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Abstract

Locating is one of the key elements in the success and survival of industrial centers and
greatly affects cost reduction of the establishment and launching of various economic
activities. This study has used the streets with unequal-length model through the classic
extension of the Spoke model (Lijesen and Reggiani, 2013) but with an unlimited
number of streets with uneven lengths. The results show that the spoke model is a special
case of the streets with unequal-length model. According to the results of this study, if
the strategy of Enterprises and firms is to select both price and location, there would be
no balance in the game. Furthermore, the increased length of streets leads to an increased
profit of Enterprises, while the Enterprises choose locations far from the center (the
maximum differentiation) with the increased number of streets, consequently decreasing
the Enterprises' output. Moreover, the Enterprise production rate will incline toward zero
when the number of streets goes to infinity, and a complete competition outcome will be
achieved.

Keywords: game theory, locating, Nash equilibrium, streets with equal-length model,
streets with unequal-length model.

JEL Classification: C62, C70, D43, L11, R30.

Introduction

Location has long been recognized as one of the most important strategic
decisions made by firms and one of the principal determinants of market
performance, competitive advantage, and long-term profitability. The
geographical position of a firm directly influences production efficiency,
transportation costs, accessibility to consumers, market coverage, and ultimately
the firm's ability to compete successfully in spatially differentiated markets.
Consequently, location decisions affect not only the profitability of individual
firms but also the allocation of economic activities, regional development, market
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efficiency, and social welfare. Since the pioneering contributions of von Thiinen
(1826) and Weber (1909), location theory has evolved into one of the
fundamental disciplines of regional science, industrial organization, operations
research, and spatial economics. Later developments by Isard (1956), Fujita et al.
(1999), and Duranton and Puga (2004) further demonstrated that firms' spatial
decisions play a central role in determining industrial concentration, regional
specialization, and market performance. Consequently, inappropriate location
decisions or inefficient industrial location policies may substantially reduce firms'
competitiveness and generate considerable economic inefficiencies (Vinay and
Chakravorty, 2005).

The increasing integration of markets, globalization, technological
progress, and intensified competition have transformed location from a purely
geographical concept into a strategic economic asset. Modern firms compete not
only through prices, product quality, and innovation but also through their spatial
positions relative to consumers and rival firms. Likewise, consumers no longer
make purchasing decisions solely on the basis of product characteristics or prices;
transportation costs, accessibility, travel time, convenience, and other behavioral
considerations increasingly influence purchasing decisions (Shy, 2014).
Consequently, firms' competitive advantage depends not only on production
efficiency but also on selecting locations that maximize accessibility while
minimizing transportation and operating costs. Empirical evidence consistently
demonstrates that accessibility, transportation costs, and consumer distribution
significantly influence firms' market performance and consumers' purchasing
behavior (Gelormino et al., 2015; Zhao et al., 2018; Pereira et al., 2017).

From a managerial perspective, facility location represents one of the few
strategic decisions whose consequences persist throughout the entire life cycle of
a firm. Unlike pricing or production decisions, location choices are often costly
or impossible to reverse once investments have been made. An inappropriate
location may permanently reduce demand, increase operating costs, weaken
competitive position, and ultimately threaten business survival. Evidence
reported by Melaniphy (1999) indicates that a substantial proportion of newly
established businesses fail despite satisfactory managerial performance because
of inappropriate location choices. These observations have motivated economists,
operations researchers, and management scientists to develop increasingly
sophisticated analytical models capable of identifying optimal facility locations
under different competitive environments (Drezner, 1995; ReVelle and Eiselt,
2005).
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Theoretical studies on facility location are generally classified into
competitive and non-competitive frameworks. While non-competitive models
focus primarily on minimizing transportation or operating costs without explicitly
considering firms' strategic interactions, competitive location models recognize
that firms simultaneously choose locations while anticipating competitors'
responses. Consequently, competitive facility location has become one of the
most important applications of game theory in industrial organization and spatial
economics. Within this framework, firms strategically determine their locations,
pricing policies, market coverage, and other decision variables in order to
maximize expected profits. The resulting interactions are commonly analyzed
within a Nash equilibrium framework, where each firm's optimal strategy
depends explicitly on the equilibrium behavior of competing firms (Hotelling,
1929; d'Aspremont et al., 1979; Anderson and Neven, 1991).

Recent decades have witnessed substantial progress in competitive location
theory. Successive generations of models have progressively incorporated richer
representations of transportation costs, market structures, consumer behavior, and
strategic interactions. At the same time, advances in behavioral economics have
demonstrated that consumers frequently exhibit bounded rationality,
heterogeneous preferences, imperfect information, and reference-dependent
decision-making rather than the perfectly rational behavior assumed in many
classical spatial models (Kahneman and Tversky, 1979). Consequently, firms'
location decisions increasingly depend on consumers' behavioral responses as
well as geographical considerations. Integrating behavioral insights with game-
theoretic location models therefore represents an important step toward
improving the explanatory power and practical relevance of competitive spatial
analysis.

Despite these advances, existing competitive location models continue to
rely on several simplifying assumptions introduced primarily for analytical
convenience. Although such assumptions facilitate the derivation of equilibrium
solutions, they frequently reduce the realism of theoretical predictions. Previous
studies have repeatedly shown that competitive location models are highly
sensitive to relatively small modifications in transportation costs, consumer
distribution, market geometry, and firms' strategic interactions (Murata, 2003,
Duranton and Puga, 2004; Behrens et al., 2017). Consequently, improving the
realism of these assumptions has become one of the principal directions of
contemporary research in spatial competition.



1109 Iranian Economic Review, Volume 30, Issue 3, 2026

One of the most restrictive assumptions maintained in almost all existing
game-theoretic location models concerns the geometry of transportation
networks. In particular, the widely used spokes framework assumes that every
street connected to the city center possesses an identical length. While this
assumption considerably simplifies mathematical analysis, it rarely reflects the
spatial organization of actual cities, where transportation networks exhibit
substantial heterogeneity in street lengths, accessibility, travel distances, and
network structure. Such heterogeneity directly affects consumers' travel costs,
firms' effective market areas, equilibrium prices, and competitive strategies.
Consequently, maintaining identical street lengths may significantly limit the
explanatory power and practical applicability of existing competitive location
models.

Motivated by this limitation, the present study develops a generalized
game-theoretic facility location model in which streets connected to the city
center are allowed to have heterogeneous lengths. By relaxing one of the most
restrictive assumptions of the classical spokes framework, the proposed model
provides a more realistic representation of urban transportation networks while
preserving analytical tractability. More importantly, the proposed framework
demonstrates that several well-known competitive location models—including
the Hotelling model, the circular city model, and the classical spokes model—can
all be interpreted as special cases under particular parameter configurations.

This study contributes to the literature in several important respects. First, it
generalizes one of the most influential game-theoretic location models by
introducing heterogeneous street lengths into firms' strategic location decisions.
Second, it establishes a unified analytical framework capable of encompassing
several existing spatial competition models within a single theoretical structure.
Third, it provides new insights into how transportation network geometry
influences firms' equilibrium locations, pricing strategies, market shares, and
profitability under Nash equilibrium. Finally, by integrating concepts from game
theory, spatial competition, and behavioral economics, the proposed model offers
a more realistic analytical foundation for studying facility location decisions and
provides useful implications for industrial organization, regional science,
operations research, and spatial economic policy.

