr) + Brimn@Pum + B2 — iwdyA], -I—pszk =0,
Bkt Vom + €nmr®r) + ApimnPum + CraZ — iwe Al + Exir[Crrmn Vum +
+&nmr @) + Birmn Pnm + By 2 — iwd; Al + Ik.thcbl =0,

(16)
(AmnZn)m -I—pszE =0,
(9—10 Kpnhn) — i Vam + Ennr @) — i€y @ — iwmE + Sw?a=0.
AT
The boundary conditions of the lateral surface ((13)) take the form
Vn(x) =0, &,(x) =0, Z(x) =0, A(x) =0, x €S, a7
and the boundary conditions for the base become
Vin(x1,%2,0) = Vx4, %3),
D (x4, %2,0) = Dy (x4,x3), (18)
Z(x1,%2,0) = L (xy,%3),
A(xl,xZ,O) :A(xl,xZ).

In the context of a finite cylinder, the boundary conditions for the upper cylinder base D(L) are prescribed.
Regarding an imposed oscillation, the spatial behaviour of the amplitude was studied in [28, 40] as long as the
disturbing frequency is lower than a certain critical frequency. The principal purpose of this article is to approximate
the evolution of the amplitude in relation to the axial distance from the disturbed base, and in the following, using
the procedure presented in [32] the demonstration of some estimates on a solution of the system of differential
equations ((16)) is presented, with the boundary conditions for the lateral surface ((17)) and the boundary conditions
for the base ((18)). In what follows, the notation

Vim = Vum + €amr @y (19)

will be used.

In the theorem presented below, four identities will be determined that will constitute the foundation for
obtaining the principal result.

Theorem 1. If (V,, &, 2, A) is a solution of the boundary value problem represented by the equations ((16))-
((18)), then the following equalities are fulfilled:
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d ; . =
EJ‘D(}%] {[CSJ'mnvn.m + B3jmncbn.m + BSJ'Z - Lwd3j'A]l’}'}dA +
d - - . _
+ 25z Joeeny (CamnVom + Bajmn®@rm + B3y I + iwds; AJV;}dA +

fg(x ) {[B3jmnvnm + AS}mnchm + C3JZ - iweS}'A]a)j}dA +

d 3 = = . &
axz Joeey) (Bapmn Vi + Azjmn@rm + C3; X + iwes; A]0;}dA +

d T Sl - =
+d_x3'[f—‘{x3} [(AsrZp)2 + (Asp2x)E]dA =2 -[D(x3} {CrimnVik Vam + (20)

FAiimnPrm®ric + Bieimn [Vik Prm + VixPrm] + AiZxZs — pwVip Vi —
_ijwzq)k(f)j —pszzf}dA + jD(xa} [BkI(EﬁIk +E_ka) +

FCa(ED@y; + EDyy) + iwdy (AVyy — AV ) + iwey (ADy; — ADy )]dA;

d
dxs

d . . —
- _-[D{x3} {[C3jmnvn.m + B3jmnq)n.m + 833'2 - Lwd3jA]D}}dA +

dxs

-[D{x3] {[CSJ'mnT')n.m + BS}mn(f)n.m + BSJ'E_ + ide}'-’ﬂ[’}}dA -

d
+Ejﬂ(x3) {[B3J1mn nm +A3jmn¢nm + C3jE + Lwe3}-’1] }dA - 1)
d v
- _jp[xB) {[BSJ'mn nm +A3jmnq)n.m + CS}'E - LweS}'A]q)j}dA +
+o § jg{x ) [(A3xZR)E — (A3 Z3)2]dA = fg( %) [Bri(E Vi — ZVyp) +
+CRI(ZCDRI _ECDR,I) + Lwde(AVIIR +Av1k) + Lwem(_/ld)k.; +Acbk’1)]dA,
d 1
dxs jﬂ[l’a] 8y D(x3) 9_0(
+ Jpieg) 1@ Qmn (VamA = Vpm A+ [ iwemy (Pnmd — Bpmd)dA + (22)

+ fﬂ(xg) iom(ZA — ZA)d4;

Ky (AA, + AA)dA =2 |, KynA mA, — cw?*AN)dA +

d - re 1
s jD(xB) 5 Ku(AA, — AL )dA = Joixg) 10 Qmn VA + Vo A)dA +

. N (23)
+ fﬂ{xg} iwemn (Ppmd + PpmA)dA + jD{xB} iom(ZA+ ZA)dA,

where z is the complex conjugate of z.

Proof. By multiplying the relations ((16)) 1,((16)) » and ((16))) 5 with ¥, ®,,, respectively Z, as well as the
conjugates of these relations with V;,, @&, and Z, and then, by adding the six relations obtained, we deduce the
equality:

{[CijmnVnm + Bijmn®Pnm + Bi;Z — iwd;A]; + po®Vi}V; +

+HICijmnVnm + Bijmn@nm + B2 +iwd;; Al j + pw?ViV; +

+[Bmnij Vim + AijmnPnm + Cij 2 — iwe; A ;@5 +

+[Bmni J,-f}nm + AijmnPrm + C 2 + iwey; A] ;; + (24)
+&ijx[Crmn Vam + Bjxmn@®nm + Bjie 2 — iwdjkﬂ]i)i + Lyn@w?®, &,
+&ijk[Ciemn Viom + Bjiemn@nm + Bj 2 + iwd A]®; + Ly 0> O @,
H(ApnZ ) m + pkw?Z1E + [(ApnE ) m + pkaw?E]1Z = 0.

