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Abstract
Aringiscalled a Gelfand ring (pmring ) if each prime ideal is contained in a unique
maximal ideal. For a Gelfand ring R with Jacobson radical zero, we show that the
following are equivalent: (1) R is Artinian; (2) R is Noetherian; (3) R has a finite
Goldie dimension; (4) Every maximal ideal is generated by an idempotent; (5) Max
(R) is finite. We also give the following results:an ideal of R is uniform , if and only
if, it is a minimal ideal; Ass (R) is exactly the set of all maximal ideals which are

generated by an idempotent element of R.

Introduction

Aring is called a Gelfand ring (Pmring) if each prime
ideal is contained in a unique maximal ideal. For a
commutative ring R, Demarco and Orsatti [4] show: R is
pm, if and only if, Max (R)is Hausdorff, and if Spec (R)
is normal. Also Shu-Hao Sun [10] studied the above
equivalence for a noncommutative ring (see [1] and [3]).
The purpose of this paper is to study the structure of these
rings.

Throughout this paper, R is assumed to be a
commutative ring with an identity. We denote Spec(R),
Max (R) and Min(R) for the species of prime and Min (R)
ideals, maximal ideals and minimal prime ideals of R,
[41,[51and [6]). Also, wedenotep, (R), M (R), andI (R)
for the set of the isolated points of Spec (R) , Max (R) and
Min (R), respectively. For a semiprimitive Gelfand ring R,
we show that

p.(R)=M, (R)=1I,(R)=Ass (R).

For each geR and M € Max (R), et (a)= {M € Max (R):
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aeM }and O = a P, where P ranges over all
PcM

prime ideals contained in M. One can easily see that in a
semiprimitive Gelfandring R, O,={a€R: M €int M (a)}
and for any P € Spec (R), P CM, if and only if, O, P C
(intM (a) is the interior of the set [ (a) in the space Max
R)).

Let J (R)be the Jacobson radical (intersection of all
maximal ideals) of R, if J (R) =0 then R is called
semiprimitive. We note that the spaces Max (R) and Max
(R/J) are homeomorphic; hence, Max (R) is Hausdorff if
Max (R/J) is Hausdorff. Therefore, we adopt the blanket
assumption that J =0, i. e. Throughout this paper we
suppose R is semiprimitive.

A non-zero ideal in R is said to be essential if it
intersects every non-zero ideal non-trivially and the
intersection of all essential ideals or the sum of all minimal
ideals, is called the socle ( see [9]). We denote the socle of
R by S (R).

A set { B, }ielofnon-zeroidealsinR is said to be

independent if B, M (X« B;) = O).i. e.X B=0,, B.
Then we say R has a finite Goldie dimension if every
independent set of non-zero ideals is finite. An ideal / in R
is said to be uniform if any two non-zero ideal contained in
1 intersect non-trivially. These ideals are related to finite
Goldie dimension, infact, if R hasafinite Goldie dimension,
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then there is a finite direct sum of uniform ideals which is
essential in R. (see 9).

- Let M be an R-module. A prime ideal P is called an
associated prime ideal of M if P is an annihilator of some

meM,i.e., P =Ann(m)= { reR :rm=0}. (See[8]). The .
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set of associated primes of M is written Ass (M), in fact

Ass (M) = { Ann (m): meM } Spec (R).
Itis known that in areduced ring R, Ass (R) is exactly the
set of all non-essential prime ideals of R.

Gelfand Rings
In this section, we give the following examples:

Example 1. Every local ring is a Gelfand ring. Direct
summand and direct product of Gelfand rings are also
Gelfand rings.

Example 2. Let X be a topological spaceand C (X ) bethe
ring of all continuous real functions on X, then C({X)isa
Gelfand ring.

Example 3. Every zero-dimensional ring (i. e, every prime .
ideal is maximal) is a Gelfand ring, in particular, Artin .

rings and Von Neumann regular rings are Gelfand rings.
The following lemma is probably well known (See
proposition (1. 2) in [7}.

Lemma2. 1. Let R be a semiprimitive ring and M €Max
(R), then M el (R), if and only if, M =(e), for some
idempotent elements of R. Furthermore, / is a minimal

ideal of R if and only if / ®M =R, for some M € M, ®).

Proof. Let M =(e), where e*=¢, then {M} = Max (R)- 1 (1-
¢). Conversely, if {M}is open in Max (R) then [ =MW",

M’ 1M} 4(0) implies I "M = ®and I OM=R,i.e., M is
generated by an idempotent.
The following shows a one - one correspondence between

the mxmmal ideals of R and the isolated points of Max (R) '

Lemma 2. 2. Let R be a semiprimitive ring and / anon -

- Zer0 1deAl then I is a minimal ideal of R, if and only if, I

ﬁ

e (R)—{M}M , for a unique maximal ideal M €M (R}.‘

Proof. If I is a minimal ideal of R then I = (¢), where ¢ is
anidempotent. SoM =(1-¢) isamaximal idealand we have

M(e)=Max(R)- {M}.Hencel= (\ M.Theconverse
Me M) -

follows ﬁ'om Lemma 1.

Proposjition 3. Let R be a reduced ring, then

194

J.Sci. I.R. Iran

(DIfS CMin(R)is dense in Min (R) , then Ass (R) CS.