This paper is structured in six sections. The second section presents a
literature review, and the third section presents the model. The fourth section
focuses on location in the streets with unequal-length model in five subsections.
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The fifth section presents the selection of price and location, and finally,
summary, conclusion, and recommendation are presented in the sixth section.

Literature Review

The development of competitive facility location theory has been characterized
by a gradual relaxation of the restrictive assumptions underlying earlier spatial
competition models. Although the origins of location theory can be traced to the
pioneering contributions of Saffle (1878), Launhardt (1882), and Weber (1909),
modern analytical research on competitive location began with Hotelling's (1929)
seminal linear city model. By formulating firms' location choices as a strategic
game, Hotelling established the theoretical foundations of spatial competition and
demonstrated that firms tend to agglomerate toward the market center under
linear transportation costs. His model initiated an extensive body of research
devoted to understanding how firms' strategic location decisions influence market
outcomes and how equilibrium changes under alternative assumptions regarding
transportation costs, consumer behavior, and market structure.

Subsequent theoretical studies demonstrated that the conclusions of the
Hotelling model are highly sensitive to its underlying assumptions. Salop (1979)
addressed several limitations of the linear city framework by proposing the
circular city model, which eliminated boundary effects and provided a symmetric
representation of competition among multiple firms. Later contributions extended
spatial competition models by incorporating endogenous pricing, quantity
competition, product differentiation, and multidimensional strategic interactions
(Shaked and Sutton, 1982; Kreps and Scheinkman, 1983; Anderson and Neven,
1991; Anderson et al., 1992). Collectively, these studies established that firms'
equilibrium locations cannot be analyzed independently of pricing behavior or
market structure and confirmed Nash equilibrium as the dominant analytical
framework for competitive location problems.

An important milestone in the literature was achieved by Chen and Riordan
(2007), who introduced the spokes model as a generalized representation of urban
spatial competition. Unlike the linear and circular city models, the spokes
framework considers a city composed of multiple streets connected through a
common center, thereby allowing firms to compete within a network rather than
along a single dimension. Assuming identical street lengths, uniformly
distributed consumers, and a two-stage game in which firms first choose
locations and subsequently compete in prices, they demonstrated that market
entry influences equilibrium prices, consumer surplus, market coverage, and
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social welfare. Their analysis further showed that free entry does not necessarily
generate socially efficient outcomes because equilibrium prices may remain
above marginal costs even in relatively competitive markets. Owing to its
analytical flexibility, the spokes model has become one of the principal
theoretical frameworks in the competitive facility location literature.

Building upon the spokes framework, Lijesen and Reggiani (2013; 2016)
investigated firms' specialization strategies and the effects of consumer confusion
on equilibrium outcomes. Their results indicate that firms' optimal locations
depend critically on consumers' ability to distinguish among competing products.
When consumers experience confusion, firms have stronger incentives to
differentiate themselves in order to increase market power. Conversely, when
competition is primarily driven by market-share considerations, firms tend to
locate closer together. These findings demonstrate that relatively small behavioral
changes on the demand side may substantially alter firms' equilibrium location
strategies, reinforcing the argument that competitive location models are
inherently sensitive to their behavioral assumptions.

Another important extension was proposed by Shahbazi and Salimian
(2017), who relaxed one of the principal assumptions of previous models by
replacing the conventional uniform distribution of consumers with a triangular
distribution. Motivated by the observation that population density is generally
higher near city centers than in suburban areas, they reformulated the spokes
model as a two-stage location-price game under a non-uniform distribution of
consumers. Their analytical results showed that increases in transportation costs
and the number of streets reduce the intensity of competition and increase
equilibrium prices. Moreover, adopting a triangular distribution produced lower
Nash equilibrium prices than those obtained under the traditional uniform
distribution while enlarging firms' effective market areas. These findings
highlighted the critical role of consumer distribution in determining equilibrium
outcomes.

More recently, Salimian et al. (2023) expanded the scope of competitive
location theory by incorporating sales agents into firms' strategic decisions.
Rather than focusing exclusively on firms' physical locations, they
simultaneously determined the optimal number and optimal locations of sales
agents within the spokes framework. Their analysis demonstrated that firms'
distribution strategies depend jointly on transportation costs, market size, the
number of consumers, consumers' willingness to pay, the number of streets,
expected revenues generated by each sales agent, and the fixed costs associated
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with establishing additional facilities. Their results also showed that city centers
are not always the optimal locations for sales agents, emphasizing the trade-off
between accessibility and establishment costs.

Alongside these theoretical developments, numerous empirical studies
have investigated the determinants of firms' location decisions across various
industries and geographical contexts. Anderson and Neven (1986), VVandenbosch
and Weinberg (1995), Yang (1997), Michael et al. (1998), Burdurla and Ejder
(2003), Choo and Mazzarol (2003), Hosun et al. (2003), Bautista and Pereira
(2007), Redondo et al. (2008), Reggiani (2009), Qin et al. (2010), Choo et al.
(2010), Sumetee (2011), Zi et al. (2012), Miquer et al. (2014), Tartavulea (2015),
Hu and Wang (2017), Dewita et al. (2020), and Harrison and Campbell (2021)
examined firms' location choices in different institutional and industrial settings.
Although these studies employed diverse empirical methodologies, they
consistently concluded that transportation costs, accessibility, logistics efficiency,
infrastructure quality, market potential, production costs, and competitive
intensity are among the most influential determinants of firms' location decisions.
Collectively, this body of evidence confirms that facility location is a
multidimensional strategic decision requiring simultaneous consideration of
spatial, economic, and competitive factors.

Recent empirical studies have also emphasized the importance of
accessibility and transportation networks in shaping spatial economic outcomes.
Baraklianos et al. (2020) demonstrated that alternative accessibility measures
significantly affect residential location models, highlighting accessibility as a key
explanatory variable in spatial decision-making. Ahrens and Lyons (2021)
showed that increasing housing costs in employment centers induce households
to accept longer commuting distances, thereby modifying the spatial distribution
of demand faced by firms. Similarly, Marval and Silva (2023) used an agent-
based model to illustrate how transportation costs and accessibility jointly
influence urban spatial structure by shaping residential location choices under
alternative policy scenarios. Although these studies primarily analyze household
behavior, their findings indirectly reinforce the importance of accessibility and
transportation networks for firms' competitive location strategies.

Despite the considerable progress achieved over the past decades, a
common limitation persists throughout nearly all game-theoretic facility location
models. Whether considering the linear city, circular city, or spokes framework,
existing models generally assume transportation networks with highly regular
spatial structures. In particular, the spokes model assumes that every street
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connected to the city center has an identical length. While this assumption
substantially simplifies analytical derivations, it rarely reflects the heterogeneous
geometry of real transportation networks, where streets differ considerably in
length, accessibility, travel time, and traffic conditions. Such heterogeneity
directly influences consumers' travel costs, firms' effective market areas, and the
nature of strategic interactions among competing firms.