_|_
+
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The previous relation can be rewritten in the following form
{[CijmnVam + Bijmn@®nm + Bi; £ — iwdi; AWV3Y 5 4 {[CijmnVim + Bijmn@nm +
+B; 2 + iwd;j AIViY ; + {[BinijVam + Atjmn@Pnm + Cij 2 — iwe; A1®;} ; +
H{[Binij Vi + AgjmnPrm + €2 + iwey A10 3 ; + [(AmnZn)Z + (AynZm) Z]n =
2{Ci;mnV;i Vnm + Aijmn Prm @i + Biymn[V3.iPrm + Vi Prm] + AmnE mZn — (25)
—pa?V, Vo — L@@ @, — pkw?ZE} + By (EVm + SV +
+Cmn(EPmn + ZPmn) + iwdmn(AVpm — AVpm) + iwemn (AP pn — APy p).

Integrating the previous equality (25) over D(x3) and using the lateral surface boundary conditions (17), yields
the equality (20).
To prove the relation ((21)), the same relations are considered, i.e. ((16)) 1, ((16)) » and ((16)) 5, with the help of
which the next equality is reached

{[Cijmnvn.m + BijmnPnm + Bij& — iwdi}"l].j + meVI-}'?I- -
_{[Cijmnvn.m + Bijmncbn.m + Bijz + iwdi}’q].j + pGJZVI-}VI- +
+[Bmm'jvn.m + AijmnPum + €& — iweijA].jq)i -
~[Bunniy Vnm + Aijmn®@nm + C; 2 + iwey A ;@ + (26)
+5k [Cjkmnvn.m + Bjkmnq)n.m + Bjkz - i(‘-’djk AD; + Imnwzq)mq)n -
_gijk [Cjkmnvn.m + Bjkmnq)n.m + Bjkz + iwdjk A](Di - JEmnc‘-}zcbmcbn +
+[(Amnf.n).m + pszz]z_ - [(Amnz_.n).m +pk(‘-’zflz =0.
The previous relation ((26)) cam also be written as follows
{[Cijmnl_’)n.m + Bijmna)n.m + BU'E_ + if’-’dijA_]Vi}.j - {[Cijmnvn.m + Bijmncbn.m +
+B;Z — iwdjAIVi} ; + {[BijmnVam + Atjmn@Pnm + Cij 2 + iwe; A1} ; —
_{[B;[’jmnvn.m +A1'jmncbn.m + CU’E - iwei}"q]éi}.j + [(Amnz_.m)z - (Amnz.m)z_].n = (27)
= an (Z_vn.m - Wn.m) + Cmn (E_cbm.n - E(T)m.n) + iwdmn ("ﬁ’)n.m + Al—"n.m) +
tiwe, (ADp, + AP, ).

By integrating the previous equality (27) on D(x3) and by applying the boundary conditions ((17)) related to the
lateral surface, the equality ((21)) is deduced.

The addition of the relations obtained by multiplying the equation ((16)) 4 by A, as well as its conjugate by A,
lead to the following equality

J[(éf(mnﬂ,n),m + iy Vi — i0€mn®pm — iwmE + éwzﬂ] +

_ _ _ _ _ (28)
+A[(9—10 Kond ) m + iy Vo + i@ @y m + iomE + eiosz] —0
equality that can be rewritten in the form
é(KmAnﬁ,m — cw?AA) + iwdyy (VymA — Py mA) + i (P mA — BpmA) + 29
29

tiwm(EA — £A) = [o- Ky (A4 + AX )] .
o

Integrating the relations ((29)) over D(x3) and using the boundary conditions ((17)) yields the equality ((22)) To
demonstrate the last relation ((23)), the same equation ((16)) 4 is used, obtaining the equality
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1 . _ . . c
A[(aKmnA.n).m — iwd Vi — iWemn Ppm — iwmZ + e—owzﬂ] —

_ _ _ _ _ (30)
~ (- Knnd ) + 10 U + 101 B + iomE + o w?A] = 0,
0 0
which can be presented in the form below
10 VA + Vi) + e (P nd + @A) + iom(EA+24) =
(31)

1 — —
= [a Kinn (AA.n - AA.n)].m-

Integrating, on D(x3), the relation above ((31)), and taking into account the boundary conditions ((17)), the
relation ((23)) is deduced, which concludes the proof of the Theorem 1, this being complete. o

The theorem presented in the following is referring equally to the demonstration of some auxiliary identities,
necessary to obtain the main result.