(2) Pep, (R)if and only if P €1, (R) and P is not the
intersection of the prime ideals which contains it strictly.
(3) 1 (R)=Ass (R).
In partlcular if R is semlpnmmve we have

@p,R)=MR).
Proof. (1) Suppose P € Ass (R), hence P = Ann (a), for

some a € R, Therefore P = Ann (@) () Q, where
Qe sV (@
V. ={P€Spec (R) a€P}. ThisimpliesthatP =0, forsome
Q€ S.

(2) Suppose P €p_ (R), clearly P € I (R). Now if

M
P= 0, then
geV (P-{F} Qe Spec (R)-{P}

(R), a contradiction, Conversly, suppose P € 1 (R) and

QCP.ie. P ep,

M
Py Q ,thereexists g € Q-P
QeV (P)-{P} Qe Min (R)-{P}
and b € Q-P, thus, we have
QeV (P)-{P}
M

-P,ie.,P R).
€ pespecypy b P EP P

(3) Assume that Pel, (R), there exists a €

M
. Q-7,
Qe Min (R)-{P}
Conversly, let P € Ass (R) so P =Ann (a), forsomea€R.

In contrast, suppose P 1 (R), put § = Min (R)-{P}.Itis
observed that S is-dense in Mm (R) and (1) implies thatAss

hence P=Ann{a) € Ass (R).

(R)C S, consequently P-€5 is a contradiction.
(4) Suppose M € (R), then M =(¢) where e is an

idempotentelementof R. Hence, forany M P €Spec (R),

1-eep This means that PdMie.Me

Qe Spec(R)-{M}
P, (R). conversely, trivial.

Theorem 4. Let R be a semiprimitive Gelfand ring , then
p.R= M R)y=I (R)=Ass(R).

Proof . By propositon, it is sufficient to prove that M. (R)
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=1 (R).Let P €l _(R), then for a unique maximal ideal , M

€ Max (R), P< M. Therefore

M eMax R)-{M'} ™

This means that

0, +(0), Hence thereexists
M eMax (R)-{M') bt ) X

0,e€ M £(0).Observe thateg M thusM’
M eMax (R)-{M'}
is an isolated point of Max (R), consequently P = M €/,

(R), conversely, trivial.

Corollary 5. In a semiprimitive Gelfand ring R, every
prime ideal is either an essential ideal or an isolated
maximal ideal. In particular,

Ass (R) = { M eMax (R) : M = (e), where ¢ is an
idempotent}.

Proof. Evident by lemma and proposition.

The following result shows that in a semiprimitive
Gelfand ring, the set of uniform ideals and the set of
minimal ideals coincide. This result is known in C (X),
(See[2]).

Proposition 6. Let R be a semiprimitive Gelfand ring and
I be an ideal in R , then the following are equivalent.
(1) I is a uniform ideal .
(2) For any two non-zero elements a , b € 1, abx 0.
(3)I is a minimal ideal.

Proof. (1)= (2) We note (a) N (b)5 0 for all non - zero
elements a, b € Lhence, there exists c,.c , € R such that
ac=bc, £ 0. This shows that abc,c, 0 and therefore
ab¢0.

(2) =(3) By Lemma, it is sufficient to show that there
is a fixed isolated point M € [ (R) such that Max (R) -

M}C M (@)Vael.Now,let0 . a €1, M and M "be two

distinct elements in Max (R) - (a) and G, H be two
disjoint open sets containing M', M’, respectively. Then

thercareb, € M M-M andb.e
M eMax (R)-G M eMax (R)-H

-M". Clearly ab ,and ab, are non-zero elements of R and

ab ab,& M =0, a contradiction. Next suppose

7"M eMax (R)
that for distinct non - zeroelements or R a,,a, €[, there are
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distinct elements M, .M Max (R) such that

2 M eMax (R)

Max (R) - {M )< I (a)) and Max (R) - {M,} C M (a).
Then we have a,a, = 0 which contradicts (2).
(3)= (1) Trivial.

Theorem 2.7. In a semiprimitive Gelfand ring R, the
following are equivalent.

(1) R is Artinian.

(2) R is Noetherian.

(3) R has a finite Goldie dimension.

(4) Max (R) is finite.

In addition, these conditions on R imply that the
Goldie dimension of R is equal to the number of maximal
ideals, i.e., dim R = Max (R).

Proof. The pattern of proof will be (1)= (2)=Q3)=
@)=>().

(D= (2) =(3) It is well- known,

(3)= (4) Suppose that the Goldie dimension of R is
finite, then there is an essential ideal which is a finite direct
sum of uniform ideals . Since each uniform ideal is
minimal in R, this essential ideal is the socle of R. Hence
the number of minimal ideals of R is finite. On the other
hand, Lemma implies that the cardinality of /"7 (R) is the
same as the cardinality of the set of minimal ideals in R,
Thus, M, (R)is finite. Now we show that M, (R)is dense
in Mas (R) is dense in Max (R) . We know that S (R) is

M
essential, so Ann (s(R))=(0). Nowifae Mthen
M eM,(R)

for any minimal ideal 7 of R, al = (0) , so a € Ann(s(R))and
this implies a =0. Therefore Max (R) = [, (R) But Max
(R) is discrete and compact, hence it is finite.

(4)= (1) By Chinese remainders theorem, R =

[T e
M EMax(R)R/M , SO R is Artinian,
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