Accordingly, there remains an important gap in the competitive location
literature regarding the incorporation of heterogeneous transportation networks
into game-theoretic facility location models. Existing studies have successfully
relaxed assumptions related to consumer distribution, pricing behavior,
specialization, and market structure, yet the geometry of the transportation
network itself has received comparatively little attention. Addressing this
limitation provides an opportunity to improve both the realism and the
explanatory power of spatial competition models. The present study contributes
to this line of research by extending the classical spokes framework to a
transportation network composed of streets with unequal lengths, thereby
offering a more general representation of spatial competition and providing new
theoretical insights into firms' equilibrium location and pricing decisions.

The present study addresses this gap by developing a generalized spatial
competition model in which streets connected to the city center are allowed to
have heterogeneous lengths. Unlike previous studies that modify consumer
distribution or firms' pricing behavior while maintaining identical transportation
networks, the proposed framework explicitly incorporates heterogeneity in urban
spatial geometry. This extension not only enhances the realism of competitive
location modeling but also establishes a unified framework in which several well-
known models - including the Hotelling model, the circular city model, and the
classical spokes model - can be interpreted as special cases under specific
parameter configurations. By relaxing one of the most restrictive assumptions of
the existing literature, the proposed model contributes to a deeper understanding
of firms' strategic location decisions under more realistic transportation networks
and provides new theoretical insights into the relationship between market
geometry, consumer accessibility, and spatial competition.

On the other hand, the main problem of these models has been the
simplification of assumptions. One of these models, presented by Chen and
Riordan (2007) and extended by Lijesen and Reggiani (2013; 2016), was the
spokes model, which was the generalized form of the circular city model,
considering N streets of equal lengths of 1/2. All these streets were connected to
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the city center, and if the Enterprise was not located on the same street as the
consumer or the consumer was on an empty street, the consumer had to pass
through the city center to purchase from that Enterprise.

Figure 1. The Spokes Model, 2 Firms, N = 8 Spokes Each of Length of %
Source: Research findings.

These assumptions are just for the simplification of the model and its

results. Here, all assumptions except for the equality of street lengths are
considered fixed, which is one of the main and even the most critical
simplification assumptions; however, the distance of all streets up to the city
center is not equal in the real world. This model is called the unequal-length
streets model (Explosion Model)'.
Since the real world consists of cities with unequal streets lengths, this section
seeks to tackle the weaknesses of Lijesen and Reggiani's work and propose a
more appropriate solution in Enterprise location. Concerning the above-
mentioned points, this study primarily aims to extend and generalize the
competition in the spokes model to the unequal-length streets model through the
following research questions: How will the results of the spokes model change
for streets passing through the center that are of different lengths? Are the results
of the spokes model true for the unequal-length streets model? Do Enterprises'
location and profit change with the change in the length of streets? How does the
optimal location of Enterprises change in such conditions? Do the Enterprises
select a location farther from the center as the optimal location or are they
inclined to the center? How does the increase in the number of streets affect the
location and profit of Enterprises?

I, The reason for selecting this name for the considered model is that all particles will not
necessarily pass the same distance from the explosion center in an explosion. In other words,
every particle will be at different distance from the explosion center such as big bang theory.
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Model

This paper has used the spoke model (competitive location choice) proposed by
Chen and Riordan (2007) and studied by Lijesen and Reggiani (2013; 2016), with
the difference that the lengths of streets are not equal, or more specifically, not

equal to % here. The market is consisted of N streets of unequal lengths, and any
street has a length of I; (i=1, ...., N). The consumers are uniformly distributed
with density Zﬁ on every street. Following Chen and Riordan (2007), it is assumed

that the utility any consumer derives from purchasing a product is v. It is assumed
that the products are offered by two Enterprises potentially located on the same
street where the consumer is located or on any of the other N streets.The street on
which the consumer is located is denoted by s and shown by Is. In addition, the
Enterprises cannot locate on other streets. In the end, the strategy of Enterprise i
isyie (-0, li),i=1, 2.

Figure 2. Streets with Unequal-Length Model with Six Streets of Unequal Lengths and
Two Enterprises Shown on them
Source: Research findings.

Figure 2 shows the streets with unequal-length model with the highlighted
points showing the situation of Enterprises. The consumer's position on street s is
shown by x, and defined as xse[0,1]. The distance between the consumer
located on street s (x,) and the Enterprise located on the street i (yi) is shown by
d (y;, x,), defined based on whether the consumer and Enterprise are located on
the same or different streets. If they are both located on street i, then:
d(yiXxs)=|yi—Xs| s=i 1)

On the other hand, if the Enterprise and consumer are located on different
streets, we will have:
diyixs)=(li—yi)+(s—xs)=li+ls—yi—Xxs V s#i (2)

In addition, it is assumed that if the consumer purchases from other
Enterprises located in other streets, he/she is obliged to pass through the city
center. Following Lijesen and Reggiani (2013 and 2016), it is assumed that
transportation costs are proportional to the square of the distance between the
consumer and Enterprise. In other words, transportation costs are defined as:
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td?(y; ,x) =t (y; — x.)? s=1i

T (yinxs) = {tdzgz ,xj =t 8,;+ lssz yi — x5)? Vs#i )

Without loss of generality and for simplification, it is assumed that t=1, and
the marginal production cost in all analysis procedures is zero (c=0). The
Enterprises play a three-stage game with incomplete information:

1. The nature allocates a street s=i to each Enterprise i= 1, 2.

2. Enterprises simultaneously determine their location yion the street

where they are located.

3. Enterprises simultaneously set a uniform price pi (Lijesen and Reggiani,

2013).

In this section, the game will be solved by backward induction.

A Location in the Streets with Unequal-Length Model

We consider a two-stage game where the Enterprises decide to determine their
location in the first round and the price in the second round. To solve this game,
we begin with the pricing stage and define our profit function. The first step in
determining the profit function is to determine the indifferent consumers.
Following Chen and Riordan (2007) and Lijesen and Reggiani (2013; 2016), it is
assumed that each consumer has preferences for just two brands, and there will
be no problem with whether there is an Enterprise in the market or not (Lijesen
and Reggiani, 2013; 2016). This assumption indicates that the consumer located
on each street prefers the products produced by the Enterprise located on their
street and as the second preferred brand, he might prefer each sign of N-1 other
streets (the brand produced by Enterprise 2, or N-2 other Enterprises that don’t
supply) (Lijesen and Reggiani, 2013; 2016). Thus, there are two types of
consumers, including those who prefer both existing signs and those just
preferring one type of the presented signs. Moreover, some consumers prefer two
signs that are not offered by any Enterprise, indicating that the whole market is
not completely covered. Thus, the Enterprises’ competition is on type 1
consumers, who are indifferent between purchasing from Enterprise i and
Enterprise j whenever:

Xij s.t. Tis(yi, Xi) +pi=Ts(Yi, Xi) + P (4)
Thus:
1 1 i—Di .
Xij=2 (i +1s)-5 (i — )’j)'#;_m Xij €] (5)
1 1 i-Di .
XiFg(h"‘%)'*g()’i‘)’j)'#;_m Xij €1 (6)



1117 Iranian Economic Review, Volume 30, Issue 3, 2026

Following Lijesen and Reggiani (2013 and2016), the first area of Chen and
Riordan (2007) is focused, where v is sufficiently high so that all consumers
could purchase on the streets and xi; = 1; i = 1, 2; j = 3...N. Consequently, other
Enterprises will achieve equilibrium price by having a location.