Theorem 2. If (V;,, €, £, A) is a solution of the boundary value problem expressed through the equations ((16)
)—((18)), then the following equalities are satisfied:

Jo ey (CiymnVamVys + Aijmn@s; rm + ApnZmZnldA + [ ) [Bijmn(Pam®y; +
HVm®iy) = 30 (Vi Von + PKZE + Lyn @ @)IdA+ 2 [ [Bn Vi Z +

+VnmE) + Con(PrnnE + B p DA = 200 [, [dmin (AP — AVym) + €un(APrm —
— APy )dA+ [, D6pBun EpVim + ZpVam) + XpConn (ZpPrmn + Zp Pmp)ldA —

—lw D(x3) [dmnxp (A.p]jn.m - -"T.pvn.m) T emnXp (A.pa)n.m _-"T.pq)n.m)]dA =

d
dxg

fD{xB} {[C3}'mnvn.m + B3jmnq)n.m + 83}'E - iwd3jf1]xpl‘7}.p}dA -

d - — - _
_a_xB.[D{xB} {[C3}'mnvn.m + B3jmnq)n.m + 83}'E + Lwd3j"1]xpv}.p}dA -

d
dxg

fD{xB} {[BSJ'mnvn.m + ASjmnch.m + CSJ'E - iwe3j"1]xpa)j.p}dA - (32)

d
dxg

fD{xB} {[B3j'mnﬁn.m + A3jmna)n,m + CSJ'E_ + iwe3j"'{]qu)j.p}dA —
d _ _ 4 | _
_d_xsfﬂ{xs} [(A3;Z;)xp2, + (A3;2 )xp 2 p]dA + d_xBJD[m) X3 [CijmnVnm V)i +
_ _ a . B )
+Aijmn(bi,jq)n.m +AmnEmEn]dA +EJ‘D[}:3) x3{BI’jmn vn,mq);['lj +vnlm(bilj] +

+Bmn vn.mE_+ f”n.mZ] + Conn [Z_(Dm.n + E(T)m.n] _szvmgm - pkaZZ_}dA -

d , _ - B ) )
s Sy 190X Amn(WVm — WV) + e (AP — A — X3l ® By ]dA —
v, a7, ov, 0%,

— jaD[x3] xpnp(cmm,snan'g E?) + 2,15’1-“},”'8}1an'ﬁE p

n

db; 0P, ar ax
+Al-am’gnan'3 E—an + Aa'gnan'g a a)d.‘i’;

1 - - . — _ _
o) o0 Knn AmAn — 3cwAR)dA+ Jp gy 10mnXp (PmAp = VamAp)dA +

+ fﬂ(xg} iWemn Xp(Prmdp — Py p)dA + jﬂ(xa) iwmx,(ZA, —ZA,)dA+
8484 d 1 - _ (33)
+ faﬂ{x3] xpnpKaﬁnanﬁaads = _d_xgjﬂ[}%) 9_0[x“K35 (‘AG(A,S +AaA,8) +

- — d x - — —
+xaKa3 (Aalls + Aals)] = 5= N é (K33A3A 3 — KopA oA g + cw?AN)dA.
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Proof. Using the equation ((16)) 1—((16)) s, the following equality holds
{[CijmnVnm + Bijmn®Pnm + By Z — iwd;A]l ; + pw?Vi3xpVip + [BunijVam +
+Aijmn@Pnm + CyZ — iwey; Al ;X Py p + €451 [Crmn Viim + BjiemnPnm + BjeZ —
—iwd; A1 Prp + Ln@? Xp@nPonp + [(AmnZn) m + Pkw?Z1xpZ 5 + {[Cijmn Vim +
+BijmnPrm + By Z + iwd;A]; + pw’ VidxpVip + [BrnijVm + AijmnPrm +
+CyE + LwBUA]JX @ + e [Ciremn Vim + Bjkmntbnm + Bji 2 + iwd; A]xp, @, +
Hlop@w?x, @ @y + [(AgnZ ) m + pkw?Z]x,Z, = 0.

(34)

The previous relation can also be written in the form
{[CijmnVem + Bijmn@nm + By Z — iwd  Alx,Vip} 5 —
—[CU-mn'l?n.m + BijmnPnm + Bij& — lwd; A]x ip] T PO 2y xmep +
H{[BimntjVam + AijmnPrm + CijZ — iwe; Alxp @} ; —
[anu nm T AijmnPnm + G2 — LweUA]x ipj T
+&i5k[Cremn Vom + Bjiemn @rm + Bjie £ — iwd; Alx, @, +
o @?x, @ Py + [(AmnZ )% Zpln — (AmnZ m)XpZpn + pkw?x, ZX, +
HICijmnVm + Bijmn@Pnm + By Z + iwd;AlxpVip}; — (35)
—[CijmnVam + BijmnPrm + By Z +iwd;;Alx, Vi p; +
+pw?VinxpVimp + {[Bmnij Vam + Aijmn@nm + €2 + iwe Alxp®p}; —
—[anqf’n.m + Aijmn@nm + €y 2 + iwe Alxp @y 5 +
+&ik [Cremn Vim + Bjiemn®Pum + BjiZ + iwd; Alxp @y +

+Imnw2xpa>ncbmp + [(Amnf,m)xpz,p],n (Apnf m)XpLpn + pszxpE_Zp =0.