Price Selection
Assuming that the location of Enterprise i is in yi, we will begin from the last
stage of the game. The profit function of Enterprise 1 will be as follows with

respect to all consumers who can purchase from it:
2

= ﬁ(ﬁﬂ(l — X12) + ﬁZﬂV:s p1 xlj) (7
In the above equation, % is the distribution of consumers on each street and
ﬁ is the ratio of consumers who have the second preferred brand and are

located on each of S streets. X1 shows the indifferent consumer in purchasing
from each Enterprise 1 and 2, and Xjyj is the indifferent consumer in purchasing
from Enterprises 1 and j, where the number of Enterprises j varies from 3 to N
(all Enterprises except 1 and 2). After simplification and assuming that the
indifferent consumer in purchasing from Enterprises 1 and 2 (X12) is located on
street 2, the profit function of Enterprise 1 will be achieved as follows:

_2 1 1 1 D2— D1
T = ﬁ<_N_1P1 (1 - (5 L+ ) - 5()’1 - y2)— —2(11+12_y1_y2))) +
N-2
N_1P1

The following results could be obtained from the profit functions:

(8)

Theorem 1
There is a unit Nash equilibrium in prices, and this equilibrium price is
increasing in N.

Proof
To prove the theorem, we need to derive the first and second derivatives from the
profit function relative to prices:

omy _ _ — 2l - 2142y, + 2y,— B-2lilp+2ly1— 3+ 2L y1— yi+ y5+ pa—2p1+2N(la+ b—y1—y2) _ 0
op, N(N-1) 1+ y2—l1—12)
9%m, 2

= <0 1 + <l +1
apf NIN-D1t+ty,— L= 1) [ty ! 2
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Since y; +y, < l; + [, is always holds (except in certain conditions when
both Enterprises are located at the city center), the Enterprises are never
located in the city center. Considering symmetry, it is possible to easily calculate
P1 and P2 values.

1 1 1
p1= §p2+ yiQ+ L+ L)+ ¥y, + N+ L=y — y2) — E)’f"‘z)’zz
1, 1,
- (l1+ lz +Ell +§l2+ l1l2)

1

1 1
P2 = 5Pt it Y2+ L+ D) +NUG+ L=y —y2)+ E}ﬁz—E)’zz

1 2 1 2
- (ll + lz +El1 +Elz + lllZ)
Solving the above equation, P1 and P> Nash equilibrium values will be
achieved as follows:

P1=§(§+ll+lz)3ﬁ+é(

v3 2
+Z—2(L+ L+3B+35+ L

4 (34 1+
p2—3( 2

3+11+ lz

) ‘|'2N(ll‘|'12—3’1—3’2)—};—1
)

y2+2N(l; + lz‘)’l‘)’z)"'y?l
(10)

)
Y+ : G+ 1) f

1
%2— (L+ L+3B+33+ L)

From Equations 9 and 10, we have:

[é] a
%= 2(L + I — }’2)—&

(11)
=> L+ L—-y- 3’2>0 if 11+ L>yi+y,0ory; <+ L)—
Since:

opy_ 2 _

JdN dON

Notably, I, + I, > y,; + y, is always holds, as Enterprises 1 and 2 with

locations y1 and y» are on the same streets with unequal lengths of 11 and I,
established at the ending point of these streets that is city center (where the
equality will be established).

The results obtained by replacing 11 = I, = %values are similar to the
spokes model of Lijesen and Reggiani (2013; 2016).

Theorem 2
If the following conditions are established:
V1 < -3N +21 +2l, + 3 « y1 > 3N-I1—-1,-3
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Yo<-3N+2l; +21, +3 ¢ y,>3N-11—-1,-3
An increase in y1 and y2 leads to an increase in the prices of Enterprises 1 and 2
and vice versa.

Proof

By taking derivatives of Equations 9 and 10, we have:
g—izg(g+l1+l2)—2N—§y1>0@yl<—3N+211+212+3 (12)
%%z%Gﬁ%}@)—2N+§yz>o & y, >3N—1,—1l,—3 (13)
g—zjzg(—“”;”z))—zzwgyl >0 y, >3N—1,—1l,—3 (14)
g—z=§(%+ll+lz)—2N—§y2>0<=y2<—3N+211+212+3 (15)

These results show that under the above conditions, the farther Enterprise 1 is
from the center, the more it can increase its price. The price of Enterprise 1 also
increases when Enterprise 2 becomes closer to the center and vice versa. The
same condition is true for Enterprise 2. In the backward induction method, the
second step is deriving the equilibrium location (by replacing the obtained
equilibrium prices from the previous stage), which will be addressed in the next
part. These results are in line with the results obtained by Shahbazi and Salimian
(2017). They showed the price of firm 1 had an inverse relationship with its
location, while this relation was direct in Hotelling's uniform distribution model,
in which the more y; increased, the closer this firm became to the middle points,
leading to higher prices. On the other hand, in a Bertrand game with
differentiated products, the profit of firms increases with differentiation of
products. This means that the differentiation of the products increases the
monopoly power of firms producing trademarks by decreasing the price
competition among the firms producing trademarks (Shy, 1996).

Location Choice
Substituting the obtained prices into the profit function of the Enterprise
(Equation 8), it is possible to determine the situation of Enterprises:

2 1 1 1 (y1.y2) = p1(¥1.¥2)
”1:;<_p1(3’1;)’2) <1 - (;(11 + 1) - 5()’1 - Y2) = P A Z PU )>+

N-1 21+ = y1—¥2)

(16)
%m(nw))

The following results can be extracted from the profit function:
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Theorem 3
There is a subgame perfect Nash equilibrium in location. This symmetric
combination and optimal location decreases with respect to N.