The above equality (35) leads to the form
CijmnVnmVii + Aijmn @i jPrm + AmnZmZn +
+B:jimn Vnm @i + Vo ®: ) — 302 (pVi Vi + pkZE + 1y @, @) +
+2By WV + VX)) + 2Cn (@ + @ n2) —
—2iwd py (AV, 1y — AV ) — 2iwey (AP, — AD, ) +
2B (Zp Vm + Zp Vi) + XpCon(ZpPrnn + ZpPrnn) —
—iwdmnxp (A.p'lT’n.m — _z'fp”l'f’nlm) — iwemnXy (A.ptfn.m — A_.pcbn.m) =
= —{[CUmnl;’n.m + Bijmn®nm + Bij& — ide-A]xp'?I-p}J —
—{[CijmnVm + Bijmn@nm + B Z + iwd;Alx,Vip} ; — (36)
—{[BinntjVam + AijmnPnm + CijZ — iwey; Alxp @} 5 —
_{[anijvn.m +AU-mnd_>n.m + CU-E_ + iwe[-jff]xpcb[-p}lj —
~[AmnZm)pZpln — [(AmnZm)pZpln + [XpCijmnVam Vi +

+pr1'jmn(bi.j(5n.m + prmnE.mf.n].p + {xpBUmn[v (D +v cbi[j] +
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—I—xmen(”I)’n.mE_ + PV mZ) + xpCmn(E_CDm.n +Zd,,)— xppszml_’m — xppszEE_}.p —

_{iwxpdmn(-"lf)n.m - -"Tvn.m)}.p - {iwxpemn (-A(T)n.m - -A_q)n.m) - xp‘rmnwzq)m(fn}.p-

By integrating the previous equality (36) over D(x3) and taking into consideration the boundary conditions ((17)
), the next identity is obtained:

Jp ey [ComnVam Vs + Aiymn @ Crm + AmnZm ZnldA +

+ jD(xB] [Bijmn (Vam®:j + Vam®i ;) — 302 (0Vin Vi + PAZE + Ly @ ®@,)]1dA +
+2 [y) [Brn(VnmE + VnmZ) + Conn (@2 + PrnZ)]dA —

—2iw [, [don(AVnm = AVpn) + eun (AP pm — ADy)]dA +

+ jD[x3] B pBrnin (Zp Vi + ZpVim) + XpConn (Zp®Prmn + Zp P ) 1dA —

—iw D(x3) [dmnxp (A.pvn.m - -"T.pvn.m) T emnXp (A.pén.m _-"T.p(bn.m)]dA =

d
dxg

fD{xB} {[C3}'mnvn.m + BSjmnch.m + B3}'E - iwd3j"1]xp17}.p}d‘4 -
d _ _ - _
_d_XBID{xﬂ {[C3}'mnvn.m + BSjmnch.m + B3}'E + Lwd3j"1]xpv}.p}d‘4 -

d ; . =
_d_XBID{xﬂ {[BSJ'mnvn.m + ASjmnch.m + CSJ'E - Lwe3j"1]qu)j.p}dA -

d
dxg

fD{xB} {[B3j'mnﬁn.m + A3jmna)n.m + C3J'E_ + iweSj"’{]xpa)j.p}dA - (37)

d
dxg

— = d - =
fD{xB} [(A3J1'E.j)xpz.p + (ASJ'E.j)xpE.p]dA + d_x3'[D[x3] X3 [Cij'mnvn.ml')j'.i +
= = d - ey 5
+Aijmnq)i.jq)n.m +Ang.mE.n]dA +Ejg(x3} XS{BU'mn vn.mq)i.j + vn.mq)i.j] +
FBnn [VimE + ViymZ] + Con[Z P + 2Py 0] — p? Vi Vi — pkw?ZZ}dA —

d . = = — y —
_a_xB.[D{xB} (W X3[dmn(AVnm — AWnm) + emn (AP m — APy 0n) — ngmanCDmCDn]dA -

- j@D{x3] [xpcpsmnvn.mf}s.p + xpcpsmnf’n.mvs.p]npds -2 j@D{x3) [xposmnvn.ma)s.p
+xposmnT’)n.m¢s.p]npdS - jag(xB] [prpsmnqbn.mqfs.p + prpsmn(fn.mqbs.p]npds -

- j@D(x3] [XpApsZpZs + xpApsZ pZ < Inpds + j@D[xﬂ XpMp{ Ci jimn Vrm Ve +

+Bijmn [E’.i(fn.m + Flj:;’.i(bn.m] + Ai}'mn(bj.i(fn.m + AmnE.m}j.n}dS-

Considering the boundary conditions ((17)), corresponding to the lateral surface, it is deduced that
Vi.3 = 0, pe aD(X3) (38)

On the curve @D, the following relation is satisfied

an, av,
|74 = n m T _m'
m.a * an tTa at

(39)

where 7, represent the components of the unit tangent vector to dD. Under the influence of the conditions ((17)),
- AV . . .
it is deduced that % = 0 on the curve D, so the following relations are obtained
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av,
Vna = naa—:'.onthecurve ab,
and

ar
Z,= Nao, on the curve aD.

Using the equations ((38)),((40)) and ((41)), the last integral of the equality (38) becomes

j@D{x3} xpnp{cijmnvn.mnl’ﬁ'.i + B;['jmn[nl’ﬁ'.ia)n mt 1_} iPrml + Aijmn(b' 'a)n m T

= av; o, v, ad,,
+AmnE mEatds = jan( X pTp(Ciampna n.ga—— + 2BigmpNatipg— o

an

ad; *\b 3xr ax
+Awmﬁn n'g an -I-Aaﬁn n'ga an )d

For the other integrals of this type from the relation (38), the next equalities are obtained
.[aﬂ(xB] [xpcpsmnvn.m]js.p + xpcpsmnvn.mvs.p]npds =

3V; 3m,

Zfan(x ) Xpit pCiampNanpg = i

J@D(x3] [xposmnvn.més.p + prpsmnT’)n.m(bs.p]npdS =

av; 08,,
= Zfan[x3) XpNpBigmpgNalp = I

an
faD(x3] [prpsmn(D CD p T prpsmnch.mq)s.p]npdS =

%, 08,
:Zfan(x3) XpNpAiampNalg—— 5 om ds,

arazr

Jongeyy DpApsZpZe + XpApsZpZelngds = 2 [, xmyAgp oom ds.

Replacing the relations ((42)) and (43) in the equality (37) leads to obtaining the first equation of the

Theorem 2, denoted by (32).

In order to demonstrate the relation ((33)), we use the equality ((16)) z and deduce the following relation

XA LG A) i — 0y Vi — i0€ @y — i0mE +— @?A] +

1] o
+pr.p[(éKmn A m + iwdyy Vim + iwenn ®Ppm + iomZ + é w?A]=0.

To above equality can also be written in the form

iwdmnXp VamdAp — VamAp) + i@ emnXp(@pmAp — Prmdp) +

tiwmx, (E4, —Mp) = —x, (5-w?AR) , — L %o Kmn(Ap A + 48] +
0

—I— Kmnﬂ A —I—xp( Kmnﬂ An)p,

relation that can be rewritten as follows

1 — 3c — . — — . — _
aKmnﬂ'.mA.n - awzim + iwdmnXp VnmAp — VimAp) + iwemn X, (Pp Ay — Ppmdp) +

tiwmx,(EA, — £4,) = —(xpéwzm‘),p _ [9—10 XpKonn (A p Ay + Ay A0 +

+( Kmn/1 A n)p

(40)

(41)

(42)

(43)

(44)

(45)

The previous equality (Error! Reference source not found.) is integrated over D(x3) and the boundary

conditions ((17)) are used, which leads to
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Kpn A A, — 3cwAN)dA+ |

D(xa) iwdmnxp VimAp— Vn.mA.p)dA +

1
jﬂ(x3] a(

+ fﬂ(xa} (@€ Xp (P p — Py Ay )AA+ jﬂ{xB} iwmx,(EA, — ZA,)dA =
= o oy oK (ApAn + A pA2) = Kpp Ay + 3 AR AA + (49)
oy a2 oo KmnA A nty = XpKopn(Ap A+ Ap A )y ds.
Using the boundary conditions ((17)) in a way similar to the one used to demonstrate the relation, it follows
A3=0 A, = naz—:, onthecurvedD(x3). 47

It is observed that the equality ((46)) implies the equality ((33)), which means that the proof of the Theorem 2 is
complete. O

4. Main results

The object of the proof for the theorem below is constituted by the conservation laws, which will lead to
obtaining ,,a priori” estimates for a solution of the mixed initial boundary value problem in our context.

Theorem 3. If (V;,, €, £, 4) is a solution of the boundary value problem consisting of the equation ((16))-((18)
), the following two conservation laws take place

a5 ot
o oy 5 K3 AsAs — Kag AR A+ = [ [CismsVis s +
+Bizms (Vi3Pmz + VizPms) + Aizms @iz Prms +
+B;3(ZViz + IVi3) + Ca(E @3 + £D;3) + A3 (2,55 + £,25)]dA —
- ;73]9(%3) [CiampViaVing + Biamg (Via@mp + ViaPmp) + AiampPiaPmp +
+Bia ViaZ + VigZ) + Ciq(Piod + @po2) + Ay (220 + 2, 2,)]dA +

a oy [0dia@Trq = AV;0) + iweiq(AB;q — AD;)]dA +

+ fﬂ(xg) iom(AsX — A3X)dA = 0.