Proof
From the obtained and simplified profit function (Equation 16), after replacing
equilibrium prices and the first- and second-order conditions, we have:

o1 (¥1.,y2) _ 1 2 _ _ — y2
o - (392 = 2y1(y2 — 12N + 70 + 71, +12) - y3 +
2y,(L+ 1) +3 (2N = Iy — 1, —2) (6N =51, — 5, — 6)) = 0 A7)

% , 2 (3y1— Y, +12N—=71,-71,—12
1(3’;3’2): Byi—y 1=70; )<0@ >0y, >
0yy 9N (1—N) N (N-1) (18)
y2—12N+7ll+7lz+12
3

The following results will be achieved for the optimal location of
Enterprises by solving the above equations and the profit function of Enterprise 2
and differentiating and solving it, along with these equations:

1 L+ L —12N + 71, + 71, + 12
TN = Y Y2 = 2
—12N + 7l + 71, + 12 L+ L
2' Y1 = 2 ) 3’2 = 2 (19)
—6N +50, +5l, +6 —6N +50, +5l,+6
3- V1= 4 ’ Y2 = 4

Considering the second rank condition, it is clear that states 1 and 2 show
the situations where Enterprises 1 and 2 will unilaterally change their locations,
respectively. Thus, neither of the first two states is a Nash equilibrium for
Enterprises. State 3 shows a Nash equilibrium for the location. It is obvious that:

0Y1/0N=0Y2/0N =-6/4. Thus, the results of the above theorem will
be proved. Considering I1 = I> =1/2, these results are consistent with the results
obtained by Lijesen and Reggiani (2013). Moreover, considering the special case
of N=2, the results of Hotelling's standard model will be achieved, in which the
Enterprises are [(511 + 512 - 6)/ 4, (511 +5l2 - 6)/ 4], and the results will be as
[-1/4 | -1/4] in special case of I.= |1= 1/2. Here, the results of Lijesen and
Reggiani are again confirmed. In this state, where all streets are covered by
Enterprises, the optimal location of Enterprises is out of the market area (where
the consumers are distributed) (Lijesen and Reggiani, 2016). The Enterprises
have maximum differentiation insofar as the equilibrium location is decreasing
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with respect to N (Lijesen and Reggiani, 2016). Since equilibrium location is
decreasing with respect to N, it is concluded that the Enterprises have maximum
differentiation and differentiation. Lijesen and Reggiani (2016) showed that if the
consumers were concentrated, the Enterprises would be inclined toward
concentration. The consumers were supposed to be located on the empty streets
at the center; i.e., there were consumers of the same number of empty streets at
the center.

Complete Competition and Location

In this section, all consumers are considered on all streets. Similar to other
location models, it is assumed that the consumer is indifferent among supplier
Enterprises and purchases from the Enterprise with the minimum price and
squared transportation costs. The optimization problem for Enterprises 1 and 2
will be solved when the number of streets (N) is > 2. The certain case of N=2
corresponds to the Hotelling's standard case. Demand for the streets where the

Enterprise is located (with % consumers on each street) will be defined as
follows:

X12 = % L+ L) - %(}’1 - y2) — m (20)

Demand for consumers located on empty streets depends on the spatial
combination of Enterprises and their symmetric or asymmetric positions. First,
the case will be considered where the Enterprises are symmetric with respect to

the center.

Demand if the Enterprises are Asymmetric

In this case, the only decision-making variable for consumers on empty streets is
the commodity price, and the Enterprise with the lowest price will attract all
consumers on the empty streets. For the same prices, it is assumed that the
consumers on the empty streets are equally distributed between Enterprises; thus,
we have:

_ E _ l l _ P2~ P1 E
1= N(1 2 (ll + l2) + 2 (yl yZ) + 2(L+ = y1—Y2) )+ N (21)
if p1 <p2
2 1 1 P1— D P
©=5(1- 3G+ 50w+ iis) Um<e @
2 1 1 - N=2
G=a= (1= G+ )+ 50—y + s+ S, (23)

if p1= D2
In the full symmetry condition (p; = p, ,l; — y1 = 1, — y,), we have:
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941 _ 1 _N-2_ 9q;
op1 Nt (yi+y,—l1—13) 2N ap,
Thus:

Theorem 4

Assuming we have the number of streets and Enterprise locations, an Enterprise
could increase its production by increasing its price. Moreover, assuming we
have the number of streets, it is possible to determine the location of Enterprises,
and assuming we have the special location, it is possible to decide on the
production increase or decrease having the number of streets.

Proof

Insofar as:
0q; __ 1 N-2 _ 0q;

dp1 Nt (yi+yz—li—1p) 2N op>

Solving with respect to yi:

t=1 > ! N-2

N()’1+3’2—l1—12)_ 2N >0 (24)
if n<WU+lL)—y,, N

>0, if<N>2,y1>

V2 (N=2)-N{+ L)+2+ -1
2-N )

Or,

yi> WU+ hL)—y,, N

N-2)-N{U;+ LL))+2+1,—-1
>0 | if<N>2 ’y1<)’2( ) (L 2) 4y 2 ))

2—N

Solving in terms of N:
1 _ N2
N(y1+y,—li— 1) 2N
if yi+ v, —l,— 1, <0, N>0 , if(y1+y2—ll— <0 ,N <
2(3’1"‘)’2—11—12"'1))
YVity2—li— L

>0

Vit Y, == L<ON>0,if (u+y,—L—-1>0 , N>
2(3’1+3/2—l1—lz+1))

Yityz2—li— 1
Vit Y= h—1L>0, N>0 ,if (m+y,—hL—1<0, N>

2(y1+ Yy, — 11— 1, +1) )
Yity2—li—- 1
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Vit ye—lL=1L>0, N>0 ,if (m+y,—L-15L>0, N<

2(y1t+y2 -l L+1) )
yity2—l-1
With these conditions, it is possible to show the decision-making terms for

Enterprises on entering or exiting the market or changing the strategy of
Enterprise location. In other words, assuming we have the number of streets, the
location, and a certain location with the number of streets, it is possible to decide
on production. Now, the next question is whether the results will change if the
positions of Enterprises are not symmetric, which will be examined in the
following.

Demand if the Enterprises’ Location is Asymmetric
A consumer located on point x on the empty street j is indifferent between

purchasing from Enterprises 1 and 2 when:

i 1
J — _ _|_ _ l 2 _ _ l 2 + l 25
Xz 20—y ¥ L= 1) [p2 — p1t+ (v2— I2) o — W1+ (25)

Without loss of generality, it is assumed that Enterprise 1 is closer to the
center (I — y, < I, —y,). Given the convex transportation cost function, the
consumer who is closer to the center than the indifferent consumer purchases
from Enterprise 2, and the farther consumer will purchase from Enterprise 1. If

x{z < 0, all consumers on the empty streets purchase from Enterprise 2 (Lijesen
and Reggiani, 2013). The demand for all empty streets is obtained by multiplying

the demand for one street by the total number of empty streets—z(ljv_z);
_ 201 1 S
q1 = N(1—5(11+ 1)+ E(Jﬁ -y + 20T L, =y o y2)>
2 N-2
T o P T PO W 0am P L (26)

q=3(1—3(1+z)+3(y—y)+ bl )
TN 27t T g V24 -y - y2)
+ (1 (27)
2 N-—2
+ Pt = W2 = (s — )P — 1 —)
2(y1—y2+lz—ll)(p1 P2+ On 1) 62 2) s) N

Using Equations 26 and 27, it is possible to present theorem 5:
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Theorem 5

If the positions of Enterprises 1 and 2 (y1 and y2) satisfy the following conditions,
then Enterprise 1 increases its production by increasing its price. Moreover, the
increasing number of streets leads to a decrease in the enterprise's production,
and production will be zero when N=c,