W (V¥ + Lpn @D, +psz+im')dA +

(48)

d _ - -
EJ‘D(}%] {[C3jmnvn.m + BSjmnch.m + BS}'E + Ld3}'A]I"}'}dA -

d , _
_d_xB.[D{xB} {[C3}'mnvn.m + B3jmnq)n.m + 83}'E - Ld3}'A]I"}'}dA +

d - — - . _
+ 2z Joceyy (BaymnVm + Asjmn®@rm + CayZ + iwes; A1 }dA —

d ) _
~am o) (B3jmnVam + AsjmnPrm + €3 — iwes; A1®;}dA + (49)

d -
+—— fﬂ{x ) (A3;2)zdA - jﬂ(x , (A3;Z)EdA =

d

= jﬂm} o Kaj (A4 — AL AA [ [Brun CVam = ZVim) +

+Cn (@ — Z®, ) — iwm(ZA + ZA)]dA.

Proof. To demonstrate the equality ((48)), the relations ((16)) 1, ((16)) > and ((16)) z are used, through which the
next equality is obtained:
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{[CijmnVnm + Bijmn®nm + Bi;E — iwd;;Al; + pw?V;}V; 5 +

HBijmnVim + AtjmnPnm + CijZ — iwe Al +

+&ic [Cokmn Vom + Biemn®nm + By 2 — iwd e Al + Ly w? @, 3@ 5 +

+H[(AmnZn)m + Pk0?Z1Z3 + [(AmnZn) m + pkw?E]Z 5 + (50)
HICijmnVnm + Bijmn@nm + Bi; L + iwd;;A]; + pw? Vi3V 5 +

HIBijmn Vim + AijmnPnm + Ci;Z + iwejA]; +

+&ic [Cokmn Vo + Biemn®@nm + By 2 + iwdy A] + Ly @p 3@ 5 = 0.

The previous relation leads to

dixB [PWVT; + [y @?® @y, + pk2EE + CiapaVy3 Vs +

+Biams (Vi3Pmz + Vi3 ®Pm3) + Aiam3Pi3@Pms + Bia(E Vs + ZV;3) +
+Ci3 (T3 + L0;3) + A (225 + Z,;Z3) —

_Ciam,{?vi.af’)m.,{? - Biam,{? (vi.aém.,{? + T”I’.aq)m.,{?) - Aiam,{?q)i.aq_)m.,{? -
_Bicx T”i.az + vi.az_) - Cia(éi.az + {Di.az_) _Aia(E.if.a + E_.iE.a) +
tiwdg(AV;i g — AV o) +iweq (AP — AD; )] +

HCiamzVm3Via + Biamz (Vi 3Pia + Vi3 Pia) + Aiam3PimsPra +
+Biq(ZVi3 + EV;3) + Ciq(E®D;3 + ED;3) + A (2,25 + 2,Z5) +
tiwd(AVy3 — AV;3) + iwe;  (AD; 3 — AD;3)] o +

+iwdp, (E.Svm.n — A.svm.n) + iwenmy (A_.Sq}m.n — A.Sa)m.n) = 0.

(51)

Integrating the above equality over D(x3) and using the boundary conditions ((17)), we get

d
dxs

+Bizms VizPmz + Vi3®Pm3) + AiamaPia®Pms + Ba(EVis + ZVi3) +

+C3(ED3 + Z;3) + A3(Z,: 25 + Z,55) —

_Ciam,{?vi.af’)m.,{? - Biam,{? (vi.aém.,{? + T”I’.a(bm.,{?) - Aiam,{?q)i.aa)m.,& - (52)
_Bicx T”i.az + vi.az_) - Cm(éi.az + (Di.aE_) - Aia(z.if.a + E_.iz.a) +

tiwd;g(AVig — AV o) +iweq (AD; g — AD; ,)]dA +

+ Jp ey [©8mn (A3 Vimn = A3 Vimn) + i€ (A3 Pmn — A 3P p)]dA = 0.

jD(JCa] ['Gwzl"}vj + ImanCDm(T)n + pszzf + Ci3m3vi.3f}m.3 +

By using the equation ((16)) 3, the following equality remains fulfilled:

1 . _ . . c
A3[(9—0 KynA ) m — i@0dyn Vim — i@€mn Py — iwmZ -I—e—owzfl] +

_ _ _ _ _ (53)
+43[G KA 1) m + 10y U + 108130 B + fom 3 + —w?A] = 0.
i} 0
The previous relation ((53)) can also be written in the form below
2 (E WAL+~ KasAsAs — K g A A g) + CKaAsds), +
dxs "8, 8, 33443443 8, aff ettt B g "a3t33)a (54)

‘I‘Lwdmn (A31_')mn - ./1_31/’mn) + iwemn(.{'lsémln - A_.SCDm.n) + Lwn’l(A3E - ./1_32) = 0.