Proof
Differentiating Equation 26, we have:
d 2 N-2
kY = — — > 0 [—1
op1 NQ2UL+21L-2y,-2y,) N@1—y2+1—1)
—yy+ L+ 31 —Nl =Nl +Ny, (28)
Y12~ —-3+N
3 2 N-2
kY = — — >0 o
op1 NQ2UL+21L-2y,-2y,) N@1—y2+1—1)
—3y1+ lz+ 311—N11—N12+Ny1 (29)
Y2 >~ —1+N
3 2 N-2
2 — + >0 ©
op, NQRUL+21,-2y1-2y,) N@i—y,+1— 1)
-yt lz+ 311—N11—N12+Ny2 (30)
yi> — “3+ N
3 2 N-2
941 = + >0 e
op, NQUL+21,-2y1-2y,) N@i—y,+1— 1)
—3y1+ lz+ 311—N11—N12+Ny1 (31)
Y2 > — — 14N
aq,

v = @y3 =20 + 4y, + 215 — 4y, — 297 — 6Ly, Y, + 6lilyy; —
6l11,y1 + 2Ly, Yy, + 313 — 313 — 3y7 + y3 — 9lfy; — [fy, + 3151, —
34,13 + 9L, y? + 33y, + 713y, +3Ly? — vy, +3yiy; — 5y, —3y3l, — (32
3p1y1 —P1Y2 + pale +3p1ly + 3pay1 + P2y, — palz — 3p2ly + 260 +
2Ll = 2Usy; — 21y) /(L + L — y1— ¥ )N? (I = L+ y, — y1)
If N = oo, then 2& = 0.
aN

These results, indicating that the increasing number of streets leads to
decreased production of enterprises, confirm Cournot's results in the N-seller
game, where with an increase in the number of enterprises, the production of
each enterprise tends toward zero, and the total production of the industry
becomes closer to competitive production. The price selection in the symmetric
case of enterprises will be investigated in the following.
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Price Selection

We begin the price selection stage from the enterprises’ symmetric model on
streets. Forming the profit function and then differentiating Equation 23, it
becomes possible to propose Theorem 6:

Theorem 6
If the location of Enterprisesisasy; = y,orl; — y; =y, — [, there would be
a Nash equilibrium in prices, where p; = p,.

Proof
Forming the profit function and then the first-order conditions and solving and
simplifying Equation 23, we have:

1 N-2 2 1 1
P1 (—N(y1+y2_ i W) + ;(1 s+ L)+ 01— y2) + 33)

P2~ P1 ) N-2 =0
2(Li+ b= y1—y2) + 2N

Solving this equation and simplifying it would yield the following results:
20+ yi (Al + 4l —2) = 2y, + 25 = 2yF + N (i + L — y1 — y2) =2 + 5+ 2L1) + 2L + 21,
B 42+ L=y = y)+NU+ L= y1— y2)

P1

20+ v (Al + 4l —2) =2y, = 2yF + 2yF + N (L + L=y — ) = 2( + B + 2L, 1) + 21, + 20,
B 42+ L—y1— YD)+ NU+ L=y — y2)

2

yo(4l + 41, —2) — y (4l + 41, —2) — 4'3’22 + 4Y12 —2y; + 2y,
N+ L= y,— y,) =2, +6 =2l + 2y, + 2y,

= P11~ P2=

This difference will be zero with respectto y; = y, orly — y, =y, — L.
Nicholas (1989) studied the presence of equilibrium and optimality in a market
for the differentiation of products in terms of their diversity. It was shown that
subgame perfect equilibrium was established in a three-stage game, where the
enterprises entered in the first stage and diversity and price were chosen in the
second and third stages, respectively. In equilibrium, the products are
symmetrically distributed based on their features, and equal prices will be
offered. These results confirm the results obtained by Shahbazi and Salimian
(2017), who showed that in a three-stage game where the firms entered in the
first stage, chose diversity in the second stage and prices in the third stage, there
was a subgame perfect equilibrium. In equilibrium, the products are distributed
based on their symmetric specifications, and the same prices are presented.
Moreover, Lijesen and Reggiani (2013) achieved similar results and showed that
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if the situations of two firms were symmetric, they would both gain the same
market share and receive similar prices.

Now, the issue of price selection in the asymmetric positions of
Enterprises will be studied. Theorem 7 is obtained by differentiating Equations26
and 27.

Theorem 7
If I, — y; < L, — y,, the price Nash equilibrium will be presented and explained
as follows:

py = —((yf(lv -3+ yi(,(N=1)—=NQ@ly+ I, + 1) + 111, + 5, — 6) —

yi5(N =3) 4+ 2y,(N (I, = 1) — I3 4+ 31) =N Bl + 31F + 2, (1, + 1) —
12)+6l,+ 1312 4+21,(51,—6)—315)+y3 (1 —-N)+ y2(N(l; + 31, + 1) —
5L,—7L+6))+ ¥y, (N(Bls+ B =21 1, — 1,(3l,+2))—6lg— Z+100, I, + (34)

LA, —12) )= (L + 1) (N Bls+8B+ I, — L(L+1)—6l,—512+6l, +

LGl = 6)) /(300 (N =3)+3(N =D = N (b + ) +34 + 1))

b = ((yf(zv —3)+ y2(p(N—1) =N 3l + L, = 2) + 51, — [, + 6)

— y1F(N=3) + 2y,(N (I, — ;) — 13 + 31y)
+N@lg—32+21,(2— 1)+ 13) — 6l + I

+20(6 — 1) —315) +y3 (1—N)

+ Y3(N(y + 3L, = 2) + 1, — 1, — 6))

— v, (N (Bl =B +2L L+ L,(3L,—4) =6l + 12 (35)
42U b+ L, — 12))

+ o+ 12)(N (3L, =B+ 2L + 1,(1, - 2)) — 6L, — 3

+ 6Ly + Ly (L — 6)))
/(3()’1 (N=3)+y,(N—=1)= N+ ) +3, + lz))
Proof

The profit functions of Enterprises according to Equations 26 and 27 are as
follows:
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_ 2 1 1 p,— P
m= 0y (51 50+ )+ 500 - 3) + 5l ) -

1
(3’1_3’2+ l— ll)

_ 2 1 1 D1~ D2
2= D, <ﬁ(1_ s+ L)+ (2= y1) +m))+m (1"‘

(N-2)
((p1 —p,+ Y+ =2yl — ¥ - G+ 2y,1) + ls) - ))

1

(y1i—y2+ - 1y) N

(01— pa+ y2+ B =21l — y3— B+ 2y,05) — ls)> M)

Considering the above functions and the first-order condition, p;and
p, Will be obtained after simplification, as explained in Theorem 7.

Through analysis of a standard price-location game (first value and then
price), Simon et al. (1997) showed a unique strategy equilibrium in a two-stage
game by consumers' density as log-concave. If the density is neither "too
asymmetric" nor "too concave”, the equilibrium locations will be closer,
equilibrium prices will be lower, and density higher. In a symmetric density that
IS too concave, there is no symmetric equilibrium, although it might be in an
asymmetric state.

The above results are in line with the results obtained by Lijesen and

Reggiani with respect to [; = [, =%. In the following, the location will be

obtained solving the game through the backward induction method (after
replacing equilibrium prices). First, the case where all enterprises have symmetric
positions toward the center will be studied.

Location Selection

Now we step back one stage and calculate the Nash equilibrium of the first stage
of the game concerning Nash equilibrium of the second stage. The decision
variable in the first and second stages is location determination and price
determination, respectively. Here, first the symmetric case of the enterprises'
location will be initially examined, followed by their asymmetric case.

Theorem 8
If N > %, then there is no symmetric Nash equilibrium in the location.
1 2=

Proof:
The profit function of Enterprise 1 according to Equation 23 will be as follows:

= 2 _1 1 _ P2~ P1 (N-2)
Ty =P1 (N (1 S+ L)+ SO —y2) + 2(ll+lz—y1—yz)) + =5 ) (36)
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Replacing the equilibrium prices and then the first-order conditions, the
following results will be obtained:

! (16y22(N -2)2+8y,2-N) (N, +4l, -1)—-8(L + L, — 1)) +

V1= oan
N2(161% + 81,(4l, — 1) + 1612 — 81, — 47) — 16N (41% +1,(8l,—9) +

1

(41, = 9)) + 64 (1 + 20, (L, = 2) + 13— 41, + 3))2 N

1
8—4N

y, = (16y12(N -2)2+8y,2-N)(N(4, +4l, - 1) -8, + 1, — 1)) +

N2(1612 + 8l,(4l, — 1) + 1612 — 81, — 47) — 16N (41% +1,(8l, — 9) +

1

1,(4l, — 9)) +64 (2 +2L(L,—2)+ B— 4l, + 3))2 N

After simplifying the above expressions, the Enterprises’ equilibrium
location will be obtained as follows:
_NQE+ L@ -1D)+25- L —-6)—4Uf+21,(I; —2) + 15— 41, +3)
= 2(NQU+ 2L, -1) -4 +1,— 1) (37)

_NQEA+ L@L-1)+25- 1, —6)—4f + 2L, —2) + 15 — 41, +3)
Y2 = 2(N Q2L+ 2l,— 1D -4+, - D) (38)

These results show that y1—y> =0. If N > %, then y, > [;, and the
1 2=

same condition will hold for Enterprise 2. In the Lijesen and Reggiani model and
for the special case of [, = [, = % which is the maximum value, the result will

be - g which is out of range [0, li]. These results indicate that the symmetric case

of enterprises is not a Nash equilibrium when the number of streets is more than
the above expression (and in the spokes model, more than two streets) since the
enterprises should be located on the intended street. In this case, both enterprises
will be located in the same place (center), and since each enterprise could
increase its profit by deviating from its location, there is no symmetric Nash
equilibrium. These results are consistent with the results obtained by Lijesen and
Reggiani (2013).

Selection of Price and Location
In a game with sequential moves with two enterprises, the enterprises initially
select their location, and then the price will be selected at the next stage by
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observing the selected location. If enterprises select price and location strategies,
the following results will be obtained:

Theorem 9

If there are just two streets of unequal lengths, and the location of Enterprises is
symmetric, [ — y; = [, — y,, there is a Bertrand Nash equilibrium in prices.
However, symmetric Nash equilibrium doesn’t exist in location, and one of the
enterprises moves toward the center and the other moves away.

Proof

Concerning the demand functions of Enterprises 1 and 2 (according to
Equations 9 and 10) and the assumption that one of the Enterprises is located on a
street where the indifferent consumer is located, the following results will be

achieved:
4 2 2 4 2 1 1
p1 = 511}’1 —glllz - 511}’2 + 512)’1 —5123’2 —gl% - gl% —yi+ y3

2 2 4 2 4 1 1
p2 = 5113’1 +§l1lz - §l13’2 + glz}ﬁ _glz}’z +§l% + gl% —yi+ yi

1 1 1 1
G=h+hb=—oyit oy
1 1 1 1
qZ = gll + glz + Eyl - E}’z
Thus,
2 1 1 1 1 1 1
T = §l1l2y2 - Elf - Elg - 6111% - gl%lz + §Z%J’2 + 51%3’2 (39)
2 1 1 1 1 1 1
Ty = §lllzy1 - Elf - 1_813 - glﬂ% - gl%lz + 51%}’1 + 51%3’1 (40)
2 1 1 1 1 1 1
Ty = — §l112y2 + Elf + 1—813 + 6111% + gl%lz - al%yz - 51%3’2 (41)
2 1 1 1 1 1 1
Ty = — §l1l2yl + Elf + El% + glll% + gl%lz - 6@3’1 - 51%3/1 (42)

Based on the obtained results, enterprise 1 is inclined to move closer to the
center for a given location of it or enterprise 2, and enterprise 2 is inclined to
move farther from the center with respect to a given location of it or enterprise 1.
These results could be easily shown through the Hotelling linear model (1929). In
the Hotelling linear model, if the length of streets is equal and the two enterprises
are located at the same point, then p; = p, = 0 is the unique equilibrium. When
the two enterprises are located very close to each other, they begin undercutting



The Extension of the Spokes Model to the ... 1130

each other’s prices, and equilibrium will not be achieved as a result of this price-
breaking process. In this case, the enterprises are inclined toward distancing from
each other, which is the same as Hotelling's results that say:

In case some merchants make the transportation problematic instead of
establishing road maintenance or enhancing the roads' reconstruction
organizations, they have done a good job (Shy, 1995).

Now, the question arises whether the game will have equilibrium in the
presence of streets of unequal lengths if the strategies of enterprises are the
selection of both price and location.

Theorem 10

In the Hotelling linear city game (with two unequal streets), when the strategies
of enterprises are selecting both price and location, there would be no
equilibrium for the game.

Proof

To prove this theorem, we ask how Enterprise 1 would behave if the price and
location of the competitive enterprise to enterprise 1 are given and enterprise 1 is
allowed to choose its location again. Considering Equations 29 and 40, the results

will be simply obtained:
1

1 1 1 1
LB cLll - S8+ By, + S Bys

2 13
T = =11 - =17 —
1 ghl2y2 — gl
1

1 1 1 1 1
SE- B chlE— B+ Sy + Sl

Ty = %l1l2}’1 -

The results show that the profit of enterprise 1 increases while moving
toward Enterprise 2, which is the principle of minimum differentiation. The
obtained results confirm Bulow, Geanakopolos, and Klemperer (1985), who
showed that when the products become homogeneous, the profit level of all
enterprises reduced to zero (the principle of minimum differentiation). On the
other hand, if enterprises became so close to each other, there would be no
equilibrium, and if Enterprise 1 was exactly located at the same point as
Enterprise 2, its profit would be zero, indicating that it would be better for
Enterprise 1 to distance itself from Enterprise 2.

Kreps and Scheinkman (1983) presented a special framework (a special
two-stage dynamic game), where the enterprises would select their production
quantity in the first period (accumulated inventory). Since the production
quantity was fixed in the first period, and there was no possibility of its change,
the enterprises would select the price in the second period. They showed that the
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selected values by the enterprises in the first stage and the selected prices in the
second stage were exactly equal to Cournot's results. They also showed that in
some markets, in those games where two enterprises selected their production
quantity in the first stage and then determined their prices in the second stage,
SPE was equivalent to the production quantity and price in a single-stage game of
Cournot structure, where the enterprises just determined their production
quantity.