If the relation ((54)) is integrated over D(x3) and the conditions ((17)) are used, the next equality is obtained:
d C o, 1 — 1 _
s o) G @2 AA + - Kas Ay A3 — o= Kag Ao p)dA +

+ Jptay) [1@0@mn (A 3Vmn — A3Vimn) + iwemn (A3Prmn — A3Ppyp) + iwm(A35 — A32)]dA = 0.
By means of the relations ((52)) and ((55)), the equality ((48)) is reached, and through the equalities ((21) and

((23)) the conservation law (50) is determined, this completes the proof of Theorem 3, which is now concluded.
The result presented in the following represents the first estimate that characterizes the solution spatial
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behaviour. o

Theorem 4. If (V,,, €, £, A) is a solution of the boundary value problem represented by the equations ((16))—
((18)), the following equality is satisfied:

2'.[9[,;3] [Cijmnﬂl%'.if’)n.m + Bi}'mn E’.I’an.m + ]a'.icpn.m) + Aijmnq)n.ma)j.i +AmnE.mZ.n -
~? (Vi + Ln @ @B + PKEZ + o AD) + - KA A +

0 0
tiwd (VA — VymA) + iwep, (AR, — AD ) ]dA +

+ Jp(yy [Brn(EVnm + EVam) + Cran(E®mn + E®pmp) + iwm(ZA — ZA)]dA =

_d
_dx3

D(x3) {[C3jmnvn.m + B3jmnq)n.m + B3jZ - iwd3}'A]I‘T}'}dA + (56)

d — — - _

+ 25z Joeeny (CamnVom + Bajmn®@rm + B3y I + iwds; AJV;}dA +
da - , =

25z Joeesy (BaymnVam + Azjmn®@rm + €3y 2 — iwes; A1 }dA +
d = — - . _

2z Jocey) (BaymnVm + Asjmn®@rm + €3y Z + iwes; A]0;}dA +

d = = d 1 — -
s oy (A5 Z)DZ + (A5, 2N E1dA + = [, ) 5o Kay (A4, + A4 )dA.

x3 “D(x3) @y

Proof. The use of the equations (20) and ((22)) leads to the immediate obtaining of the relation (57). o

In what follows, a theorem that establishes another estimate will be presented.
Theorem 5. If (V,,, &, Z,4) is a solution of the boundary value problem consisting of the equations ((16))-
((18)), then the next equality is fulfilled:

JD(’%) [Cij'mn]%f.iﬂr’)n.m + BUmn (]}if..f(fn.m + T’)j.i(bn.m) + Aijmnq)i.ja)n.m + Amnz.mz_.n +
+9—2Kmn4m£n + W2 (VWi + Lyin @@ + pkZE +éAA_)]dA -

v, 37, 3V, 3%,
= Jonix) oM Ciampnan 5 50 + 2Biampnals 5, =

n

ad; 0B, 8r ax aAdAa _
+Al-am3nan5 E_an + Aaﬁnanﬁaa)ds - fan(x3} xpnpKa'gnan'gaa ds =

d . . = =
= jD(x3} [(C3j'mnvn.m + BSjmnch.m + BSJ'E - LwdS}'A)U’}' + xpv:f.p) +

- dxg

+(C3jmn17n.m + BS}mna)n.m + 833'2_ + iwd3j"{)0"} + xpl":f.p)]dA +

d . ) _ _
2 oy [(BajmnVam + Asjmn@um + C3; % — iwes; A)(®; + xp@;) +
+(B3jmnf')n.m + ABjmnq_)n.m + C3jz_ + IT:C‘L)e3j"1_)((Dj + xp(bj.p)]dA + (57)
d = = —
o oy (A3 ZNE + xpZ5) + (A3;2) (2 + x,Z,)]dA +
da 1 = — — _
2 Joee 5 Koz (A3 + A3) + Koo (A oA+ Ao M)]dA +

da X — - — —
s o 3 Kap(Apha+ ApAs) + Kaa(A3da+ A3A0)]dA —
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d _ _ _ _ _
i fD{x3} {x3[CizmaViz Vi + Biama(ViaPma + ViaPrma) + Aizma P3Pz + A33Z323] +
+x3 [Ciamﬁvi.al_)m.ﬁ + Biamﬁ (vi.a(fm.ﬁ + v{'.acbm.ﬁ) + Aiamﬁ(bi.aa)m.ﬁ + Aaﬁz.af.,{?]

+2310[Dig(TV; g — TVy o) + Eig(T®; o — T®; o) + (FA— ZA)]}dA

d = = = — = c =
+ 2 oy [x (K334 343 = KapA oA g) + X302 (BVin Uy + I @ @ + pkZT + o= AD)]dA.

Proof. The equality (58) is obtained by using the results represented by equalities (32) and (33) of the Theorem
2, together with the equation (57) of the Theorem 4.

The relation (58) will constitute the foundation for deducing the conclusions regarding the spatial behaviour of
the amplitude (V,, @,,, Z,4), and for accuracy, it will be assumed that the micropolar thermoelasticity tensors
satisfy the usual hypotheses of continuum mechanics, namely, they satisfy the strong ellipticity conditions:

Cijmnxixmyiyn >0,
Bijmnxixmyiyn >0, (58)
Aijmnxixmyiyn >0,

for all non-null vectors (xq,x5,x3), (v1,¥2,v3), and the specific heat ¢, the coefficients 4,,, and the
components of the conductivity tensor K,,,,, fulfill the conditions below

c >0,
AmnXmXp > 0, (59)
KonXmxn =0,

for all non-null vectors (x4, x2,x3). Using the relation ((58)), the following deduction are evident
CizmaXxixym > 0,