Nicholas (1986) showed that firstly, the principle of minimum
differentiation did not hold in Hotelling price-location, since the subgame perfect
equilibrium in the long term did not exist with the minimum differentiation of
products. Secondly, it contradicts the principle of maximum differentiation and is
totally incorrect. Although maximum product differentiation holds for most
convex transportation cost functions, there is a wide range of utility functions
whose complete equilibrium location is represented by inner points of product
space. Now, we examine the effect of the length and number of streets on the
profit and positions of enterprises.

The Length and Number of Streets

Since the length and number of streets are the main issues in determining the
profit and location of enterprises, and specifically affect enterprises’ profit, it is
possible to achieve the following results from the profit function:

Theorem 11

As the length of streets increases, the enterprises' profit increases if:

Nty Jypi— - L Ssh Syttt ypi—p2— L (43)
and

3’1+}’2_\/P1_P2_I1SlzSY1+3’2+ pi—p2— L (44)
Proof

According to Equation 36:

% _bh Of +2y1(yo = L= L)+ 5 —2y,(LL+ L) — pr+ P+ B+ 2L L+ 13)

aly NA-N)O1+y,— I — )2

The denominator is always negative for N > 2. For the fraction to be

positive, it is sufficient to have a negative numerator, leading to the following
result:
Nt vt ypi—p—Lsh Ssynty—yp—pr2— L
or
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Vit Y= ypi—P2— L sk syt vyt ypi—p2— L
The following results will be obtained from differentiation from the profit
function of Enterprise 1 with respect to I,:
it yatypi—pP2—bh <L syi+y—pi—p2—h
or

Nty ypi—p2— L <=L Ssy+y+ypr—p2— L

It is obvious that only the second condition can hold. Thus, if these
conditions hold, Enterprise 1 gains more profit concerning the increased length of
streets. Assuming single-product enterprises, Manez and Waterson (2001)
investigated the outcomes of horizontal and vertical product differentiation in
market structure and showed that:

1- The insider price elasticity is decreasing relative to quality,

2- The cross-price elasticity is decreasing relative to quality, and

3- Mark-ups are increasing relative to quality. These results could be expressed
as the maximum differentiation where the distance from ideal feature is to be far
from it. The last theorem is presented as follows:

Theorem 12

With an increase in the number of streets, the enterprises select a location farther
from the center (maximum differentiation) unless under certain conditions, where
the enterprises select the location closer to the center (minimum differentiation).

3
1-lh<bkb< E_Il

Proof:
According to Equations 37 and 38, we have:
Ay, _ 6 (2154 11(41,—5)+215-51,+3) _ y2 _
N (N(211+212—1)—4(l1+lz—1))2 SN
S>N=oo b 202+ I,(4l, —5) + 212 — 5], = —3 (45)
ays 62+ L4, —-5)+213-51,+3) _ 3y, <0
ON (1v(211+212—1)—4(l1+lz—1))2 N

Since this equation will be positive just under the above conditions, with an
increase in the number of streets, the enterprises select farther points from the
center as their optimal location. In case the above conditions hold, with an
increase in the number of streets, the enterprises select the closer points to the
center as their optimal location. The results of this section are similar to vertical



1133 Iranian Economic Review, Volume 30, Issue 3, 2026

differentiation and the results of Manez and Waterson, as discussed in
Theorem12. Vandenbosch and Weinberg (1995) extended the vertical
differentiation model of Shaked and Sutton (1982) and Moutry (1988), expanding
it to two dimensions and analyzing price and quantity competition. They showed
that unlike the vertical differentiation model, the enterprises were not inclined
toward maximum differentiation. Although this solution might hold under certain
conditions, when a wide range of locations in every dimension is equal, the max-
min product differentiation will occur. In equilibrium, the enterprises are inclined
to select the location, which shows maximum differentiation in one dimension
and minimum differentiation in another.

Conclusion and Recommendation

One of the key and effective issues in the implementation and optimization of
projects is to determine an appropriate location for them, which requires
recognition and identification of the basic parameters and structures in the
studied areas. The establishment of any urban element in a specific spatial-
physical location of a city is subject to certain principles, rules, and mechanisms
that if respected, the success and functional efficiency of that element will be
greater at the exact location; otherwise, there will be many problems. Location
selection is the selection of a location for one or more centers while considering
other centers and existing constraints to optimize a specific objective. This
objective could be transportation cost, gaining more profit, providing fair
services to customers, taking the largest market share, etc. These issues and the
review of literature on locating show that most studies have used simplifying
assumptions for locating. One of the main assumptions is about circular cities and
linear cities with streets of equal length. It is obvious that in the real world, the
lengths of streets are not necessarily equal and may be affected by many factors.
This paper expanded Chen and Riordan's initial model and its extended version
by Lijesen and Reggiani considering streets of unequal lengths. One of the main
results of this paper is keeping the results of Lijesen and Reggiani with respect to

the streets' length of% in all cases, indicating that Lijesen and Reggiani's model is

a special case of a more general model of streets of unequal length. In addition to
confirming all results of Lijesen and Reggiani for streets of unequal length, the
following results have been obtained:
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1- Concerning Theorem 1, the spokes model is a special form of the unequal-
length streets model (just in special cases where all streets are of equal length and

almost %).

2- Concerning Theorems 3, 4, 5, and 12, the "increasing number of streets affects
the location and profit of enterprises”.

3- Concerning Theorem 5, "with an increase in the number of streets, the
production of an enterprise would decrease, and when the number of enterprises
tends to infinity, it becomes closer to competitive outcome).

4- Concerning Theorem 1, "in the unequal-length streets model, there is a unique
Nash equilibrium in prices, and this equilibrium price is directly related to the
number of streets".

5- Concerning Theorem 6, "if the distance of enterprises from the center is equal,
there is a Nash equilibrium in prices where the enterprises charge the same
price".

6- Concerning Theorem 3, "the increase in the number of empty streets of
enterprise, the enterprises select locations farther from the center".

7- Concerning Theorem 9, "if there are just two streets of unequal lengths and the
location of enterprises is symmetric, a Bertrand Nash equilibrium would exist in
prices, but symmetric Nash equilibrium doesn’t exist".

8- Concerning Theorem 10, "if there are two streets of unequal lengths and the
strategies of enterprises are the selection of both price and location, there would
be no equilibrium for the game™.

Briefly speaking, since cities consist of streets of unequal lengths in the real
world, the enterprises could increase their prices with an increase in the number
and length of streets, moving farther from the center, and increasing the price by
the other enterprise. Moreover, the enterprises are recommended to move toward
the center as the number of streets increases.

In the end, since there are many simplifying assumptions in locating
models, and the assumption of uniform distribution of consumers is maintained,
it is recommended to replace this assumption with more realistic assumptions,
such as statistical distributions. In addition, various issues, such as current
locations of enterprises, including future changes and revolutions, such as threats,
opportunities, demand growth, lack of sufficient information by the enterprises,
environmental factors such as political pressures, disturbance of balance, and
many other factors could be effective in enterprises' locating. Thus, it is
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recommended to use these factors within the framework of dummy variables in
future studies.
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