BizmaXiX;, > 0, (60)
ApzmaXixm > 0,

for all non-null vectors (x,x,,%x3). The curve aD being assumed to be regular, it follows that there exists
so > 0 such that 0 < sy = x,n,,.
The following inequalities will be satisfied:

av; a7, av; 8%, 8%, 0%,,
0= j@D{x )X np(Cwmﬁn n'g——-l—Zme'gnanﬁ - + Aiampnanp—— p—— +

[ (avmavm AP 0B azaz)d
8D(x3) “ dn én an  an anan

(61)
+Aa5nan'gaa)d8 = MC

where

M= sup J(xZ+x2),
(xy.x2)E@D (62)

1
€= (Cicxmﬁcicxm,{? + ZBiam,B Biamﬁ +A1'am,8A1’am,8 + AaﬁAa£)2-

At the same time, the inequalities related to the conductivity tensor are fulfilled, namely:

a4 671 MK A dA
0= Jop(us) e XoMoKag el 5y 5005 = 5 fone) Gnan (63)
where M is defined by the relation ((62)) ;, and
1
K= (KaﬁKaﬁ)2- (64)

Next, enter the quantities mg, my, wy and wj as follows
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| 3V 3V . 3% 1 3%y L XA
aD('XBI'{ dn_dn ' dn_dn_ dndn

Vds

Mo = o I (rg) VP +®m@m+2T)ad (65)
oo, 24284

m; = max ~AD(xg) dndn__ (66)

x3€[0.L] ch'x3j|MdA
w" = %MCma, (67)
W) ZEMKml. (68)

It is assumed that

w > w" = max{wy, wi}, (69)
m<=mg m;=mj, (70)

where

3V 3V 3% mdFy BXIT
39('13:'{3n dn | dn @n 'anan} s (71)
th'x3:| (Vi Vin+ P m +IT)dA

Mg = max

my = max ————"— (72)
AeHE(D) Jp(xgAddA
For expression of mg, represented by the relation (71), the maximum is determined for
Vin € H}(D), ®,, € H} (D) and £ € Hg (D), H3 (D) being the usual Sobolev space, thus determining a critical value

for the vibration frequency, presented in the following
w' = max{% McC m"d,%MKm"l:}. (73)

To estimate the spatial behaviour of the amplitude (V,, @,,, Z, A), the relation (58),(61),(63) and (69) are used,
obtaining the next inequality:

d
dxg

jD{x3] [(C3jmnvn.m + BS}'mnch.m + BS}'E - iwdeA)(F}' + xpv:f.p) +

+(C3jmn17n.m + BS}mna)n.m + 833'2_ + iwd3j"{)0"} + xpl":f.p)]dA +

d
dxg

o Joces) [(BajmnVam + Azjmn @rm + C35% — iwes; A)( P + x,@5) +

+(BzjmnVim + A3jmnPnm + C3;2 + iwes; ) (D) + x,D;,)]dA +

+-2 7 (A5 )NE +2,5) + (A3, Z) (Z +x,T,)]dA +

dxz @ D(x;

d 1 = — — _
o oy 3 [Kas (A3 + A30) + Kso (A oA+ Ao M)]dA +

d — _ _ _
+— [ [Kag(ApAg+ AgAy) + Kaz(A3A, + A3A)]dA — (74)

dxs ID(x3) 8,

d
dxg

fg{xB} {x3[Ci3m3Vi3Vm3 + Bams (Vi 3®Pma + Vi3Pm3) + Aizma@i3®Pms + 43323 55] +
+x3 [Cmmﬁv[-.af’m,ﬁ + Biamg (vi.aiamﬁ + T”I‘.aq)m.ﬁ) + Aiamﬁ(bi.ai}m.ﬁ + Aaﬁz.az_.,{?] +
+x3i0[Dig(TV; g — TVig) + Eiq(T®q — T®; o) + (A - ZAN]JdA +

o ey [ (B33 385 = Kap oA ) + X302 (Vi Vi + Ly @@+ PEE + - AD]dA 2

dxg 'D(x3) '8,

= D(x3) [Cijmnﬂl%'.iﬁn.m + Bijmn Fl'af.icf)n.m + T’if.iq)n.m) + Aijmn(bi.ja)n.m + AmnE.mf.n +
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o K A + 02 (0Vi Vi + Lyn® @y + pkEZ + - AD]dA.
1] ]

The preceding relation (75) represents an estimate of the spatial behaviour of the amplitude (V,, ®,,, 2, A4),
which leads to the conclusion that the proof of Theorem 5 is complete. o

5. Conclusions

The study of the spatial evolution of the harmonic in time vibrations, associated with porous micropolar media,
is carried out, throughout this article, in a special way from the classic Saint-Venant type estimates, being based
only on the conditions of strong ellipticity of the thermoelastic coefficients. The first two theorems lead to the
determination of some preliminary identities, which will constitute the basis for obtaining the main results,
consisting of estimates of the harmonic vibrations amplitude, including those derived from the influence of the
distance from the disturbed base, taking into account a critical value of the vibration frequency.
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